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ELEMENTS OF EUCLID, 



BOOK I. 



BSFnnnon. 

1. A FOiNT is that which hath no parts, or which hath no magnitude. 

2. A line is length without breadth. 

3. The extremities of a line are points. 

4. A straight line is that which lies evenly between its extreme 
points. 

5. A superficies is that which hath only length and breadth* 

6. The extremities of a superficies are lines. 

7. A plane superficies is that in which any two points beiqg taken, 
the straight line between them lies wholly in that superficies. 

8. A plane angle is the inclination of two lines to one another in a 
plane, which meet together, but are not in the same direction. 

9. A plane rectilineal angle is the inclination of two straight lines 
to one another, which meet together, but are not in the same straight 
line. 

When several angles are at one 
point B, any one of them is expressed 
by three letters, of which the letter 
I hat is at the vertex of the angle, that 
is, at the point in which the straight 
lines that contain the angle meet one 
another, is put between the other 
two letters, and one of these two is 
somewhere upon one of those straight lines, and the other upon the 
other line : thus the angle which is contained by the straight lines AB, 
CB, is named the angle ABC, or CBA ; that which is contained by 
AB, DB, is named the angle ABD, or DBA ; and that which is con- 
tained by DB, CB, is called the angle DBC, or CBD ; but, if there be 
only one angle at a point, it iisay be expressed by a letter placed at 
that point : as the angle at R 

10. When a straight line standing on another 
straight line makes the adjacent angles equal to 
one another, each of the angles is called a right 
angle ; and the straight line which stands on the 
other is called a perpendicular to it. 
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1 1 . An obtuse angle is that which is greater than a right angle. 




12. An acute angle is that which is less than a right angle. 

13. A term or boundary is the extremity of anything. 

14. A figure is that which is enclosed by one or more boundaries. 

15. A circle is a plane figure contained by one line, which is called 
the circumference, and is such that all straight lines drawn from a 
certain point within the figure to the circumference are equal to one 
another. 




16. And this point is called the centre of the circle. 

17. A diameter of a circle is a straight line drawn through the 
centre, and terminated both ways by the circumference. 

1 8. A semicircle is the figure contained by a diameter and the part 
of the circumference cut off by the diameter. 

19. A segment of a circle is the figure contained by a straight line, 
and the circumference it cuts off. 

20. Rectilineal figures are those which are contained by straight 
lines. 

21. Trilateral figures, or triangles, by three straight lines. 

22. Quadrilateral by four straight lines. 

23. Multilateral figures, or polygons, by more than four straight 
lines. 

24. Of three-sided figures, an equilateral triangle is that which has 
three equal sides. 

26. An isosceles triangle is that which has two sides equal. 




26. A scalene triangle is that which has tliree unequal sides. 

27. A right-angled triangle is that which has a right angle. 



DEFINITIONS. 



28. Ad obtuse-angled triangle is that which has an obtuse angle. 

A 



c 




■• H 




29. An acute-angled triangle is that which has three acute angles. 

30. Of four-sided figures, a square is that which has all its sides 
equal, and all its angles right angles. 



31. An oblong is that which has all its angles right angles, but has 
not all its sides equal. 

32. A rhombus is that which has all its sides equal, but its angles 
are not right angles. 




33. A rhomboid is that which has its opposite sides equal to one 
another, but all its sides are not equal, nor its angles right angles. 

34. All other four-sided figures besides these are called Trapeziums. 

35. Parallel straight lines are such as are in the same plane, and 
which, being produced ever so far both ways, do not meet. 



POSTULATES. 

1. Let it be granted that a straight line may be drawn from any 
one point to any other point. 

2. That a terminated straight line may be produced to any length 
in a straight line. 

3. And that a circle may be described from any centre, at any 
distance from that centre. 



AXIOMS. 

1. Things which are equal to the same are equal to one another* 

2. If equals be added to equals, the wholes are equal. 

3. If equals be taken from equals, the remainders are equal. 

4. If equals be added to unequals, the wholes are unequal. 

5. If equals be taken from unequals, the remainders are unequal. 

6. Things which are double of the same are equal to one another. 

b2 
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7. Things which are halves of the same are equal to one anotlier. 

8. Magnitudes which coincide with one another, that is, which 
exactly fill the same space, are equal to one another. 

9. The whole is greater than its part. 

10. Two straight lines cannot enclose a space. 

11. AH right angles are equal to oneanothen 

12. If a straight line meets two straight lines, so as to make the 
two interior angles on the same side of it taken together less than two 
right angles, these straight lines being continually produced, shall at 
length meet upon that side on which are the angles which are less than 
two right angles. 



PROPOSITIONS. 




PROPOSITION I. 

Pboblem. To describe an equilateral triangle upon a given finite 

straight line. 

Let AB be the given straight line ; it is required to describe an 
equilateral triangle upon it. 

From the centre A, at the distance AB, 
describe (3 Postulate) the circle BCD, 
and from the centre B, at the distance BA, 
describe the circle ACE ; and from the 
point C, in which the circles cut one 
another, draw the straight lines (1 Post) 
CA, CB, to the points A, B : ABC shall 
be an equilateral triangle. 

Because the point A is the centre of the circle BCD, AC is equal 
(15 Definition) to AB; and because the point B is the centre of the 
circle ACE, BC is equal to BA : 

But it has been proved that C A is equal to AB ; therefore C A, CB 
are each of them equal to AB : 

But things which are equal to the same are equal to one another 
(1 Axiom) ; therefore CA is equal to CB ; wherefore CA, AB, BC are 
equal to one another; and the triangle ABC is therefore equilateral, 
and it is described upon the given straight line AB. Which was 
required to be done. 

PROPOSITION II. 

Pbob. From u given point to draw a straight line equal to a given 

straight line. 

Let A be the given point, and BC the given straight line ; it is 
required to draw from the point A a straight line equal to BC. 
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From the point A to B draw (I Post.) the 
straight line AB ; and upon it describe (1. j^ the 
equilateral triangle DAB, and produce (2 Post.) 
the straight lines DA, DB, to E and F ; from the 
centre B, at the distance BC describe (3 Post.) 
the circle CGH, and from the centre D, at the 
distance DGr, describe the circle GKL : AL shall 
be equal to BC. 

Because the point B is the centre of the circle 
C6H, BC is equal (15 Def.) to BG ; 

And because D is the centre of the circle GKL, DL is equal to 
DG, and ( Constr.) DA, DB, parts of them, are equal ; therefore the 
remainder AL is equal to the remainder (3 Ax.) BG ; 

But it has been shown, that BC is equal to BG ; wherefore AL and 
BC are each of them equal to BG ; and things that are equal to the 
same are equal (1 Ax.) to one another ; therefore the straight line AL 
is equal to BC. Wherefore from the given point A a straight line 
AL has been drawn equal to the given straight line BC. Which was 
to be done. 

PROPOSITION III. 

Pbob» Prom the greater of two given straight lines to cut off a part 

equal to the less. 

Let AB and C be the two given straight 
lines, whereof AB is the greater. It is required 
to cut off from AB, the greater, a part equal 
to C, the less. 

From the point A draw (2, i.) the straight 
line AD equal to C ; and from the centre A, 
and at the distance AD describe (3 Post.) the 
circle DEF ; 

And because A is the centre of the circle 
DEF, AE is equal (15 Def.) to AD; but the straight line C is 
likewise equal ( Constr.) to AD ; whence AE and C are each of them 
equal to AD ; wherefore the straight line AE is equal (1 Ax.) to C, 
and from AB, the greater of two straight lines, a part AE has been cut 
off equal to C the less. Which was to be done» 

PROPOSITION IV. 

Theokem. If two triangles have two sides of the one equal to two sides 
of the other, each to each; and have likewise the angles contained by 
those sides equal to one another ; they shall likewise have their hases^ 
or third sides, equal; and the two triangles shall be equml; and their 
other angles shall be equals each to each, viz., those to which the 
equal sides are opposite. 

Let ABC, DEF be two triangles, which have the two sides AB, AC 
equal to the two sides DE, DF, each to 
each, viz., AB to DE, and AC to DF; 
and the angle BAC equal to the angle 
EDF, the base BC shall be equal to the 
base EF; and the triangle ABC to the 
triangle DEF ; and the other angles to ■ 
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which the equal sides are opposite, shall be equal, each to each, viz., the 
angle ABC to the angle DEF, and the angle ACB to DFE. 

For, if the triangle ABC be applied to DEF« so that the point A 
may be on D, and the straight line AB upon DE, the point B shall 
coincide with the point E, because AB is equal {Hyp,) to DE ; and 
AB coinciding with DE, AC shall coincide with DF, because the 
angle BAC is equal {Hyp.) to the angle EDF ; wherefore also the 
point C shall coincide with the point F, because the straight line AC 
{Hyp,) is equal to DF : 

But the point B coincides with the point E ; wherefore the base BC 
shall coincide with the base EF, because the point B coinciding with 
E, and C with F, if the base BC does not coincide with the base EF, 
two straight lines would enclose a space, which is impossible (10 Ax.). 
Therefore the base BC shall coincide with the base EF, and be equal 
to it. 

Wherefore the whole triangle ABC shall coincide with the whole 
triangle DEF, and be equal to it (8 Ax.) ; and the other angles of the 
one shall coincide with the remaining angles of the other, and be 
equal to them, viz., the angle ABC to the angle DEF, and the angle 
ACB to DFE. Therefore, if two triangles have two sides of the one 
equal to two sides of the other, each to each, and have likewise the 
angles contained by those sides equal to one another, their bases shall 
likewise be equal, and the triangles be equal, and their other angles to 
which the equal sides are opposite shall be equal, each to each. Which 
was to be demonstrated. 

PROPOSITION V. 

Theor. Uie angles at the base of an isosceles triangle are equal to one 
another ; and if the equal sides he produced^ the angle* up<m the 
other side of the base shall be equal. 

Let ABC be an isosceles triangle, of which the side AB is equal to 
AC, and let the straight lines AB, AC be produced to D and E, the 
angle ABC shall be equal to the angle ACB, and the angle CBD to 
the angle BCE. 

In BD take any point F, and from AE the greater, cut off AG 
equal to (3. i.) AF, the less, and join FC, GB. 

Because AF is equal {Constr.) to AG, and AB to {Hyp.) AC, the 
two sides FA, AC are equal to the two GA, AB, 
each to each ; and they contain the angle FAG 
common to the two triangles AFC, AGB; therefore 
the base FC is equal (4. i.) to the base GB, and 
the triangle AFC to the triangle AGB ; and the 
remaining aagles of the one are equal (4. i.) to the 
remaining angles of the other, each to each, to 
which the equal sides are opposite, viz., the angle 
ACF to the angle ABG, and the angle AFC to the 
angle AGB : 

And because the whole AF is equal to the whole AG {Constr.)^ of 
which the parts AB, AC, are equal {Hyp.) ; the remainder BF shall 
be equal (3 Ax.) to the remainder CG ; and FC was proved to be 
equal to GB ; therefore the two sides BF, FC are equal to the two 
CG, GB, each to each ; and the angle BFC is equal to the angle CGB ; 
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irherefore the triangles £FC, CGB are equal (4. i.), and their remaining 
angles, each to each, to which the equal sides are opposite ; therefore 
the angle FBC is equal to the angle GCB, and the angle BCF to the 
angle CBG : 

And, since it has been demonstrated, that the whole angle ABG is 
equal to the whole ACF, the parts of which, the angles CBG, BCF 
are also equal ; the remaining angle ABC is therefore equal (3 Ax,) 
to the remaining angle ACB, which are the angles at the base of the 
triangle ABC. And it has also been proved that the angle FBC is 
equal to the angle GCB, which are the angles upon the other side of 
the base. 

Therefore the angles at the base, etc. q. e. d. 

CoROLiiABY. Hence every equilateral triangle is also equiangular. 

PROPOSITION VI. 

TuEOB. If two angles of a triangle be equal to one another, the sides 
also which subtend^ or are opposite to, the equal angles^ shall be 
equal to one another. 

Let ABC be a triangle having the angle ABC equal to the angle 
ACB ; the side AB is also equal to the side AC. 

For, if AB be not equal to AC, one of them is greater than the 
other. Let AB be the greater; and from it cut (3. i.) 
off DB equal to AC, the less, and join DC ; therefore, 
because in the triangles DBC, ACB, DB is equal to 
AC ( Constr,), and BC common to both, the two sides, 
DB, BC are equal to the two AC, CB, each to each ; 
and the angle DBC is equal to the angle {Ht/p.) ACB ; 
therefore the base DC is equal to the base AB, and the *" 
triangle DBC is equal to the triangle (4. i.) ACB, the less to the 
greater ; which is absurd. Therefore AB is not unequal to AC, that 
is, it is equal to it. Wherefore, if two angles, etc. q. e. d. 

Cob. Hence every equiangular triangle is also equilateral. 

PROPOSITION VII. 

Thsor. Upon the same base, and on the same side of it^ there cannot 
be two triangles that have their sides which are terminated in one 
extremity of the base equal to one another^ and likewise those which 
are terminated in the other extremity. 

If it be possible, let there be two triangles ACB, 
ADB, upon the same base AB, and upon the same side 
of it, which have their sides CA, DA terminated in the 
extremity A of the base equal to one another, and, like- 
wise their sides, CB, DB, that are terminated in B. 

Join CD ; then, in the case in which the vertex of each 
of the triangles is without the other triangle, because 
AC is equal {Hyp.) to AD, the angle ACD is equal (5. i.) to the 
angle ADC : but the angle ACD is greater (9 Ax.) than the angle 
BCD ; therefore the angle ADC is greater also than BCD ; much 
more then is the angle BDC greater than the angle BCD, 
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Again, because CB is equal (iS^.) to DB, the angle BDC is equal 
(5. I.) to the angle BCD : but it has been demonstrated to be greater 
than it ; which is impossible. 

But if one of the vertices, as D, be within the hour triangle ACB ; 
produce AC, AD to £, F ; therefore, because AC is 
equal {Hyp.) to AD in the triangle ACD, the angles 
ECD, FDC upon the other side of the base CD are 
equal (5. i.) to one another : but the angle ECD 
(9. Ax.) is greater than the angle BCD : wherefore 
the angle FDC is likewise greater than BCD ; much 
more then is the angle BDC greater than the angle 
BCD. 

Again, because CB is equal {Htfip.) to- DB. the angle BDC is equal 
(5. I.) to the angle BCD ; but BDC has been proved to be greater 
than the same BCD ; which is impossible. The case in which the 
vertex of one triangle is upon a side of the other, needs no demon- 
stration. 

Tlierefore, upon the same base, and on the same side of it, there 
cannot be two triangles that have their sides which are terminated in 
one extremity of the base equal to one another, and likewise those 
which are terminated in the other extremity, q. s. b. 

PROPOSITION vin. 

Theor. If two triangles have two sides of the one equal to two sides 
of the other ^ each to each, and have likeioise their bases equal ; the 
angle which is contained by the two sides of the one shall be equal 
to the angle contained by the two sides equal to them^ of the other. 

Let ABC, DBF be two triangles, having the tw» sides AB, AC, 
equal to the two sides D£, DF, each to 
each, viz. AB to D£, and AC to DF ; 
and also the base BC equal to the base 
£F. The angle BAC is equal to the 
angle EDF. 

For, if the triangle ABC be applied to 
DEF, so that the point B be on E, and the straight line BC upon EF ; 
the point C shall also coincide with the point F^ because BC is equal 
to EF {Hyp.y. 

Therefore BC coinciding with EF ; BA and AC shall coincide with 
ED and DF ; for, if the iMise BC coincides with the base EF, but the 
sides BA, CA do not coincide with the sides ED, FD, but have a 
different situatioR as EG, FG, then upon the same base EF, and 
upon the same side of it, there can be two triangles that have their 
sides which are terminated in one extremity of the base equal to one 
another, and likewise their sides terminated in the other extremity : 
but this is impossible (7. i.) ; therefore, if the base BC coincides 
with the base EF, the sides BA, AC cannot but coineide with the 
sides ED, DF ; 

Wherefore likewise the angle BAC coincides with the angle EDF, 
■nd is equal (8 Ax.) to it. Therefore if two triangles, etc. ^. e. d. 
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PROPOSITION IX. 

Pbob. To bisect a given rectilineal angle, that is^ to divide it into 

two equal angles. 

Let BAG be the given rectilineal angle, it is required to bisect it. 

Take any point D in AB, and from AC cut (3. i.) off AE equal to 
AD ; join D£, and upon the side DE remote from A^ 
describe (1. i.) an equilateral triangle DEF ; then join 
AF ; the straight line AF bisects the angle BAC» 

Because AD is equal {Constr.) to AE, and AF is 
common to the two triangles DAF, EAF ; the two 
sides DA, AF, are equal to the two sides £A, AF, each 
to each ; and the base DF is equal to the base EF 
(24 Dejf.) ; therefore the angle DAF is equal (8. i.) to 
the angle EAF ; wherefore the given rectilineal angle ■ 
BAG is bisected by the straight line AF. Which was- to be done. 




PROPOSITION X. 

Pbob. To bisect a given finite straight line, that is, to divide it into 

two equal parts. 

Let AB be the given straight line ; it is required to divide k into 
two equal parts. 

Describe (1. i.) upon it an equilateral triangle ABG, and bisect 
(9. I.) the angle ACB by the straight line CD. AB is cut into two 
equal parts in the point D. 

Because AG is equal to GB (24 Def.), and CD common to the 
two triangles AGD, BCD ; the two sides AG, CD are 
equal to BG, CD, each to each ; and the angle AGD is 
equal ( Constr.) to the angle BCD ; therefore the base 
AD is equal to the base (4. i.) DB,. and the straight 
line AB is divided into two equal parts iu the point D. 
Which was to be done. 




PROPOSITION XL 

Pbob. To drcno a straight line at right angles to a given straight 

line, from a given point in the same. 

Let AB be a given straight line, and C a point given in it ; it is 
required to draw a straight line ft-om the point C at right angles to 
AB. 

Take any point D in AG, and make (3. i.) CE equal to CD, and 
upon DE describe (1. i.) the equilateral triangle 
DFE, and join FG, the straight line FG drawn 
from the given point G is at right angles to the 
given straight line AB. 

Because DC is equal (Constr,) to CE, and FG 
common to the two triangles DCF, ECF ; the * 
two sides DC, CF, are equal to the two EG, GF, each to each ; and 
the base DF is equal to the base EF (24 Dejf,) ; therefore the angle 
DCF is equal (8. i.) to the angle ECF ; and they are adjacent angles. 
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But, when the adjacent angles which one straight line makes with 
another straight line are equal to one another, each of them is called 
a right {\0 Bef.) angle; therefore each of the angles DCF, £CF, 
is a right angle. Wherefore, from the given point C, in the (riven 
straight line AB, FC has been drawn at right angles to AB. Which 
was to be done. 

Cor. By help of this problem, it may be demonstrated, that two 
straight lines cannot have a common segment. 

If it be possible, let the two straight lines ABC, ABD have the 
segment AB common to both of them. From the point B draw BE 
at right angles to AB ; and because ABC is a stiaight line, the angle 
CB£ is equal (10 Bef.) to the angle £BA ; in 
the same manner, because ABD is a straight 
line, the angle DB£ is equal to the angle £BA ; 
wherefore ( 1 Ax.) the angle DBE is equal to 
the angle CBE, the less to the greater ; which 
is impossible ; therefore two straight lines can- 
not luive a common segment. 




PROPOSITION XII. 

PuOB. To draw a straight line perpendicular to a given straight 
line of an unlimited lengthy from a given point without it. 

Let AB be the given straight line, which may be produced to any 
length both ways, and let C be a point without it. It is required to 
draw a straight line perpendicular to AB from the 
point C. 

Take any point D upon the other side of A B, 
and from the centre C, at the distance CD, 
describe (3 Post.) the circle FDG meeting AB in 
F, G ; and bisect (10. i.) FG in H,and joinCF, 
CH, GG ; the straight line CH, drawn from the 
given point C, is perpendicular to the given straight line AB. 

Because FH is equal ( Constr.) to HG, and HC common to the two 
triangles FHC, GHC, the two sides FH, HC are equal to the two 
GH, HC, each to each ; and the base CF is equal (15 Bef) to the 
base CG ; therefore the angle CHF is equal (8. i.) to the angle CHG ; 
and they are adjacent angles ; but when a straight line standing on a 
straight line makes the adjacent angles equal to one another, each of 
them is a right angle ; and the straight line which stands upon the 
other is called a perpendicular (10 Bef.) to it; therefore from the 
given point C a perpendicular CH has been drawn to the given straight 
line AB. Which was to be done. 




PROPOSITION XIII. 

Theor. The angles which one straight line makes with another upon 
one side of it, are either two right angles^ or are together equal to 
two right angles. 

Let the straight line AB make wi-th CD, upon one side of it, the 
angles CBA, ABD : these are either two right angles, or are together 
equal to two right angles. 
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For' if the angle CBA be equal to 
ABD, each of them is a right (10 Def,) 
angle ; but if not, from the point B 
draw BE at right angles (11. i.) to 
CD ; therefore the angles CBE, EBD 
(10 Def,) are two right angles; 

And because CBE is equal to the 

two angles CBA, ABE together, add ^ * 

the angle EBD to each of these equals ; therefore the angles CBE, 

EBD are equal (2 Ax,) to the three angles CBA, ABE, EBD. 

Again, because the angle DBA is equal to the two angles DBE, 
EBA, add to these equals the angle ABC, therefore the angles DBA, 
ABC are equal (2 Ax.) to the fhree angles DBE, EBA, ABC ; 

But the angles CBE, EBD have been demonstrated to be equal to 
the same three angles; and things that are equal to the same are equal 
(1 Ax,) to one another ; therefore the angles CBE, EBD are equal to 
the angles DBA, ABC ; but CBE, EBD are two right angles ; there- 
fore DBA, ABC are tog^ether equal to two right angles. Where- 
fore, when a straight line, etc. Q. £. d. 

PROPOSITION XIV. 

Theob. If ^ at a point in a straight line, two other straight lines, 
upon the opposite side of it, make the adjacent angles together equal 
to two right angles, these two straight lines sfiall be in one and the 
same straight line. 

At the point B in the straight line AB, let the two straight lines 
BC, BD upon the opposite sides of AB, make 
the adjacent angles ABC, ABD equal together 
to two right angles, BD is in the same straight 
line with CB. 

For, if BD be not in the same straight line 
with C)B, let BE be in the same straight line ~ 
with it ; therefore, because the straight line AB 
makes angles with the straight line CBE, up n one side of it, the 
angles ABC, ABE are together equal (13. i.) to two right angles; 
but the angles ABC, ABD are likewise together equal {Hyp,) to two 
right angles ; therefore the angles CBA, ABE are equal to the angles 
CBA, ABD : take away the common angle ABC, the remaining angle 
ABE is equal (3 Ax.) to the remaining angle ABD, the less to the 
greater, which is impossible ; therefore BE is not in the same straight 
line with BC. And, in like manner, it may he demonstrated, that no 
other can be in the same straight line with it but BD, which there- 
fore is in the same straight line with CB. Wherefore, if at a point, 

etc. Q. £. D. 

PROPOSITION XV. 

Theor. If two straight lines cut one another, the vertical or opposite, 

angles shall be equal. 

Let the two straight lines AB, CD cut one another in the point E ; 
the angle AEC shall be equal to the angle DEB, and CEB to AED. 
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Because the straight line AE makes with CD the angles CEA, 
AED, these angles are together equal (13. i.) 
to two right angles. Again, because the 
straight line DE makes with AB the angles 
AED, DEB, these also are together equal 
(13. 1.) to two right angles ; and CEA, AED, 
have beea demonstrated to be equal to two 
right angles; wherefore the angles CEA, AED, are equal (1 Ax,) to 
the angles AED, DEB. Take away the common angle AED, and 
the remaining angle CEA is equal (3 Ax,) to the remaining angle 
DEB. In the same manner it can be demonstrated, that the angles 
CEB, AED are equal. Therefore, if two straight lines, etc. Q. e. i>. 

Cob. 1. From this it is manifest, that, if two straight lines cut one 
another, the angles they make at the point where they cut, are together 
equal to four right angles. 

Cor. 2. And consequently that all the angles made by any number 
of lines meeting in one pointy are together equal to four right angles. 



PROPOSITION XVI. 

Theor. If one side of a triangle be produced^ the exterior angle is 
greater than either of the interior opposite angles. 

Let ABC be a triangle, and let its side BC be produced to D, the 
exterior angle ACD is greater than either of the interior opposite 
angles CBA, BAC. 

Bisect (10. I.) AC in E, join BE and produce it to F, and make 
EF equal (3. i.) to BE ; join also FC, and produce 
AC to G. 

Because AE is equal ( Constr.) to EC, and BE to 
EF ; AE, EB are equal to CE, EF, each to each ; 
and the angle AEB, is equal (15. i.) to the angle 
CEF, because they are opposite vertical angles; 
therefore the base AB is equal (4. i.) to the base CF, 
and the triangle AEB to the triangle CEF, and the 
remaining angles to the remaining angles, each to each, to which the 
equal sides are opposite ; wherefore the angle BAE is equal to the 
angle ECF ; 

But the angle ECD is greater (9 Ax,) than the angle ECF ; there* 
fore the angle ACD is greater tlian BAE : in the same manner, if the 
side BC be bisected, it may be demonstrated that the angle BCG-, that 
is (15. 1.), the angle ACD, is greater than the angle ABC. There- 
fore, if one side, etc. q. e. d» 



PROPOSITION XVII. 

Theor. Any two angles of a triangle are together less than two right 

angles. 

Let ABC be any triangle ; any two of its angles tc^ether are less 
than two right angles. 

Produce BC to D ; and because ACD is the exterior angle of the 
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triangle ABC, ACD is greater (16. i.) than the 

interior and opposite angle ABC ; to each of these 

add the angle ACB; therefore the angles ACD, 

ACB are greater (4 Ax.) than the angles ABC, 

ACB; but ACD, ACB are together equal (13. i.) 

to two right angles; therefore the angles ABC, ' 

BCA are less than two right angles. In like 

manner, it may be demonstrated, that BAC, ACB, as also CAB, ABC, 

are less than two right angles. Therefore any two angles, etc. q. b. d. 



PROPOSITION XVIII. 

Theor. JTie greater iide of evert/ triangle is opposite to the 

greater angle. 

Let ABC be a triangle, of which the side AC is greater than the 
side AB ; the angle ABC is also greater than the angle BCA. 

Because AC is greater than AB, make (3. i.} 
AD equal to AB, and join BD ; and because 
ADB is the exterior angle of the triangle BDC, 
it is greater (16. i.) than the interior and opposite 
angle DCB ; but ADB is equal (5. i.) to ABD, / 
because the side AB is equal to the side AD : 
therefore the angle ABD is likewise greater than the angle ACB. 
Wherefore much more is the angle ABC greater than ACB. There- 
fore the greater side, etc. q. e. d. 

PROPOSITION XIX. 

Theor. The greater angle of every triangle is subtended by the 
greater side^ or has the greater side opposite to it. 

Let ABC be a triangle, of which the angle ABC is greater than 
the angle BCA ; the side AC is likewise greater than tiie side AB. 

For, if it be not greater, AC must either be 
equal to AB or less than it ; it is not equal, be- 
cause then the angle ABC would be equal (5. i.) 
to the angle ACB ; but it is not : therefore AC is 
not equal to AB ; neither is it less ; because then ^ 
the angle ABC would be less (i<8. i.) than the 
angle ACB ; but it is not ; therefore the side AC is not less than AB ; 
and it has been shown that it is not equal to AB ; therefore AC is 
greater than AB. Wherefore the greater angle, etc. <^. e. d. 



PROPOSITION XX. 

Theor. Any two sides of a triangle are together greater than the 

third side. 

Let ABC be a triangle ; any two sides of it together are greater 
than the third side, yiz., the sides BA, AC greater than the side BC, 
and AB, BC, greater than AC, and BC, CA greater than AB. 




^ 




^ ^ Euclid's elemexto. 

Produce BA to the point D, and make (3 i ) 
AD equal to AC, and join DC. 

Because DA is equal to AC, the angle ADC 
is likewise equal (5. i.) to ACD ; but the angle 
BCD is greater (9 Ax.) than the angle ACD ; 
therefore the angle BCD is greater than the ^ 
angle ADC ; 

And because the angle BCD of the trianirle DPl^ i. «.*^*^ *l 
angle BDC. aod that ,he greater (^ f) side U o^'e S^the 
greater angle, therefore the side DB b greater tlmn tJ.?^ ^ u ! 

two ndes, ete. q. e. d. *uereiore any 

PROPOSITION XXI, 

"^^Sif Z*^ *** *^ <^ '^ "/ " *'■«•.<''« <*«« be drawn two 
ttratght hues to a potnt within the trianoU these thnll aJ^^#a 

the other two ^ of the triangle, InU S'<2:S^'^i^«^ 

Let tlie two straight lines BD, CD be drawn fW.». n n *u j * 

the side BC of the triangle ABC, to ^e^^tlolSiF'?'^^?^ i 

DC are less than the other two sides BA AT of S. ♦ • '^' F* '^ 

tain an angle, BDC. greater t^ tTe a^'l^g^Jj '™"«^'«' »>«* «»»- 

Produce BD to E ; and because two sides of a 
tnangle are greater than the third side, the two A 

sides BA, AE, of the triangle ABE are ereater /As 

than BE. To each of these add EC ; therefore ^ »-^ 

the sides BA, AC are greater (4 Ax.) than Be! 
EC. 

Again, because the two sides CE, ED of the trianirU r«i?n « 
gr«iter than CD add DB to each of these; tie^^S^ SS'cT 
EB are greater than CD, DB ; «raore me sides OE, 

But it has been shown that BA, AC are ereater than RF irn «, u 
more then are BA, AC greater than BD/d^ ' ^^' ""'"'' 

Again, because the exterior anele of a tnAn<rU fit: ^\ i 
than the interior and opposite angi. the ^TeS^ai^S ^DC^^ 
triangle CDE is greater than CED ; ^ "® 

is ^tt'tZ B'^f *'' ""'"^"' '°«^'' ^^^ "" *'••' "^«"^ ^BE 

And it has been demonstrated that the ancle BDr Sa »^^f» *u 
the angle CEB; much more then is thranXfiDC «^^SL. th" 
angle BAG. Therefore, if from the ends off Sc J; f[T 

PROPOSITION XXII. 
PaoB. To make a triangle of which the side, shall be equal to three 

T^tZTd ?^v? '^ *^ "-"^ ^-^ '^ -^^ ^ 

Let A, B, C be the three given straight lines, of which anv two 
whatever are greater than the third, viz., A and B greater than?; A 




BOOK I. PROF. XXII., XXIII. 



15 



and C greater than B ; and B and C than A. It is required to make 
a triangle, of which the sides shall be equal to A, B, C, each to 
each. 

Take a straight line DE terminated at the point D, but unlimited 
towards £, and make (3. i) DF 
equal to A, FG to B, and GH 
equal to C ; and from the centre 
F, at the distance FD, describe (3 
Post.) the circle DKL ; and from 
the centre G, at the distance GH, 
describe (3 Post.) another circle 
HLK, and join KF, KG ; the tri • 
angle KFG has its sides equal to 
the three straight lines A, B, C. 

Because the point F is the centre of the circle DEL, FD is equal 
(15 Def.) to FK ; but FD is equal to the straight line A ; therefore 
FE is equal (1 Ax.) to A. 

A^in, because G is the centre of the circle LKH, GH is equal 
(15 I)ef.) to GE ; but GH is equal to C ; therefore also GE is equal 
to C (1 Ax.) : 

And FG is equal to B ; therefore the three straight lines EF, FG, 
GE, are equal to the three A, B, C ; and, therefore, the triangle 
KFGr has its three sides EF, FG, GE, equal to the three given 
straight lines A, B, C. Which was to be done. 




PROPOSITION XXIII. 

Peob. At a given point in a given straight line^ to make a rectilineal 

angle equal to a given rectilineal angle. 

Let AB be the given straight line, and A the given point in it, and 
DC£ the given rectilineal angle ; it is required to make an angle at 
the given point A in the given straight line AB, that shall be equal to 
the given rectilineal angle DC£. 

Take in CD, C£, any points D, £, and join DE, and make (22. i.) 
the triangle AFG, the sides of which shall be 
equal to the three straight lines CD, D£, EC, 
so that CD be equal to AF, CE to AG, and 
DE to FG ; 

And because DC, CE are equal to FA, AG, 
each to each, and the base DE to the base 
FG, the angle DCE is equal (8. i.) to the 
angle FAG. Therefore, at the given point 
A in the given straight line AB, the angle 
FAG is miade equal to the given rectilineal 
angle DCE. Which was to be done. 
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PROPOSITION XXIV. 

Theor. If two triangles have two sides of the one equal to two sides 
of the other, each to each, but the angle contained by the two sides 
of one of them greater than the angle contained by the two sides 
equal to them of the other; the base of that which has the greater 
angle shall be greaier than the base of the other. 

Let ABC, DEF be two triangles, which have the two sides AB, AC, 
equal to the two DE, DF, each to each, viz., AB equal to DE, and 
AC to DF ; but the angle BAC greater than the angle EDF ; the 
base BC is also greater than the base EF. 

Of the two sides DE, DF, let DE be the side which is not greater 
than the other, and at the point D, in the straight line DE, make 
(23. I.) the angle EDG equal to the angle BAC ; and make DG 
equal (3. i.) to AC or DF, and join EG, GF. 

Because AB is equal {Hyp,) to DE, and AC {Constr.) to DG, the 
two sides BA, AC are equal tt> the two ED, 
DG, each to each, and the angle BAC is equal 
to the angle EDG ; therefore the base BC is 
equal (4. i.) to the base EG ; 

And because DG is equal to DF, the angle 
DFG is equal (5. i.) to the angle DGF ; but 
the angle DGF is greater than the angle EGF ; 
therefore the angle DFG is greater than 
EGF ; and much more is the angle EFG greater than the angle EGF 
(9 Ax.) ; 

And because the angle EFG of the triangle EFG is greater than its 
angle EGF, and that the greater (19. i.) side is opposite to the greater 
angle ; the side EG is therefore greater than the side EF ; but EG is 
equal to BC ; and therefore also BC is greater than EF. Therefore, 
if two triangles, etc. q. b. ix. 

PROPOSITION XXV. 

Theob. If two triangles have two sides of the one equcd to two sides 
of the other, each to each, but the base of the one grecUer than the 
base of the other ; the angle also contained by the sides of that which 
has the greaier base shall be greater than the angle contained by the 
sides equal to them of the other. 

Let ABC, DEF be two triangles which have the two sides AB, AC 
equal to the two sides DE, DF, each to each, viz., AB equal to DE, 
and AC to DF ; but the base CB greater than the base EF ; the angle 
BAC is likewise greater than the angle EDF. 

For, if ft be not greater, it must be 
either equal to it, or less : but the angle 
BAC is not equal to the angle EDF ; 
because then the base BC would be equal 
(4. 1.) to EF ; but it is not ; therefore the L 
angle BAC is not equal to the angle EDF ; 

Neither is it less ; because then the base BC would be less (24. i.) 
than the base EF ; but it is not ; therefore the angle BAC is not less 
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than the angle EDF ; and it was shown that it is not equal to it ; 
therefore the angle BAG is greater than the angle EDF. Wherefore, 
if two triangles, etc. q. e. d. 




PROPOSITION XXVI. 

Theor. If two triangles have two angles of one equal to two angles of 
the other ^ each to each ; and one side equal to one side, viz., either 
the sides adjcusent to the equal angles^ or the sides opposite to the equal 
angles in each ; then shall the other sides be equal, each to each : 
and also the third angle of the one to the third angle of the other. 

Let ABC, DEF be two triangles which have the angles ABC, BCA 
equal to the angles DEF, EFD, each 
to each, viz., ABC to DEF, and BCA 
to EFD ; also one side equal to one ^ 
side ; and first, let those sides be equal 
which are adjacent to the angles that » 
are equal in the two triangles : viz., BC to EF ; the other sides sliall be 
equal, each to each, viz., AB to DE, and AC to DF, and the third 
angle BAC to the third angle EDF. 

For, if AB be not equal to DE, one of them must be the greater. 
Let AB be the greater of the two, and make B6 (3. i.) equal to 

DE, and join GC ; therefore, because BG is equal to DE, and BC to 
EF {Hgp.), the two sides GB, BC are equal to the two DE, EF, each 
to each ; and the angle GBC is equal to the angle DEF; therefore 
the base GC is equal (4. i.) to the base DF, and the triangle GBC to 
the triangle DEF, and the other angles to the other angles, each to 
each, to which the equal sides are opposite ; therefore the angle GCB 
is equal to the angle DFE ; 

But DFE is, by the hypothesis, equal to the angle BCA ; wherefore 
also the angle BCG is equal (1 Ax.) to the angle BCA, the less to the 
greater, which is impossible ; therefore AB is not unequal to DE, that 
is, it is equal to it ; 

And BC is equal to EF ; therefore the two AB, BC are equal to 
the two DE, EF, each to each ; and the angle ABC is equal {Htfp.) to 
the angle DEF ; the base, therefore, AC is equal (4. i.) to the base DF, 
and the third angle BAC to the third angle EDF. 

Next let the sides which»are opposite to equal angles in each tri- 
angle be equal to one another, viz., AB a 
to DE ; likewise in this case, the other 
sides shall be equal, AC to DF, and BC 
to EF ; and also the third angle BAC to 
the third EDF. 

For if BC be not equal to EF, let BC be the greater of them, and 
make BH equal (3. i.) to EF, and join AH ; 

And because BH is equal to EF, and AB to {Hyp-) DE ; the two 
AB, BH are equal to the two DE, EF, each to each ; and they contain 
equal {Hyp.) angles ; therefore the base AH is equal (4. i.) to the base 

DF, and the triangle ABH to the triangle DEF, and the other angles 
shall be equal, each to each, to which the equal sides are opposite ; 
therefore the angle BHA is equal to the angle EFD ; 

But EFD is equal {Hyp.) to the angle BCA ; therefore also the 

VOL. II. c 
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angle BHA is equal (1 Ax.) to the angle 6CA, that is, the exterior 
angle BHA of the triangle AHC is equal to its interior and opposite 
angle BCA ; which is impossible (16. i.) ; wherefore BC is not unequal 
to EF, that is, it is equal to it ; 

And AB is equal {Hyp.) to DE ; therefore the two, AB, BC are 
equal to the two DE, EF, each to each ; and they contain equal 
angles; wherefore the base AC is equal (4. i.) to the base DF, and the 
third angle BAC to the third angle EDF. Therefore, if two triangles, 

etc. Q. E. D. 

PROPOSITION XXVII. 

Theor. If a straight line, falling upon iivo other straight lines, makes 
the alternate angles equal to one another, these two straight lines 
shall be parallel. 

Let the straight line EF, which falls upon the two straight lines 
AB, CD, make the alternate angles AEF, EFD equal to one another ; 
AB is parallel to CD. 

For, if it be not parallel, AB and CD being produced shall meet 
either towards B, D, or towards A, C : let 
them be produced and meet towards B, D in 
the point G ; therefore GEF is a triangle, 
and its exterior angle AEF is greater (16. i.) ^ 
than the interior and opposite angle EFG ; 
but it is also equal {Hyp.) to it, which is impossible ; therefore AB 
and CD being produced do not meet towards B, D. 

In like manner it may be demonstrated, that they do not meet 
towards A, C ; but those straight lines which meet neither way, though 
produced ever so far, are parallel (35 Def.) to one another. AB 
therefore is parallel to CD. Wherefore, if a straight line, etc. Q. e. d. 

PROPOSITION XXVIII. 

Theob. If a straight line^ falling upon two other straight lines^ makes 
the exterior angle equal to the interior and opposite upon the same 
side of the line; or makes the interior angles upon the same side 
together equal to two right angles ; the two straight lines shall he 
parcdlel to one another. 

Let the straight line EF, which falls upon the two straight lines 
AB, CD, make the exterior angle EGB 
equal to the interior and opposite angle 
GHD upon the same side ; or make the 
interior angles on the same side BGH, 
GHD together equal to two right angles ; 
AB is parallel to CD. 

Because the angle EGB is equal {Hyp.) 
to the angle GHD, and the angle EGB equal (15. i.) to the angle 
AGH, the angle AGH is equal (1 Ax.) to the angle GHD ; and they 
are the alternate angles ; therefore AB is parallel (27. i.) to CD. 

Again, because the angles BGH, GHD are equal {Hyp.) to two 
right angles ; and that AGH, BGH are also equal (13. i.) to two right 
angles ; the angles AGH, BGH are equal to the angles BGH, GHD : 
take away the common angle BGH : therefore the remaining angle 
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A6H is equal (3 Ax.) to the remaining angle GHD ; and they are 
alternate angles ; therefore AB is parallel (27. i.) to CD. Wherefore, 
if a straight line, etc. Q. e. d. 

PROPOSITION XXIX. 

Theor. If a straight line fall upon two parallel straight lines, it 
makes the alternate angles equal to one another; and the exterior 
angle equal to the interior and opposite upon the same side ; and 
liheujise the ttoo interior angles upon the same side together equal to 
two right angles. 

Let the straight line EF fall upon the parallel straight lines AB, CD ; 
the alternate angles AGH« GHD, are 
equal to one another ; and the exterior 
angle £GB is equal to the interior and 
opposite, upon the same side GHD ; and 
the two interior angles BGH, GHD upon 
the same side, are together equal to two 
right angles. ^ 

For, if AGH be not equal to GHD, one of them must be greater 
than the other; let AGH be the greater; and because the angle AGH 
is greater than the angle GHD, add to each of them the angle BGH ; 
therefore the angles AGH, BGH are greater (4 Ax.) than the angles 
BGH, GHD ; but the angles AGH, BGH are equal (13. i.^ to two 
right angles ; therefore the angles BGH, GHD, are less tnan two 
right angles ; but those straight lines which, with another straight line 
falling upon them, ipake the interior angles on the same side less than 
two right angles, do meet (12 Ax.) together if continually produced ; 
therefore the straight lines AB, CD, if produced far enough, shall 
meet ; but they never meet, since they are parallel by the hypothesis ; 
therefore the angle AGH is not unequal to the angle GHD, that is, it 
is equal to it ; 

But the angle AGH is equal (15. i.) to the angle EGB; therefore 
liiiewise EGB is equal (1 Ax.) to GHD ; add to each of these the 
angle BGH ; therefore the angles EGB, BGH are equal (2. Ax.) to 
the angles BGH, GHD ; but EGB, BGH are equal (13. i.) to two 
right angles : therefore also BGH, GHD are equal (1 Ax.) to two 
right angles. Wherefore, if a straight line, etc. q. b. d. 

PROPOSITION XXX. 

Theor. Straight lines which are parallel to the same straight line 

are parallel to each other. 

Let AB, CD be each of them parallel to EF ; AB is also parallel 
to CD. 

Let the straight line GHK cut AB, EF, CD ; and because GHK 
cuts the parallel straight lines AB, EF, the 
angle AGH is equal (29. i.) to the angle GHF. 

Again, because the straight line GK cuts the 
parallel straight lines EF, CD, the angle GHF 
is equal (29. i.) to the angle GKD ; 

And it was shown that the ancle AGH is 

c2 
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equal to the angle GHF ; therefore also AGK is equal (1 Ax.) io 
6KD ; and they are alternate angles ; therefore AB is parallel (?7. lO 
to CD. Wherefore, straight lines, etc. q. e. d. 

PROPOSITION XXXI. 

I'rob. To draw a straight line through a given point parallel io u 

given straight line. 

Ipet A be the given point, and BC the given straight line ; it is 
required to draw a straight line through the point ^ 
A, parallel to the straight line BC. " 

In BC take any point D, and join AD ; and at 
the point A, in the straight line AD, make (23. i.) 
the angle DAE equal to the angle ADC ; and pro- bo c 

4uce the straight line EA to F. 

Because the straight line AD, which meets the two straight lines 
PC, EF, makes the alternate angles E AD, ADC equal to one another, 
EF is parallel (27. i.) to BC Therefore the straight line EAF is drawn 
through the given point A parallel to the g^ven straight line BC. Which 
was to be done. 

PROPOSITION XXXII. 

Theor. If a side of any triangle be produced^ the exterior angle is 
equal to the two interior and opposite angles ; and the three interior 
angles of every triangle are equal to two right angles. 

Let ABC be a triangle, and let one of its sides BC be produced to 
D ; the exterior angle ACD is equal to the 
two interior and opposite angles CAB, ABC, 
and the three interior angles of the triangle, 
viz., ABC, BCA, CAB, are together equal to 
two right angles. 

Through the point C draw CE parallel (31. i.) to the straight line 
AB; and because AB is parallel to CE, and AC meets them, the 
alternate angles BAC, ACE, ere equal (29. i.) 

Again, because AB is parallel to CE, and BD falls upon them, the 
exterior angle ECD is equal (29. i.) to the interior and opposite 
angle ABC ; 

But the angle ACE was shown to be equal to the angle BAC ; 
therefore the whole exterior angle ACD is equal to the two interior 
and opposite angles CAB, ABC ; 

To these equals add the angle ACB, and the angles ACD, ACB are 
equal (2 Ax,) to the three angles CBA, BAC, ACB ; but the angles 
ACi), ACB are equal (13. i.) to two right angles: therefore also the 
angles CBA, BAC, ACB, are equal to two right angles. Wherefore, 
if a side of a triangle, etc. q. e. d. 

Cor. 1. All the interior angles of any rectilineal figure, together 
with four right angles, are equal to twice as many 
right angles as the figure has sides. 

For any rectilineal figure ABODE can be divided 
into as many triangles as the figure has sides, by 
drawing straight lines from a point F within the 
tigure to each of its angles. And, by the preceding 
proposition, all the angles of these triangles are 
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equal to twice as many right angles as there are triangles, that is, a« 
there are sides of the figure ; and the same angles are equal to the 
Angles of the figure, together with the angles at the point F, which is 
the common vertex of the triangles ; that is, (2 Cor.15, i.) together with 
four right angles. Therefore all the angles of the figure, together with 
four right angles, are equal to twice as many right angles as the figure 
has sides. 

Cob. 2. All the exterior angles of any rectilineal figure are together 
equal to four right angles. 

Because every interior angle ABC, \Vith its adjacent eiterior ABD, 
is equal (13. i.) to two right angles; therefore 
all the interior, together with all the exterior 
angles of the figure, are equal to twice as many 
right angles as there are sides of the figure ; that 
is, by the fbregoing corollary, they are equal 
to k\\ the interior angles of the figure, together 
with four right angles ; therefore all the exterior 
luagles are equal to four right angles. 

PROPOSITION XXXIII. 

Theob. T%e straight lines which join the extremities of two eqtuxl and 
parallel straight lities towards the same parts, are also themselves 
equal and parallel. 

Let AB, CD be equal and parallel straight lines, and joined towards 
the same parts by the straight lines AC, BD ; AC, BD are also equal 
and parallel. 

Join BC ; and because AB is parallel to CD, and BC meets them, 
the alternate angles ABC, BCD are equal j^ » 

(29. 1.). 

And because AB is equal {Hyp,) to CD, and 
BC common to the two triangles ABC, DCB, 
the two sides AB, BC, are equal to the two DC, 
CB : and the angle ABC is equal to the angle 
BCD ; therefore the base AC is equal (4. i.) to the base BD, and the 
triangle ABC to the triangle BCD, and the other angles to the other 
angles (4. i.), each to each, to which the equal sides are opposite ; 
therefore the angle ACB is equal to the angle CBD ; 

And because the straight line BC meets the two straight lines ACy 
BD^ and makes the alternate angles ACB, CBD equal to one another, 
ACI is parallel (27. i.) to BD ; and it was shown to be equal to it. 
Therefore straight lines, etc. q. e. d< 

PROPOSITION XXXIV. 

TuEOB. The opposite sides and angles of a parallelogram are equal to 
one another, and the diameter bisects it, that is^ divides it into two 
equal parts, 

N.B. A parallelog^ram is a four-sided figure, of which the opposite sides are 
parallel ; and the diameter is the straight line joining two of its opposite angles.* 

Let ACDB be a parallelogram, of which BC is a diameter ; the 

* In the case of any quadrilateral or four-sided figure which is not a parallelo- 
gram, the straight line which joins any two of its opposite angles is called a (fto^OMoZ. 
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Opposite sides and angles of the figure are equal to one another ; and 
the diameter BC bisecls it. 

Becauiie AB is parallel to CD, and BC meets them, the alternate angles 
ABC, BCD are equal (29. i.) to one another ; 

And because AC is parallel to BD, and BC 
meets them, the alternate angles ACB, CBD, 
are equal (29. i.) to one another ; 

Wherefore the two triangles ABC, CBD have 
two angles ABC, BCA in one, equal to two angles BCD, CBD 
in the other, each to each, and one side BC common to the two triangles, 
which is adjacent to their equal angles ; therefore their other sides shall 
be equal, each to each, and the third angle of the one to the third angle 
of the other (26. i.), viz., the side AB to the side CD, and AC to BD, 
and the angle BAC equal to the angle BDC : 

And because the angle ABC is equal to the angle BCD, and the 
angle CBD to the angle ACB, the whole angle ABD is equal (2 Ax,) 
to the whole angle ACD : and the angle BAC has been shown to be 
equal to the angle BDC ; therefore the opposite sides and angles of 
parallelograms are equal to one another ; 

Also, their diameter bisects them ; for AB being equal to CD, and 
BC common, the two AB, BC are equal to the two DC, CB, each to 
each ; and the angle ABC is equal to the angle BCD ; therefore the 
triangle ABC is equal (4. i.) to the triangle BCD, and the diameter 
BC divides the parallellogram ACDB into two equal parts, q. b. d. 




PROPOSITION XXXV. 

Theor. Parallelograms upon the same base, and between the same 

parallels, are equal to one another. 

Let the parallelograms ABCD, EBCF be upon the same base BC, 
and between the same parallels AFf BC : the parallelogram ABCD 
shall be equal to the parallelogram EBCF. — See the 2nd and drd figures. 

If the sides AD, EF of the parallelograms ABCD, EBCF, oppo- 
site to the base BC, be terminated in the same point 
D ; it is plain that each of the parallelograms is 
double (84. i.) of the triangle BDC ; and they are 
therefore equal (6 Ax,) to one another. 

But, if the sides AD, EF, opposite to the base 
BC of the parallelograms ABCD, EBCF, be not 
terminated in the same point ; then, because ABCD is a parallelo- 
gram, AD is equal (34. i.) to BC ; 

For the same reason EF is equal to BC ; wherefore AD is equal 
(1. Ax,) to EF ; and DE is common ; therefore the whole, or the re- 
mainder AE, is equal (2 or 3 Ax,) to the whole, or the remainder DF : 

AB also is equal to DC ; and the two EA, AB are therefore equal 
to the two FD, DC, each to each ; 
and the exterior angle FDC is 
equal (29. i.) to the interior 
EAB ; therefore the base EB is 
equal to the base FC, and the 
inangle EAB equal (4. i.) to 
the triangle FDC. 

Take the triangle FDC from the trapezium ABCF, and from the 
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same trapezium take the triangle EAB ; the remainders therefore are 
equal (3 AxJ), that is, the parallelogram ABCD is equal to the paral- 
lelogram EBCF. Therefore parallelograms upon the same base, etc. 

Q. E. D. 

PROPOSITION XXXVI. 

Theob. Parallelograms upon equal baees^ and between the same 

parallels^ are eqtud to one another. 

Let ABCD, EFGH be parallelograms upon equal bases BC, FG, 
and between the same parallels AH, BG : the parallelogram ABCD 
is equal to EFGH. 

Join BE, CH : and because BC is equal {Hyp,) to FG, and FG 
to (34. I.) EH, BC is equal to EH (1 Ax.) ; 
and they are parallels, and joined towards the 
same parts by the straight lines BE, CH. But 
straight lines which join equal and parallel 
straight lines towards the same parts, are them- 
selves equal and parallel (33. i.) ; therefore 
EB, CH are both equal and parallel, and EBCH is a {Bef. 34. i.) 
parallelog^ram ; and it is equal (35. i.) to ABCD, because it is upon 
the same base BC, and between the same parallels BC, AD : 

For the like reason, the parallelogram EFGH is equal to the same 
EBCH: 

Therefore also the parallelogram ABCD is equal (1 Ax,) to 
EFGH. Wherefore parallelograms, etc. q. e. d. 

PROPOSITION XXXVII. 

Theob. Triangles upon the same base, and bettpeen the same 

parallels, are equal to one another. 

Let the triangles ABC, DBC be upon the same base BC, and 
between the same parallels AD, BC : the triangle ABC is equal to 
the triangle DBC. 

Produce AD both ways to the points E, F, and through B draw 
(31. I.) BE parallel to CA ; and through ^ 
C draw CF parallel to BD ; therefore 
each of the figures EBCA, DBCF is a 
{Def. 34. I.) parallelogram; and EBCA 
is equal (35. i.) to DBCF, because they 
are upon the same base BC, and between 
the same parallels BC, EF ; 

And the triangle ABC is the half of the parallelogram EBCA, 
because the diameter AB bisects (34. i.) it ; and the triangle DBC is 
the half of the parallelogram DBCF, because the diameter DC 
bisects it : 

But the halves of equal things are equal (7 Ax,) ; therefore the 
triangle ABC is equal to the triangle DBC. Wherefore triangles 
etc. Q. B. D. 
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PROPOSITION XXXVIII. 

Theob. Triangles upon equal bases, and between- the same parallels, 

are equal to one another. 

Let the triangles ABC, DEF be upon equal bases BC, EF, and 
between the same parallels BF, AD : the triangle ABC is equal to 
the triangle DEF. 

Produce AD both ways to the points G, H, and through B draw 
BG parallel (31. i.) to CA, and through F © 
draw FH parallel to ED : then each of the 
figures GBCA, DEFH, is a {Def. 34. i.) 
parallelogram ; and they are equal (36. i.) 
to one another, because they are upon equal 
bases BC, EF, and between the same paral- 
lels BF, GH ; 

And the triangle ABC is the half (34. i.) of the parallelogram 
GBCA, because the diameter AB bisects it ; and the triangle DEF 
is the half of the parallelogram DEFH, because the diameter DF 
bisects it : 

But the halves of equal things are equal (7 Ax.) ; therefore the 
triangle ABC is equal to the triangle DEF. Wherefore triangles 
etc. q. K. D. 

PJIOPOSITION XXXIX. 

Theor. Equal triangles upmi the same base, and upon the same 

side of it, are between the same paraUds. 

Let the equal triangles ABC, DBC be upon the same base BC, and 
upon the same side of it : they are between the same parallels. 

Join AD ; AD is parallel to BC ; for, if it is not, through the 
point A draw (31. i.) AE parallel to BC, and join 
EC : the triangle ABC is equal (37. i.) to the triangle 
EBC, because it is upon the same base BC, and 
between the same parallels BC, AE : 

But the triangle ABC is equal {Hyp.) to the triangle 
BDC, therefore also the triangle BDC is equal (1 Ax.) 
to the triangle EBC, the greater to the less, which is 
impossible : therefore AE is not parallel to BC. In the same manner 
it can be demonstrated, that no other line but AD is parallel to BC ; 
AD is therefore parallel to it. Wherefore equal triangles upon, etc! 

Q. E. P« 

PROPOSITION XL. 

Theor. Equal triangles upon equal bases, in the same straight line^ 
and towards the same parts y are between the same parallels. 

Let the equal triangles ABC, DEF be upon equal bases BC, EF, 
in the same straight line BF, and towards the same parts ; they are 
between the same parallels. 
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Join AD ; AD is parallel to BC : for, if it is not^ through A draw 
(31. I.) AG parallel to BF,and join GF: 
the triangle ABC is equal (38. i.) to the 
triangle G£F, because they are upon 
equal bases BC, EF, and between the 
same parallels BF, AG : 

But the triangle ABC is equal {Hyp.) L 
to the triangle D£F ; therefore also the 
triangle DBF is equal (1 Ax,) to the triangle G£F, the greater to the 
less, which is impossible : therefore AG is not parallel to BF : 

And in the same manner it can be demonstrated that there is no 
other parallel to it but AD : AD is therefore parallel to BF. Where- 
fore equal triangles, etc. q. e. d. 

PROPOSITION XLl. 

Theor. If a parallelogram and a triangle be upon the same iase^ 
and between the same parallels ; the parallelogram shcdl be double 
of the triangle. 

Let the paralellogram ABCD and the triangle £BC be upon the 
same base BC, and between the same parallels BC, A£ ; the parallel<> 
ogpram ABCD is double of the triangle £BC. 

Join AC ; then the ttiangle ABC is equal (37. i-) to the triangle 
EBC, because they are upon the same base BC, ^ o ti 

and between the same parallels BC, A£. 

But the parallelogram ABCD is double (34. i.) 
of the triangle ABC, because the diameter AC 
divides it into two equal parts ; wherefore ABCD 
is also double (1 Ax,) of the triangle . £BC. 
Therefore, if a parallelogram, etc. q. e. d. 

PROPOSITION XLII. 

Prob. To describe a parallelogram that shall be equal to a given 
triangle^ and have one of its angles equal to a given rectilineal 
angle. 

Let ABC be the given triangle, and D the given rectilineal angle. 
It is required to describe a parallelogram that shall be equal to the 
given triangle ABC, and have one of its angles equal to D. 

Bisect (10. I.) BC in £, join A£, and at the point £ in the 
straight line £C make (23. i.) the angle C£F 
equal to D ; and through A draw (31. i.) AG 
parallel to £C, and through C draw CG / 





parallel to £F : therefore F£CG is a {Def. 
34. 1.) parallelogram. 

And because B£ is equal {Constr.) to £C, 
the triangle AB£ is likewise equal (38. i.) to 
the triangle A£C, since they are upon equal bases B£, £C, and 
between the same parallels BC, AG ; therefore the triangle ABC is 
double of the triangle A£C. 

And the parallelogram F£CG is likewise double (41. i.) of the 
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triangle AEG, because it is upon the same base, and between the same 
parallels : 

Therefore the parallelogram FECGr is equal (6 Ax.) to the triangle 
ABC, and it has one of its angles CEF equal to the given angle D ; 
wherefore there has been described a parallelogram FECG equal to a 
g^ven triangle ABC, having one of its angles CEF equal to the g^ven 
angle D. Which was to be done. 

PROPOSITION XLIII. 

Theob. The complements of the parallelograms , which are about the 
diameter qjf any parallelogram^ are equal to one another. 

Let ABCD be a parallelogram, of which the diameter is AC, and 
EH, FG the parallelograms about AC, thai is^ through which AC 
passesy and BK, KD the other parallelograms which make up the 
whole figure ABCD, which are therefore called the complements. 
The complement BK is equal to the complement KD. 

Because ABCD is a parallelogram, and AC its diameter, the tri- 
angle ABC is equal (34. i.) to the triangle ADC : 
and because EKHA is a parallelogram, the dia- 
meter of which is AK, the triangle AEK is equal 
to the triangle AHK : 

For the same reason, the triangle KGC is equal 
to the triangle KFC : 

Then, because the triangle AEK is equal to 
the triangle AHK, and the triangle KGC to KFC ; the triangle AEK, 
together with the triangle KGC, is equal (2 Ax,) to the triangle 
AHK together with the triangle KFC : but, the whole triangle ABC 
is equal to the whole ADC ; therefore the remaining complement BK 
is equal (3 Ax.) to the remaining complement KD. Wherefore the 
complements, etc. q. e. d. 

PROPOSITION XLIV. 

Pros. To a given straight line to apply a parallelogram^ which shall 
be equal to a given triangle^ and have one of its angles equal to a 
given rectilineal angle. 

Let AB be the given straight line, C the given triangle, and D 
the given rectilineal angle. It is required to apply to the straight line 
AB a parallelogram equal to the triangle C, and having an angle 
equal to D. 

Make (42. i.) the parallel- 
ogram BEFG equal to the tri- 
angle C, and having the angle 
EBG equal to the angle D, so that 
BE be in the same straight line 
with AB, and produce FG to H, 
and through A draw (31. i.) AH 
parallel to BG or EF, and join HB. 

Then, because the straight line HF falls upon the parallels AH, EF, 
the angles AHF, HFE are together equal (29. i.) to two right angles ; 
wherefore the angles BHF, HFE are less than two right angles ; but 
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straight lines which, with another straight line, make the interior 
angles upon the same side less than two right angles, do meet (12. Ax.) 
if produced far enough ; therefore HB, F£ shall meet if produced ; 

Let them meet in K, and through K draw KL parallel to EA or 
FH (31. 1.) and produce HA, GB to the points L, M : then HLKF is 
a parallelogram, of which the diameter is HK, and AG, M£ are the 
parallelog^ms about HK ; and LB, BF are the complements ; there- 
fore LB is equal (43. i.) to BF : 

But BF is equal to the triangle C ; wherefore LB is equal (1 Ax.) 
to the triangle C ; and because the angle GB£ is equal (15. i.) to the 
angle ABM, and likewise ( Constr.) to the angle D ; the angle ABM 
is equal (I Ax,) to the angle D. Therefore the parallelogram LB is 
applied to the straight line AB, is equal to the triangle C, and has the 
angle ABM equal to the angle D. Which was to be done. 

PROPOSITION XLV. 

Peob. To describe a parallelogram equal to a given rectilineal ^gure^ 
and having an angle equal to a given rectilineal angle. 

Let ABGD be the given rectilineal figure, and £ the given recti* 
lineal angle. It is- required to describe a parallelogram equal to 
ABCD, and having an angle equal to £. 

Join DB, and describe (42. i.) the parallelogram FH equal to the 

triangle ADB, and having the angle a D f c l 

HKF equal to the angle £; and to 
the straight line GH apply (44. i.) the 
parallelogram GM equal to the tri- 
angle DBC, having the angle GHM 

equal to the angle £ ; and because the B C K H M 

angle E is equal {Constr.) to each of the angles FKH, GHM, the 
angle FKH is equal (1 Ax.) to GHM : add to each of these the angle 
KHG ; therefore the angles FKH, KHG are equal (2 Ax.) to the 
angles KHG, GHM ; but FKH, KHG are equal (29. i.) to two right 
angles; therefore also KHG, GHM are equal (1 Ax.) to two right 
angles : ahd because at the point H in the straight line GH, the two 
straight lines KH, HM upon the opposite sides of it make the adjacent 
angles equal to two right angles, KH is in the same straight line (14. i.) 
with HM : 

And because the straight line HG meets the parallels KM, FG, the 
alternate angles MHG, HGF (29. i.) are equal : add to each of these 
the angle HGL ; therefore the angles MHG, HGL are equal (2 Ax.) 
to the angles HGF, HGL: but the angles MHG, HGL are equal 
(29. 1.) to two right angles ; wherefore also the angles HGF, HGL are 
equal (1 Ax.) to two right angles, and FG is therefore in the same 
straight line (14. i.) with GL ; 

And because KF is parallel to HG (Constr.)^ and HG to ML; KF 
is parallel (30. i.) to ML ; and KM, FL are parallels ; wherefore 
KFLM is {Def. 34. i.) a parallelogram ; and because the triangle 
ABD is equal to the parallelogram HF (Constr.)^ and the triangle 
DBC to the parallelogram GM ; the whole rectilineal figure ABCD 
is equal to the whole parallelogram KFLM (2 Ax.) ; therefore the 
parallelogram KFLM has been described equal to the given rectilineal 
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figure ABCD, having the angle FKM equal to the given angle £. 
Which was to be done. 

Cor. From this it is manifest how to a given straight line to apply 
a parallelogram $ which shall have an angle equal to a given rectilineal 
angle, and shall be equal to a given rectilineal figure, viz., by applying 
(44. I.) to the given straight line a parallelogram equal to the first 
triangle ABD, and having an angle equal to the given angle. 

PROPOSITION XL VI. 
Pro's. To describe a square upon a given straight line. 

Let AB be the given straight line; it is required to describe a 
square upon AB. 

From the point A draw (11. i.) AC at right angles to AB; and 
make (3. i.) AD equal to AB, and through the point D draw DE 
parallel (31. i.) to AB, and through B draw BE parallel to AD; 
therefore ADEB is a iDef, 34. i.) parallelogram : whence AB is 
equal (34. i.) to DE, and AD to BE ; but BA is equal to AD ; 
therefore the four straight lines BA, AD, DE, EB are equal (1 Ax,) 
to one another, and the parallelogram ADEB is equilateral : 

Likewise all its angles are right angles ; because the straiglit line 
AD meeting the patallek AB, DE, the angles BAD, 
ADE are equal (29. i.) to two right angles : but BAD ^ 
is a (CoTistr.) Tight angle; therefore also ADE is a 
right angle ; but the opposite angles of parallelograms 
are equal (34. i.) ; therefore each of the opposite 
angles ABE, BED is a (1 Ax.) right angle ; wherefore -^^ 
the figure ADEB is rectangular : and it has been demonstrated that it 
is equilateral ; it is therefore a (30 JDef,) square, and it is described 
upon the given straight line AB. Which was to be done. 

Cor. Hence every parallelogram that has one right angle has all its 
angles right angles. 

PROPOSITION XLVIL 

T'heor. Xn any tight-angled triangle, the square which is described 
upon the side subtending the right angle is equal to the squares 
described upon the sides which contain the right angle. 

Let ABC be a right-angled triangle having the right angle BAC ; 
the square described upon the side BC is equal to the squares described 
upon BA, AC. 

On BC describe (46. i.) the square BDEC, and on BA, AC the 
squares GB, HC; and through A draw 
(31. I.) AL parallel to BD or CE, and join 
AD, FC. Then, because each of the angles 
BAC (ffgp.), BAG is a right angle (30 Be/,) 
the two straight lines AC, AG, upon the op- 
posite sides of AB, make with it at the point 
A the adjacent angles equal to two right 
angles ; therefore CA is in the same straight 
line (14. i.) with AG ; 

For the same reason, AB and AH are in 
the same straight line ; 
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And because the angle DBC is equal (11 Ax.) to the angle FBA, 
each of them being a right angle, add to each the angle ABC, and the 
whole angle DBA is equal (2 Ax,) to the whole FBC ; and because 
the two sides AB, BD are equal (30 Def.) to the two FB, BC, each 
to each, and the angle DBA equal to the angle FBC ; therefore the 
base AD is equal (4. i.) to the base FC, and the triangle ABD to the 
triangle FBC : 

Now the parallelog^m BL is double (41. i.) of the triangle ABD, 
because they are upon the same base BD, and between the same 
parallels BD, AL ; and the square GB is double of the triangle FBC, 
because these also are upon the same base FB, and between the same 
parallels FB, GC. But the doubles of equals are equal (6 Ax,) to 
one another ; therefore the parallelogram BL is equal to the square 
GB: 

And, in the same manner, by joining A£, BK, it is demonstrated, 
that the parallelogram CL is equal to the square HC ; 

Therefore the whole square BD£C is equal (2 Ax,) to the two 
squares GB, HC ; and the square BDEC is described upon the straight 
line BC, and the squares GB, HC upon BA, AC ; wherefore the 
square upon the side BC is equal to the squares upon the sides BA, 
AC. Therefore, in any right-angled triangle, etc. Q. E. d. 

PROPOSITION XLVIII. 

Theob. jTT the square described upon one of the sides of a triangle 
be equal to the squares described upon the other two sides ofity the 
a^igle contained by these two sides is a right angle. 

If the square described upon BC, one of the sides of the triangle 
ABC, be equal to the squares upon the other sides BA, AC, the angle 
BAC is a right angle. 

From the point A draw (11. i.) AD at right angles to AC, and 
make (3. i.) AD equal to BA, and join DC : then, 
because DA i<< equal to AB, the square of DA is equal 
to the square of AB ; to each of these add the square 
of AC ; therefore the squares of DA, AC are equal 
(2 Ax.) to the squares of BA, AC : ^\^ \ / 

But the square of DC is equal (47. i.) to the squares "^ 

of DA, AC, because DAC is a ( Constr.) right angle ; 
and the square of BC, by hypothesis, is equal to the squares of BA 
AC ; therefore the square of DC is equal ( 1 Ax.) to the square of 
BC ; and therefore also the side DC is equal to the side BC. 

And because the side DA is equal (Constr.) to AB, and AC 
common to the two triangles DAC, BAC, the two DA, AC are equal 
to the two BA, AC ; and the base DC is equal to the base BC ; there<- 
fore the angle DAC is equal (8. i.) to the angle BAC : but DAC is a 
right angle ; therefore also BAC is a right angle. Therefore, if the 
square, etc. Q. e. d. 
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Exercises on Book I. 

1 . If a straight line meet another so as to make two adjacent angles^ 
and each of these angles be bisected, the bisecting lines will be at right 
angles to one another. 

2. If through the vertex of an isosceles triangle a line be drawn 
parallel to the base, it will bisect the angles at the vertex made by 
producing the equal sides of the triangle. 

3. The difference between any two sides of a triangle is less than the 
third side. 

4. If two straight lines which meet one another be parallel to two 
other lines which meet one another, the angle contained by the first 
two will be equal to the angle contained by the other two. 

6. Vary the second part of the demonstration of i. 32 so as to be 
effected without producing either side of the triangle. 

6. Prove the second corollary of i. 32 independently of the first, 
and from it deduce the first. Also, 

(a) Show that each angle of an equilateral triangle b two-thirds 
of a right angle ; 

(&) That the two acute angles of a right-angled triangle are 
equal to one right angle ; 

(c) If a triangle have its exterior angle and likewise one of its 
interior angles double of those in another triangle, its remaining 
opposite interior angle is double of the corresponding angle in the 
other.* 

7. The diagonals of a parallelogram bisect one another at their point 
of intersection, and any line drawn through their intersection bisects 
the parallelogpram. 

8. If through the middle of a line intercepted between two parallel 
lines, any other line be drawn terminating in those parallels, then this 
line will be bisected at that point. 

9. (a) If one of the sides of a triangle be divided into any number 
of equal parts, and lines be drawn through the several points of division 
parallel to the base, these parallels will divide the other side into the 
same number of equal parts. Also (6), the second, third, fourth, etc. 
of the parallels intercepted between the sides, will be twice, three 
times, four times, etc. the first intercepted parallel.f (c) And if the 
sides of the triangle be produced either below the base or above the 
vertex, and parts be taken in these prolongations equal to the former 
parts, the same relations as in (a) and {b) will hold good. 

10. Divide a given line into any given number of equal parts. 

11. (a) If two sides of a triangle be bisected, the line which joins the 
points of bisection will be parallel to the base, and equal to half the 
base, (b) If lines be drawn from the points of bisection to the oppo- 
site angles, they will all meet in one point ; and each will be divided 
at that point into segments such that those drawn to the angles are 
respectively the doubles of those drawn to the bisecting points. 

12. If the three sides of a triangle be bisected and the points of 

* This is the foandation of the constniction of Hadl^*8 sextant 

f The construction of the diagonal scale depends upon this property. 
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bisection two and two be joined, four triangles will be formed equi- 
angular with the first, and each equal to one fourth of that triangle. 

13. If one angle of a parallelogram be a right angle, all the angles 
are right angles : and if likewise any two adjacent sides be equal, it is 
a square. Prove also that if all the sides of a quadrilateral figure be 
bisected, and lines be drawn to join the adjacent points of bisection, they 
will form a parallelogram equsd to iialf the given quadrilateral. 

14. If the two diagonals of a parallelogram be equal, all the angles 
of the parallelogram are right angles. 

15. If the four sides of a quadrilateral figure be equal, the figure is 
a parallelogram, and the diagonals are perpendicular to one another. 

16. If the right angle of a right-angled triangle be bisected by a 
line which also cuts the hypothenuse, and from the point of intersec- 
tion lines be drawn parallel to the sides, a square will be formed of 
which the diagonal is the bisecting line. 

17. Equal squares have equal sides, and the squares described upon 
equal lines are equal. 

18. In the figure to Prop. 47, if BC be produced both ways, and 
perpendiculars be drawn to it from F and K, then 

(a) These perpendiculars will be respectively equal to the seg- 
ments of BC made by AL ; 

(&) They will meet BC at distances from B and C respectively, 
each equal to the perpendicular from A upon BC ; 

(<?) The lines BE, CF are respectively perpendicular to AE, 
AD; 

(d) The squares described on the sides BA, AC about the right 
^ angle are equal to the rectangles under the hypothenuse and the 
segments of it made by the perpendicular from A upon BC 
respectively adjacent to BA, AC. 

19. Describe a square equal to any number of given squares, and 
likewise a square equal to the difierence between two given squares. 

20. In four several triangles there are alike given the base and one 
of the angles at the base ; and the remaining data in the several cases 
are: — 

(a) The perpendicular ; 

(b) The sum of the sides ; 

(c) The difference of the sides ; 

(d) The line drawn from the middle of the base to the vertex. 

It is required to construct these triangles. 

21. (a) Given two straight lines, to exhibit half their sum and half 
their diflPerence by a construction. 

(fi) Given two rectilinear angles to construct angles equal to 
half their sum and half their difierence. 

22. If an angle of a triangle be two-thirds of a right angle, and the 
sides containing it equal, the triangle is equilateral. 

23. If one acute angle of a right-angled triangle be equal to one 
of another, the triangles will be equiangular. Will they be equal ? 

24. If two angles of a triangle be together equal to one right angle, 
the triangle will be right-angl^ ; if less, obtuse-angled ; and if gpreater, 
acute-angled. 

25. Let two right-angled triangles have any one of the three sides 
of the first equal to a corresponding one of the second ; and any one 
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of the remaining parts of the first greater than the corresponding part 
of the other : it is required to compare (as to greater and less) all the 
other parts of one triangle with the corresponding parts of the other. 

26. From the right angle of a triangle draw a line to meet the hypo- 
thenuse, making an angle with one side equal to the adjacent acute 
angle of the triangle : then 

(a) This line will make with the other side an angle equal to 
the other acute angle of the triangle ; 

(b) It will make with the perpendicular from the right angle 
upon the hypothenuse, an angle equal to the difference of the acute 
angles of the triangle. 

(c) It will itself be equal to each of the segments into which it 
divides the hypothenuse ; 

27. Only one perpendicular can be drawn from a given point to a 
given straight line, whether the point be in the line or without it. 

28. The perpendicular is the shortest line that can be drawn to a 
line from a point without it. 

29. Of straight lines drawn to a given straight line from a given 
point without it, that which is nearer to the perpendicular is less than 
the more remote ; and those which are equally distant are equal. 

30. Equal straight lines drawn from a given point to a given straight 
line, meet it at equal distances from the perpendicular ; they also make 
equal angles with the perpendicular ; and equal angles with the given 
straight line. 

31. Given two sides and one of the angles of a triangle to construct 
the triangle. 

32. Two right-angled triangles are wholly equal, when : — s 

(a) The two sides including the right angles are equal each to 
each ; 

{b) The hypothenuse and one side are equal each to each ; 

(c) The hypothenuse and either acute angle are equal each to 
each; 

(d) An acute angle and the side opposite are equal, each to each ; 

(e) An acute angle and the side adjacent are equal, each to each. 

33. If two lines be perpendicular to two others which meet one 
another, these will intersect and contain an angle equal to that of the 
Srst two lines. 
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BEFIHITIOHS. 

1. EvEBT right-angled parallelogram is said to be contained by any 
two of the straight lines which contain one of the right angles. 

2. In every parallelogram, any of the parallelograms about a 
diameter, together with the two complements, 
is called a Gnomon. " Thus the parallelogram 
HG, together with the complements AF, FC, 
is the gnomon, which is more briefly expressed 
by the letters AGK, or EHC, which are at the 
opposite angles of the parallelog^ms which 
make the gnomon." 




PROPOSITIONS. 



PROPOSITION I. 

Tbkob. If there he two straight lines^ one of which is divieled into 
any number of patts; the rectangle contained by the two straight 
lines is equal to the rectangles contained by the undivided line^ and 
the several parts of the divided line. 

Let A and BC be two straight lines ; and let BC be divided into 
any parts in the points D, E ; the rectangle contained by the straight 
lines A, BO is equal to the rectangle contained by A, BD, together 
with that contained by A, DE, and that contained by A, EC. 

From the point B draw (11. i.) BF at right angles to BC, and 
make BG equal (3. i.) to A; and through 
G draw (31. i.) GH parallel to BC; and 
through D, E, C, draw (31. i.) DK, EL, CH 
parallel to BG ; 

Then the rectangle BH is equal to the rect- 
angles BE, DL, EH ; 

And BH is contained by A, BC, for it is con- 
tained by GB, BC, and GB is equal {Canstr,) 
to A; 

And BE is contained by A, BD, for it Is contained by GB, BD, of 
which GB is equal to A ; 

And DL is contained by A, DE, because DE, that is (34. i.) BG, 
is equal to A ; 

And in like manner the rectangle EH is contained by A, EC : 
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Therefore the rectangle contaiDed by A, BC, is equal to the several 
rectangles contained by A, BD, and by A, DE ; and also by A, EC. 
Wherefore, if there be two straight lines, etc. Q. e. d. 



PROPOSITION II. 

Thbob. If a straight line he divided into any two parts ^ the rect- 
angles contained by the whole and each of the parts are together 
eqiud to the square of the whole line. 

Let the straight line AB be divided into any two parts in the point 
C ; the rectangle contained by AB, BC, together with the rectangle* 
AB, AC, shall be equal to the square of AB. 

Upon AB describe (46. i.) the square ADEB, and through C draw 
(31. I.) CF, parallel to AD or BE : 

Then AE is equal to the rectangles AF, CE ; 

And AE is the square of AB ; 

And AF is the rectangle contained by BA, AC ; 
for it is contained by DA, AC, of which AD is equal to 
AB ; and CE is contained by AB, BC, for BE is equal 
to AB ; 

Therefore the rectangle contained by AB, AC, together with the 
rectangle AB, BC, is equal to the square of AB. If therefore a 
straight line, etc. q. e. d. 

PROPOSITION III. 

Theor. If a straight line he divided into any two parts j the rectangle 
contained by the whole and one of the parts, is equal to the rectangle 
contained by the two parts, together with the square of the aforesaid 
part. 

Let the straiglit line AB be divided into any two parts in the point 
C ; the rectangle AB, BC is equal to the rectangle AC, CB, together 
with the square of BC. 

Upon BC describe (46. i.) the square CDEB, and produce ED to 
F, and through A draw (31. i.) AF parallel to 
CD or BE ; then the rectangle AE is equal to 
the rectangles AD, CE ; 

And AE is the rectangle contained by AB, 
BC, for it is contained by AB, BE, of which BE 
is equal to BC ; 

And AD is contained by AC, CB, for CD is ^ 
equal to CB ; 

And DB is the square of BC ; 

Therefore the rectangle AB, BC is equal to the rectangle AC, 
CB, together with the square of BC. If therefore a straight line, etc. 

Q. E. D. 

♦ N,B. — To avoid repeatmg the word contained too frequently, the rectangle 
contained by two straight lines AB, AC is sometimes simply called the rectangle 
AB, AC* 
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PROPOSITION IV. 

Theor. If a straight line be divided into any two parts ^ the square 
of the whole line is equal to the squares of the two parts, together 
with twice the rectangle contained by the parts. 

Let the straight line AB be divided into any two parts in C ; the 
square of AB is equal to the squares of AC, CB, and to twice the 
rectangle contained by AC, CB. 

Upon AB describe (46. i.) the square ADEB, and join BD, and, 
through C draw (31. i.) CGF parallel to AD or BE, 
and through G draw HK parallel to AB or DE : 

And because CF is parallel to AD, and BD falls 
upon them, the exterior angle BGC is equal (29. i.) 
to the interior and opposite angle ADB ; but ADB 
is equal (5. i.) to the angle ABD, because BA is 
equal (30 JDef) to AD, being sides of a square ; 
wherefore the angle CGB is equal (I Ax.) to the 
angle GBC ; and therefore the side BC is equal (6. i.) to the side 
CG : but CB is equal (34. i.) also to GK, and CG to BK ; where- 
fore the figure CGKB is equilateral : 

It is likewise rectangular ; for CG is parallel to BK, and CB meets 
them ; the angles KBC, GCB are therefore equal to two right angles ; 
and £BC is a right angle ; wherefore GCB is a right angle : and 
therefore also the angles (34. i.) CGK, GKB opposite to these, are 
right angles, and CGEZB is rectangular ; but it is also equilateral, as 
was demonstrated ; wherefore it is a square, find it is upon the side CB : 

For the same reason HF also is a square, and it b upon the side HG, 
which is equal (34. i.) to AC : therefore HF, CK are the squares 
of AC, CB : 

And because the complement AG is equal (43. i.) to the complement 
GE, and that AG is the rectangle contained by AC, CB, for GC is 
equal to CB : therefore GE is also equal to the rectangle AC, CB ; 
wherefore AG, GE are equal to twice the rectangle AC, CB : 

And HF, CE are the squares of AC, CB ; wherefore the four 
figures HF, CK, AG, GE are equal to the squares of AC, CB, and 
to twice the rectangle AC, CB : 

But HF, CK, AG, GE make up the whole figure ADEB, which is 
the square of AB : therefore the square of AB is equal to the squares 
of AC, CB, and twice the rectangle AC, CB. Wherefore, if a 
straight line, etc. Q. £. d. 

Cor. From the demonstration, it is manifest, that the parallelograms 
about the diameter of a square are likewise squares. 

PROPOSITION V. 

Theor. If a straight line be divided into two equal parts, and also 
into two unequal parts^ the rectangle contained by the unequal 
parts, together with the square of the line between the points of 
section, is equal to the square of half the line. 

Let the straight line AB be divided into two equal parts in the point 
C, and into two unequal parts at the point D ; the rectangle AD, DB, 
together with the square of CD, is equal to the square of CB. 
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Upon CB describe (46. i.) the square CEFB, join BE, and through 
D draw (31. l) DHG parallel to CE or BF ; and through H draw 
KLM parallel to CB or EF ; and also through A draw AK parallel 
toCLorBM: 

And because the complement CH is equal (43. i.) to the comple- 
ment HF, to each of these add DM ; therefore 
the whole CM is equal (2 Ax^ to the whole 
DF ; but CM is equal (36. i.) to AL, because 
AC is equal to CB ; therefore also AL is equal 
toDF. 

To each of these add CH, and the whole AH 
is equal to DF and CH : 

But AH is the rectangle contained by AD, DB, for DH is equal 
(4. Car. II.) to DB ; and DF together with CH is the gnomon CMG ; 

Therefore the gnomon CMG is equal to the rectangle AD, DB : 

To each of these add LG, which is equal (4. Ccr, ii.) to the square 
of CD: 

Therefore the gnomon CMG, together with LG, is equal to the 
rectangle AD, DB, together with the square of CD ; 

But the gnomon CMG and LG make up the whole figure CEFB, 
which is the square of CB : therefore the rectangle AD, DB, together 
with the square of CD is equal to the square of CB. Wherefore, if a 
straight line, etc. Q. e. d. 

From this proposition it is manifest, that the difference of the 
squares of two unequal lines AC, CD, is equal to the rectangle con- 
tained by their sum and difference. 



PROPOSITION VI. 

Theob. If a straight line be bisected^ and produced to any pointy 
the rectangle contained by the whole line thus produced, and the 
part of it produced, together with the square of half the line bisected, 
is eqtud to the square of the straight line which is made t^ of the 
half and the part produced. 

Let the straight line AB be bisected in C, and produced to the 
point D ; the rectangle AD, DB, together with the square of CB, is 
equal to the square of CD. 

Upon CD describe (46. i.) the square CEFD, join DE, and through 
B draw (31. i.) BHG parallel to CE or DF, and 
through H draw ELM parallel to AD or EF, 
and also through A draw AK parallel to CL or 
DM; 

And because AC is equal to CB, the rect- 
angle AL is equal (36. i.) to CH ; but CH is 
equal (43. i.) to HF ; therefore also AL is equal 
toHF: 

To each of these add CM ; therefore the whole AM is equal to 
the gnomon CMG : 

And AM is the rectangle contained by AD, DB for DM is equal 
(4. Cor. II.) to DB : therefore the gnomon CMG is equal to the rect- 
angle AD, DB : 

Add to each of these LG, which is equal to the square of CB ; 
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therefore the rectangle AD, DB, together with the 'square of CB, is 
equal to the gnomon CMG, and the figure LG ; 

But the gnomon CMG and LG make up the whole figure CP^FD, 
which is the square of CD ; 

Therefore the rectangle AD, DB, together with the square of CB, 
is equal to the square of CD. Wherefore if a straight line, &c. q.e.d. 



PROPOSITION VII. 

Theor. If a straight line be divided into any two parts, the squares 
of the whole line^ and of one of the parts^ are equal to twice the 
rectangle contained by the whole and that part, together with the 
square of the other part. 

Let the straight line AB be divided into any two parts in the point 
C ; the squares of AB, BC are equal to twice the rectangle AB, BC, 
together with the square of AC. 

Upon AB describe (46. i.) the square ADEB, and construct the 
figure as in the preceding propositions ; 

And because AG is equal (43. i.) to GE, add to each of them 
CK ; the whole AK is therefore equal to the whole 
CE ; therefore AK, CE are double of AK : 

But AK, CE are the gnomon AKF, together 
with the square CK ; therefore the gnomon AKF, 
together with the square CK, is double of AK : 

But twice the rectangle AB, BC is double of AK, 
for BK is equal (4. Cor, ii.) to BC ; therefore the 
gnomon AKF, together with the square CK, is equal to twice the 
rectangle AB, BC. 

To each of these equals add HF, which is equal to the square of 
AC ; therefore the gnomon AKF, together with the squares CK, HF, 
is equal to twice the rectangle AB, BC, and the square of AC : 

But the gnomon AKF, together with the squares CK, HF, make 
up the whole figure ADEB and CK, which are the squares of AB and 
BC : therefore the squares of AB and BC are equal to twice the 
rectangle AB, BC, together with the square of AC. Wherefore, if a 
straight line, etc. Q. e. d. 
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PROPOSITION VIII. 

Theob. If a straight line be divided into any two parts^ four times 
the rectangle contained by the whole line, a?id one of the parts, 
together with the square of the other part, is equal to the square of 
the straight line^ which is made of the whole and that part. 

Let the straight line AB t>e divided into any two parts in the point 
C ; four times the rectangle AB, BC, together with the square of 
AC, is equal to the square of the straight line made up of AB and 
BC together. 

Produce AB to D, so that BD be equal to CB, and upon AD 
describe the square AEFD ; and construct two figures such as iu the 
preceding. 

Because CB is equal to BD, and that CB is equal (34. i.) to GK, 
and BD to KN ; therefore GK is equal to KN : 
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For the same reason, PR is equal to BO ; 

And because CB is equal to BD, and GK to KN, the rectangle 
CK is equal (36. i.) to BN, and GR to RN ; but CK is equal (43. i.) 
to RN, because they are the complements of the parallelogram CO ; 
therefore also BN is equal to GR ; and the four rectangles BN, CK, 
GRy RN are therefore equal to one another, and so are quadruple oJF 
one of them CK : 

Again, because CB is equal to BD, and that BD is equal (4. Cor. ii.) 
to BK, that is, to CG„ and CB equal to GK, that 
is, to GP ; therefore CG is equal to GP : 

And because CG is equal to GP, and PR to RO, 
the rectangle AG is equal to MP, and PL to RF : 

But MP is equal (43. i.) to PL because they are 
the complements of the parallelogram ML : where- 
fore AG is equal also to RF: therefore the four 
rectangles AG, MP, PL, RF, are equal to one another, and so are 
quadruple of one of them AG. 

And it was demonstrated that the four CK, BN, GR, and RN are 
quadruple of CK. Therefore the eight rectangles which contain the 
gnomon AOH, are quadruple of AK ; 

And because AK is the rectangle contained by AB, BC, for BK is 
equal to BC, four times the rectangle AB, BC is quadruple of AK : 
but the gnomon AOH was demonstrated to be quadruple of AK ; 
therefore four times the rectangle AB, BC, is equal to the gnomon 
AOH. 

To each of these add XH, which is equal (4. Cor. ii ) to the square 
of AC : therefore four times the rectangle AB, BC, together with the 
square of AC, is equal to the gnomon AOH and the square XH : 

But the gnomon AOH and XH make up the figure AEFD, which 
b the square of AD ; therefore four times the rectangle AB, BC, 
together with the square of AC, is equal to the square of AD, that is 
of AB and BC added together in one straight line. Wherefore, if a 
straight line, etc. q. e. d. 



PROPOSITION IX. 

Theob. If a straight line be divided into two equals and also into 
two unequal parts ; the squares of the two unequal parts are together 
double of the square of half the line^ and of the square of the line 
between the points of section. 

Let the straight line AB be divided at the point C into two equal, 
and at D into two unequal parts ; the squares of 
AD, DB are together double of the squares of 
AC, CD. 

From the point C draw (11. i.) CE at right 
angles to AB, and make it equal to AC or CB, _ 
and join EA, EB ; through D draw (31. i.) DF *" 
parallel to CE, and through F draw FG parallel to AB ; and join 

Then because AC is equal to CE, the angle EAC is equal (5. i.) 
to the angle AEC ; and because the angle ACE is a right angle, the 
two others AEC, EAC together make one right angle (32. i.) ; and 
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they are equal to one another ; each of them therefore is half of a 
right angle. 

For the same reason each of the angles CEB, EBC is half a right 
angle ; and therefore the whole AEB is a right angle : 

And because the angle GEF is half a right angle, and EGF a right 
angle, for it is equal (29. i.) to the interior and opposite angle ECB, 
the remaining angle EFG is half a right angle ; therefore the angle 
GEF is equal to the angle EFG, and the side EG equal (6. i.) to the 
side GF. 

Ag^in, because the angle at B is half a right angle, and FDB a right 
angle, for it is equal (29. i.) to the interior and opposite angle ECB, the 
remaining angle BFD is i^f a right angle ; therefore the angle at B 
is equal to the angle BFD, and the side DF to (6. i.) the side DB. 

And because AC is equal to CE, the square of AC is equal to the 
square of CE ; therefore the squares of AC, CE are double of the 
square of AC : 

But the square of EA is equal (47. i.) to the squares of AC, CE, 
because ACE is a right angle ; therefore the square of £A is double 
of the square of AC : 

Again, because EG is equal to GF, the square of EG is equal to the 
square of GF ; therefore the squares of EG, GF are double of tlie 
square of GF : 

But the square of EF is equal to the squares of EG, GF ; there- 
fore the square of EF is double of the square of GF ; and GF is 
equal (34. i.) to CD ; therefore the square of EF is double of the 
square of CD : 

But the square of AE is likewise double of the square of AC ; 
therefore the squares of AE, EF are double of the squares of AC, 
CD : and the square of AF is equal (47. i.) to the squares of AE, EF, 
because AEF is a right angle ; therefore the square of AF is double 
of the squares of AC, CD : but the squares of AD, DF are equal to 
the square of AF, because the angle ADF is a right an^le ; therefore 
the squares of AD, DF are double of the squares of AC, CD : and 
DF is equal to DB ; therefore the squares of AD, DB are double of 
the squares of AC, CD. If therefore a straight line, etc. q. e. d. 

PROPOSITION X. 

Theor. If a straight line be bisected^ and prodteced to any pointy the 
square of the whole line thus prodticed, and the square of the part 
o/* it produced^ are together double of the square of half the line 
bisected^ and of the square of the line made up of the half and the 
part produced. 

Let the straiglit line AB be bisected in C, and produced to the 
point D : the squares of AD, DB are double of the squares of AC, 
CD. 

From the point C draw (11. i.) CE at right angles to AB ; and 
make it equal to AC or CB, and join AE, EB ; through E draw (31. t.) 
EF parallel to AB, and through D draw DF parallel to CE. And 
because the straight line EF meets the parallels EC, FD, the angles 
CEF, EFD are equal (29. i.) to two right angles ; and therefore the 
angles BEF, EFD are less than two right angles : but straight lines 
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vhich with another straight line make the interior angles upon the same 
side less than two right angles, do meet (12 Ax,) if produced far 
enough ; therefore EB, FD shall meet, if produced, towards B, D : let 
them meet in G, and join AG. 

Then, because AC is equal to CE, the angle CEA is equal (5. i.) to 
the angle EAC ; and the angle ACE is a right angle ; therefore each 
of the angles CEA, EAC is half a right angle. (32. i.) : 

For the same reason, each of the angles CEB, EBC is half a right 
angle ; therefore AEB is a right angle : 

And because EBC is half a right angle, DBG is also (15. i.) half a 
right angle, for they are vertically opposite : but BDG is a right angle, 
because it is equal (29. i.) to the alternate angle DCE ; therefore the 
remaining angle DGB is half a right angle, and is therefore equal to 
the angle DBG ; wherefore also the side BD is equal (6. i.) to the 
side DG. 

Again, because EGF is half a right angle, and that the angle at F 
is a right angle, because it is equal (34. i.) 
to the opposite angle ECD, the remaining 
angle FEG is half a right angle, and equal 
to the angle EGF ; wherefore also the side 
GF is equal (6. i.) to the side FE. 

And because EC is equal to CA, the ^' 
square of EC is equal to the square of CA ; 
therefore the squares of EC, CA are double 
of the square of CA : but the square of EA is equal (47. i.) to the 
squares of EC, CA ; therefore the square of EA is double of the 
square of AC : 

Again, because GF is equal to FE, the square of GF is equal to the 
square of FE ; and therefore the squares of GF, FE are double of the 
square of EF ; but the square of EG is equal (47. i.) to the squares of 
GF, FE ; therefore the square of EG is double of the square of EF ; 
and EF is equal to CD ; wherefore the square of EG is double of the 
square of CD. 

But it was demonstrated, that the square of EA is double of the 
square of AC ; therefore the squares of AE, EG are double of the 
squares of AC, CD : 

And the square of AG is equal (47. i.) to the squares of AE, EG ; 
therefore the square of AG is double of the squares of AC, CD : 

But the squares of AD, GD are equal (47. i.) to the square of 
AG ; therefore the squares of AD, DG are double of the squares of 
AC, CD : 

But DG is equal to DB ; therefore the squares of AD, DB are 
double of the squares of AC, CD. Wherefore, if a straight line, etc. 

Q. E. D. 

PROPOSITION XI. 

Pbob. To divide a given straight line into two parts, so that the 
rectangle contained by the whole^ and one of the partSy shall be 
equal to the square of the other part. 

. Let AB be the given straight line ; it is required to divide it into 
two parts, so that the rectangle contained by the whole and one of the 
parts shall be equal to the square of the other part. 
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Upon AB describe (46. i.) the square ABDC ; bisect (10. i.) AC in 
E, and join BE ; produce CA to F, and make (3. i.) EF equal to EB ; 
and upon A F describe (46. i.) the square FGHA : AB is divided in 
H, so that the rectangle AB, BH is equal to the square of AH. 

Produce GH to E : 

Because the straight line AC is bisected in E, and produced to the 
point F, the rectangle CF, FA, together with the square of AE, is 
equal (6. ii.) to the square of EF : 

But EF is equal to EB ; therefore the rectangle CF, FA, together 
with the square of AE, is equal to the square of EB : 

And the squares of BA, AE are equal (47. i.) to the 
square of EB, because the angle EAB is a right angle ; 
therefore the rectangle CF, FA, together with the square 
of AE, is equal to the squares of BA, AE : 

Take away the square of AE which is common to both ; 
therefore the remaining rectangle CF, FA is equal (3 Ax,) 
to the square of AB : 

And the figure FK is the rectangle contained by CF, ^ ^ ^ 
FA, for FA is equal (30 Def.) to FG ; and AD is the square of AB, 
therefore FK is equal (1 Ax.) to AD : 

Take away the common part AE, and the remainder FH is equal 
(3 Ax.) to the remainder HD : and HD is the rectangle contained by 
AB, BH, for AB is equal (30 Def.) to BD ; and FH is the square of 
AH. Therefore the rectangle AB, BH is equal to the square of AH : 
wherefore the straight line AB is divided in H, so that the rectangle 
AB, BH is equal to the square of AH. Which was to be done. 
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PROPOSITION XII. 

Theob. In obttise^angUd triangles^ if a perpendictdar be drawn from 
any of the acute angles to the opposite side producedj the square of 
the side subtending the obtuse angle is greater than the squares of 
the sides containing the obtuse angle^ by tunce the rectangle con- 
tained by the side upon which^ when produced^ the perpendictdar 
faUs^ and the straight line intercepted without the triangle^ between 
the perpendicular and the obtuse angle. 

Let ABC be an obtuse-angled triangle, having the obtuse angle ACB, 
and from the point A let AD be drawn (12. i.) perpendicukr to BO 
produced : the square of AB is greater than the squares of AC, CB, 
by twice the rectangle BC, CD. 

Because the straight line BD is divided into two parts in the point C, 
the square of BD is equal (4. ii.) to the squares of 
BC, CD, and twice the rectangle BC, CD : 

To each of these equals add the square of DA ; 
and the squares of BD, DA are equal to the squares 
of BC, CD, DA, and twice the rectangle BC, CD : 

But the square of BA is equal (47. i.) to the 
squares of BD, DA, because the angle at D is a right angle ; and the 
square of CA is equal (47. i.) to the squares of CD, DA ; 

Therefore the square of BA is equal to the squares of BC, CA, and 
twice the rectangle BC, CD ; that is, the square of BA is greater thau 
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the squares of BC, CA, by twice the rectangle BC, CD. 
in obtuse-angled triangles, etc. q. e. d. 



Therefore, 




PROPOSITION XIII. 

Theob. In every triangle^ the sqttare of the side subtending any oj 
the cuntte angles is less than the squares of the sides containing that 
angle^ by twice the rectangle contained by either of these sides^ and 
the straight line intercepted between the perpendicular let fall upon 
it from the opposite angle and the acute angle. 

Let ABC be any triangle, and the angle at B one of its acute angles ; 
and upon BC, one of the sides containing it, let fall the perpendicular 
(12.1.) AD from the opposite angle: the square of AC, opposite to 
the angle B, is less than the squares of CB, BA, by twice the rectangle 
CB, BD. 

First, let AD fall within the triangle ABC : and because the 
straight line CB is divided into two parts in the 
point D, the squares of CB, BD are equal (7. ii.) to 
twice the rectangle contained by CB, BD, and the 
square of DC : 

To each of these equals add the square of AD ; 
therefore the squares of CB, BD, DA are equal 3~ 
(2 Ax.) to twice the rectangle CB, BD, and the squares of AD, DC ; 

But the square of AB is equal (47. i.) to the squares of BD, DA, 
because the angle BD A is a right angle ; and the square of AC is 
equal to the squares of AD, DC ; therefore the squares of CB, BA are 
equal to the square of AC, and twice the rectangle CB, BD ; that is, 
the square of AC alone is less than the squares of CB, BA, by twice 
the rectangle CB, BD. 

Secondly, let AD fall without the triangle ABC : then, because the 
angle at D is a right angle, the angle ACB is greater 
(16. 1.) than a right angle ; and therefore the square of 
AB is equal (12. ii.) to the squares of AC, CB, and 
twice the rectangle BC, CD : 

To these equals add the square of BC, and the 
squares of AB, BC are equal (2 Ax.) to the square of 
AC, and twice the square of BC, and twice the rect- 
angle BC, CD : 

But because BD is divided into two parts in C, the rectangle DB, 
BC is equal (3. ii.) to the rectangle BC, CD and the square of BC ; 
and the doubles of these are equal : therefore the squares of AB, BC 
are equal to the square of AC, and twice the rectangle a 
DB, BC : therefore the square of AC alone is leos than the 
squares of AB, BC, by twice the rectangle DB, BC. 

Lastly, let the side AC be perpendicular to BC ; then is 
BC the straight line between the perpendicular and the 
acute angle at B : and it is manifest, that the squares of 
AB, BC, are equal (47. i. and 2 Ax.) to th^ square of AC 
and twice the square of BC. Therefore, iu every triangle, 
etc. Q. E. D. 
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PROPOSITION XIV. 

Prob. To describe a sqitare that shall be equal to a given rectilineal 

figure. 

Let A be the g^ven rectilineal figure : it is required to describe a 
square that shall be equal to A. 

Describe (45. i.) a rectangular parallelogram BODE equal to the 
rectilineal figure A. 

If then the sides of it, BE, ED, are 
equal to one another, it is a (30 Def.) 
square, and what was requireid is now 
done : 

But if they are not equal, produce one 
of them BE to F, and make (3. i.) EF 
equal to ED, and bisect (10. i.) BF in G ; and from the centre G, 
at the distance GB, or GF, describe the semicircle BHF, and produce 
DE to H, and join GH : 

Therefore because the straight line BF is divided into two equal 
parts in the point G, and into two unequal at E, the rectangle BE, 
EF, together with the square of EG, is equal (5. ii.) to the square of 
GF: 

But GF is equal (15 Def.) to GH ; therefore the rectangle BE, 
EF, together with the square of EG, is equal to the square of GH : 

But the squares of HE, EG are equal (47. i.) to the square of GH ; 
therefore the rectangle BE, EF, together witli the square of EG, is 
equal to the squares of HE, EG : 

Take away the square of EG, which is common to both, and the 
remaining rectangle BE, EF is equal (3 Ax,) to the square of EH : 

But the rectangle contained by BE, EF is the parallelogram BD, 
because EF is equal to ED ; therefore BD is equal to the square of 
EH: 

But BD is equal {Con^tr,) to the rectilineal figure A ; therefore the 
rectilineal figure A is equal to the square of EH. Wherefore a square 
has been made equal to the given rectilineal figure, A, viz. the square 
described upon EH. Which was to be done. 



Exercises on Boor II. 



1. (a.) The difference of the internal segments of a line, or the 
sum of the external, is double of the distance between the points of 
section and bisection. 

(J),) Also, that if half the sum of two lines be increased by half 
their difference, the sum will be equal to the greater of them ; 
and if diminished by half their difference, the remainder will 
be equal to the less of them. 

2. If two lines be each of them divided into any number of parts, 
equal or unequal to one another, the rectangle under the two lines is 
equal to all the rectangles taken together, under each separate part of 
the one with each separate part of the other. 

(a.) What will take place when all the divisions are equal ? 
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3. Employ this to demonstrate 4 and 7, without first proving 
that the smaller squares are about the diagonal of the original square. 

Show likewise that those propositions are respectively equivalent to 
these two : — 

(a.) The square on a line is greater than the squares described 
on its internal segments by twice the rectangle under those 
segments ; 

(b.) The square on a line is less than the squares on its external 
segments by twice the rectangle under those segments. 

4. The difference of the squares on two lines are equal to the rectangle 
under their sum and difference. 

Show that Props. 4 and 6 are cases of this property. 

5. The squares on the sum and difference of two lines are equal to 
twice the sum of the squares on the lines themselves. 

6. The square on the sum of two lines exceeds the square on their 
difference by four times the rectangle under the lines themselves. 

7. If a straight line be drawn from the vertex of a triangle to the 
middle of the base, the sum of the squares on the two sides is double 
the square on that line, together with double the square on half the 
base. 

8. Three times the sum of tlie squares on the three sides of a 
triangle is equal to four times the sum of the squares of the lines 
drawn from the angles to bisect the opposite sides. 

9. The difference between the squares on two sides of a triangle is 
equal to the difference between the squares on the segments of the base 
made by a perpendicular from the opposite angle, whetlier the segments 
be internal or external. 

10. The sum of the squares on the diagonals of a parallelogram is 
equal to the sum of the squares on its four sides. 

1 1. Lines being drawn from any point to the angles of a rectangle : 
the squares on those drawn to the extremities of one diagonal are 
together equal to the squares on those drawn to the other extremity. 

12. Let the four sides and two diagonals of any quadrilateral be 
bisected: then 

(a.) The sum of the squares on the four sides of the quadrilateral 
will be equal to the sum of the squares on the two diagonals 
together with four times that of the line joining the middle 
points of the diagonals ; 

(b.) The sum of the squares on either pair of opposite sides, 
together with the squares on the diagonals, is equal to the sum 
of the squares on the other pair of opposite sides, together with 
four times the square of the line which joins their middle 
points. 

13. If two opposite sides of a quadrilateral be parallel, the sum of 
the squares on its diagonals is equal to the squares on the two sides 
which are not parallel together with twice the rectangle under the 
parallel sides. 

14. If a line be drawn from the vertex of an isosceles triangle to 
meet the base or the base produced, the square upon one side of the 
triangle is equal to the square upon tliis line, increased or diminished 



BOOK II. EXERCISES. 45 

respectively by the rectangle under the segments of the base, as the 
segments are internal or external. 

15. The greatest rectangle which can be made by the segments of a 
given line is the square described upon half that line« 

16. In the figure to I. 47, show that, 

(a.) AD« - AE« =:; BA» - AC* ; 
(b.) GH« -f KE« -f FD« = 6 BC*: 

the requisite lines being drawn. 
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BOOK III. 



DEFIVITI0V8. 

1. Equal circles are those of which the diameters are equal, or 
from the centres of which the straight lines to the circumferences are 
equal. 

^^ This is not a definition, but a theorem, the truth of which is 
evident ; for, if the circles be applied to one another, so that their cen- 
tres coincide, the circles must likewise coincide, since the straight lines 
from the centres are equal." 

2. A straight line is said to touch a circle when it meets the circle, 
and being produced, does not cut it. 

3. Circles are said to touch one another which meet but do not cut 
one another. 




4. Straight lines are said to be equally distant from the centre 
of a circle when the perpendiculars drawn to them from the centre 
are equal. 




5. And the straight line on which the gpreater perpendicular fitlls 
is said to be farther from the centre. 

6. A segment of a circle is the figure contained by a straight line 
and the circumference it cuts off. 




7. <<The angle of a segment is that which is contained by the 
straight line and the circumference." 
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8. An angle in a segment is the angle contained by two straight 




lines drawn from any point in the circumference of the segment to the 
extremities of the straight line which is the base of the segpnent. 

9. And an angle is said to insist or stand upon the circumference 
intercepted between the straight lines that contain the angle. 

10. The sector of a circle is the figure contained by two straight 
lines drawn from the centre, and the circumference between them. 




II. Similar segments of a circle are those in which the angles are 
equal, or which contain equal angles. 




PROPOSITIONS. 



PRGPOSITIGNL 
pBOB. To find the centre of a given circle. 

Let ABC be the given circle ; it is required to find its centre. 

Draw within it any straight line AB, and bisect (10. i.) it in D ; 
from the point D draw (11. i.) DC at right angles to AB, and produce 
it to E, and bisect CE in F : the point F is the centre of the circle 
ABC. 

For if it be not, let, if possible, G be the centre, and join GA, GD, 
GB : then, because DA is equal to DB, and DG common to the two 
triangles ADG, BDG, the two sides AD, DG are equal to the two 
BD, DG, each to each; and the base GA is equal to the base GB, 
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because they are drawn from the centre G :* there- 
fore the angle ADG is equal (8. i.) to the angle 
GDB : but when a straight line standing upon an- 
other straight line makes the adjacent angles equal 
to one another, each of the angles is a right angle 
(10 2>^. I.); therefore the aogle GDB is a right 
angle: 

But FDB is likewise a {Consir.) right angle; 
wherefore the angle FDB is equal (1 Ax.) to the * 

angle GDB, the greater to the less, which is impossible : therefore G 
is not the centre of the circle ABC. 

In the same manner it can be shown, that no other point but F is 
the centre ; that is, F is the centre of the circle ABC. Which was to 
be found. 

Con. From this it is manifest, that if in a circle a straight line 
bisect another at right angles, the centre of the circle is in the line 
which bisects the other. 



PROPOSITION II. 

Theob. If any two points be taken in the circumference of a circle, 
the straight line which joins them shaU fall within the circle. 

Let ABC be a circle, and A, B any two points in the circumfer- 
ence ; the straight line drawn from A to B shall fall within the circle. 

For if it do not, let it fall, if possible, without, as AEB : find (1 . iii.) D 
the centre of the circle ABC : and join AD, DB, and 
produce DF, any straight line meeting the circum- 
ference AB to £ : 

Then, because DA is equal (15 Def. i.) to DB, 
the angle DAB is equal (5. i.'^ to the angle DBA ; 

And because A£, a side or the triangle DAE, 
is produced to B, the angle DEB is greater (16. i.) 
than the angle DAE ; 

But DAE is equal to the angle DBE ; therefore 
the angle DEB is gpreater than the angle DBE : 

But to the greater angle the greater side is opposite (19. i.), DB is 
therefore greater than DE : 

But DB is equal to DF ; wherefore DF is greater than DE, the less 
than the greater, which is impossible : therefore the straight line drawn 
from A to B does not fall without the circle. In the same manner it 
may be demonstrated that it does not &11 upon the circumference ; it 
falls therefore within it. Wherefore, if any two points, etc. q e. d. 




• Whenerer the expression " straight lines from the centre** or ** drawn fVom 
the centre " occurs, it is to be understood that they are drawn to the circumference. 
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PROPOSITION III. 

Thbob. If a straight line drawn through the centre of a circle bisect 
a straight line in it which does not pass through the centre^ it shall 
cut it at right angles : and if it cut it at right angles, it shaU bisect it. 

Let ABC be a circle ; and let CD, a straight line drawn through 
the centre, bisect any straight line AB, which does not pass through 
the centre, in the point F : it cuts it also at right angles. 

Take (1. iii.) E the centre of the circle, and join EA, EB. 

Then, because AF is equal to FB, and FE common to the two tri- 
angles AFE, BFE, there are two sides in the one 
equal to two sides in the other, and the base EA is 
equal to the base EB ; therefore the angle AFE is 
equal (8. i.) to the angle BFE : 

But when a straight line standing upon another 
makes the adjacent angles equal to one another, 
each of them is a right (10 Def i.) angle ; there- 
fore each of the angles AFE, BFE is a right angle : 
wherefore the straight line CD, drawn through the ** 

centre, bisecting another AB that does not pass through the centre, 
cuts the same at right angles. 

But let CD cut AB at right angles : CD also bisects it, that is, AF 
b equal to FB. 

The same construction being made, because EA, EB from the centre 
are equal (15 Def i.) to one another, the angle EAF is equal (5. i.) 
to the angle EBF ; and the right angle AFE is equal to the right 
angle BFE : therefore, in the two triangles EAF, EBF, there are two 
angles in one equal to two angles in the other : and the side EF, which 
is opposite to one of the equal angles in each, is common to both ; 
therefore the other sides are equal (26. i.) ; AF therefore is equal to 
FB. Wherefore, if a straight line, etc. q. e. d. 

PROPOSITION IV, 

TflEOR. If in a circle two straight lines cut one another which do not 
both pass through the centre, they do not bisect each other. 

Let ABCD be a circle, and AC, BD two straight lines in it, which 
cut one another in the point E, and do not both pass through the 
centre : AC, BD do not bisect one another. 

For, if it is possible, let AE be equal to EC, and BE to ED : if one 
of the lines pass through the centre, it is plain 
that it cannot be bisected by the other which does 
not pass through the centre : 

But if neither of them pass through the centre, 
take (1. III.) F the centre of the circle, and join EF: 
and because FE, a straight line*through the centre, 
bisects another AC which does not pass through 
the centre, it shall cut it at right (3. iii.) angles ; 
wherefore FEA is a right angle : 

Again, because the straight line FE bisects the straight line BD 
which does not pass through the centre, it shall cut it at right (3. iii.) 
angles ; wherefore FEB is a right angle : 

VOL II. E 
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And FEA was shown to be a right angle s therefore FE A is equal 
(1 Ax.) to the angle FEB, the less to the greater, which is impossible : 
therefore AC, BD do not bisect one another. Wherefore, if in a circle, 
etc. Q. s. D. 

PROPOSITION V. 

Theos, If two circleM cut one another^ they shall not have the tame 

centre. 

Let the two circles ABC, CDG cut one another in the points B, C : 
they have not the same centre. 

For, if it be possible, let E be their centre ; 
join EC, and draw any straight line EFG meet- 
ing them in F and G.: and because E is the 
centre of the circle ABC, CE is equal {ISDef. i.) 
toEF: 

Again, because E is the centre W the circle 
CDG, CE is equal (15 Def, i.) to EG : 

But CE was shown to be equal to EF ; there- 
fore EF is equal to EG, the less to the greater, which is impossible : 
therefore E is not the centre of the circles ABC, CDG. Wherefore, 
if two circles, etc. q. e. d. 




PROPOSITION VL 

Theob. If one circle touch another internally^ they shall not hare 

the same centre. 

Let the two circles ABC, CDE touch one another in the point C : 
they have not the same centre. 

For if they have, let it be F ; join FC, and draw any straight line 
FEB meeting them in E and B : 

And because F is the centre of the circle 
ABC, CF is equal (15 Def, i.) to FB ; also, 
because F is the centre of the circle CDE, CF 
is equal (15 Def, i.) to FE : 

And CF was shown to be equal to FB ; there- 
fore FE is equal (1 Ax,) to FB, the less to the 
greater, which is impossible : wherefore F is not 
the centre of the circles ABC, CDE. There- 
fore, if two circles, etc. Q. s. d. 




PROPOSITION VII. 

TuEOR. If any point be taken in the diameter of a circle^ which is not 
the centre, of ail the straight lines which can be drawn from it to 
the circumference^ the greatest is that in which the centre if, and the 
other part of that diameter is the least ; and, of any others^ that 
which is nearer to the line which passes through the centre is 
always greater than one more remote : and from the same paint 
there can be drawn wily two straight lines that are equal to one 
another y one upon each side of the shortest line. 

Let ABCD be a circle, and AD its diameter, in which let any point 
F be taken which is not the centre : let the centre be E ; of all the 
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straight lines FB, FC, FG, etc. that can be drawn from F to the cir- 
cumference, FA is the greatest, and FD, the other part of the dia- 
meter AD, is the least : and of the others, FB is greater than FC, and 
FC than FG. 

Join BE, CE, GE : 

And because two sides of a triangle are greater (20. i.) than the 
third, BE, EF are greater than BF : 

But AE is equal (15 Def, i.) to EB ; there- 
fore AE, EF, that is AF, is greater than BF : 

Again, because BE is equal to CE, and FE 
common to tlie triangles BEF, CEF, the two 
sides BE, EF are equal to the two CE, EF ; but 
the angle BEF is greater (9 Ax^ than the angle 
CEF ; therefore the base BF b greater (24. i.) 
than the base FC : 

For the same reason, CF is greater than GF : 

Again, because GF, FE are greater (20. i.) than EG, and EG, is 
equal to ED ; GF, FE are greater than ED : talce away tlie common 
part FE, and the remainder GF is greater (5 Ax^ than the remainder 
FD: 

Therefore FA is the greatest, and FD the least, of all the straight 
lines from F to the circumference ; and BF is greater than CF, and 
CF than GF. 

Also there can be drawn only two equal straight lines from the point 
F to the circumference, one upon each side of the shortest line FD : 
at the point E, in the straight line EF, make (23. i.) the angle FEH 
equal to the angle GEF, and join FH : 

Then because GE is equal to EH, and EF common to the two 
triangles GEF, HEF, the two sides GE, EF are equal to the two HE, 
EF ; and the angle GEF is equal ( Comtr.) to the angle HEF ; there- 
fore the base FG is equal (4. i.) to the base FH : 

But, besides FH, no other straight line can be drawn from F to the 
circumference, equal to FG: for if there can, let it be FK: and 
because FK is equal to FG, and FG to FH, FK is equal (1. Ax.) to 
FH ; that is, a line nearer to that which passes through the centre is 
equal to one which is more remote ; which is impossible. Therefore, 
if any point be taken, etc. q. e. d. 

PROPOSITION VIII. 

TiiEOB. J[f any point be taken without a circle^ and straight lines he 
draum from it to the drcumferencej whereof one passes through the 
centre ; of those which fall upon the concave circumference^ the 
greatest u thai which passes through the centre ; and of the rest^ 
thcU which is nearer to that through the centre is always greater 
tlian the more remote ; but of those which fall upon the convex cir- 
cumference^ the least is that between the point without the circle and 
the diameter ; avid of the rest, that which is nearer to the least is 
always less than the more remote : and only two equal straight lines 
can be drawn from the point to the circumference, one upon each side 
of the least. 

Let ABC be a circle, and D any point without it, from which let 
the straight lines DA, DE, DF, DC, be drawn to the circumference, 

B 2 
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whereof DA passes through the centre. Of those which fall upon the 
concave part of the circumference AEFC, the greatest is AD which 
passes through the centre ; and the nearer to it is always greater than 
the more remote, viz. DE than DF, and DF tlian DC ; but of those 
wliich fall upon the convex circumference HLKG, the least is DG, 
between the point D and the diameter AG ; and the nearer to it is 
always less than the more remote, viz. DK than DL, and DL tlian DH. 

Take (1. in.) M the centre of the circle ABC, and join ME, MF, 
MC, MK, ML, MH: , ^ ^^ 

And because AM is equal to ME, add MD to each, therefore AD 

is equal (Ax,) to EM, MD : 

But EM, MD are greater (20. i.) than ED ; 
therefore also AD is greater than ED. 

Again, because ME is equal to MF, and MD 
common to the triangles EMD, FMD ; EM, 
MD are equal to FM, MD : but the angle 
EMD is greater (9 Ax,) than the angle FMD ; 
therefore the base ED is greater (24. i.) than tlie 
base FD. 

In lilce manner it may be shown that FD is 
greater than CD : therefore DA is the greatest : 
and DE greater than DF, and DF than DC. 

And because MK, ED are greater (20. i.) 
than MD,and MKis equal (15 Lef, i.) to MG, 
the remainder DK is greater (5 Ax.) than the 
remainder GD ; that is, GD is less than KD : 

And because MK, DK are drawn to the point K within the triangle 
MLD, from M, D, the extremities of its side MD, MK, KD are less 
(21. I.) than ML, LD, wliereof MK is equal to ML; therefore the 
remainder DK is less than the remainder DL : 

In like manner it may be shown, that DL is less than DH : there- 
fore DG is the least, and DK less than DL, and DL than DH. 

Also, there can be drawn only two equal straight lines from the point 
D to the circumference, one upon each side of the least. 

At the point M, in the straight Jine MD, make (23. i.) the angle 
DMB equal to the angle DMK, and join DB : 

And because MK is equal to MB, and MD common to the triangles 
KMD, BMD, the two sides KM, MD are equal to the two BM, MD ; 
and the angle KMD is equal ( Canstr.) to the angle BMD ; therefore 
the base DK is equal (4. i.) to the base DB : 

But, besides DB, there can be no straight line drawn from D to the 
circumference equal to DK: for if there can, let it be DN: and 
because DK is equal to DN, and also to DB, therefore DB is equal 
to DN ; that is, the nearer to the least equal to the more remote, which 
is impossible.. If therefore any point, etc. q. e. d. 

PROPOSITION IX. 

Theor. If a paint be taken within a circle^ from which there fall 
more than two equal straight lines to the circumference^ that point 
is the centre of the circle. 

Let the point D be taken within the circle ABC, from which to the 
circumference there fidl more than two equal straight lines, viz. DA, 
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DB, DC: the point D is the centre of the 
circle. 

For, if not, let E be the centre ; join DE, 
and produce it to the circumference in F, G ; 

Then FG is a diameter of the circle ABC ; 
and because in F6, the diameter of the circle 
ABC, there is taken the point D, which is not 
the centre, DG shall be the greatest line from 
it to the circumference, and DC greater 
(7. III.) than DB, and DB than DA : 

But they are likewise equal {fft/p.)^ which is impossible ; therefore 
E b not the centre of the circle ABC : in like manner it may be de- 
monstrated, that no other point but D is the centre ; D therefore is the 
centre. Wherefore, if a point be taken, etc. q. e. d. 




PROPOSITION X. 

Thbor* One circumference of a circle cannot cut anotJier in more 

than two pointer 

If it be possible, let the circumference FAB cut the circumference 
DEF in more than two points, viz., in 
B, G, F : take the centre K of the circle 
ABC, and join EB, EG, KF : 

And because within the circle DEF there 
is taken the point K, from which to the cir- e 
cumference DEF fall more than two equal 
straight lines KB, KG, KF, the point K is 
(9. III.) the centre of the circle DEF : 

But 1^ is also the centre ( Constr,) of the 
circle ABC ; therefore the same point is the centre of two circles that 
cut one another, which is impossible (5. iii.). Therefore one circum- 
ference of a circle cannot cut another in more than two points, q. e. d. 




PROPOSITION XI. 

Thkor. If one circle touch (mother internally^ the straight line 
which joins their centres^ being produced, shall pass through the 
point of contact. 

Let the two circles ABC, ADE touch each other in the point A ; 
and let F be the centre of the circle ABC, 
and G the centre of the circle ADE: the 
straight line which joins the centres F, G, being 
produced, passes through the point A. 

For, if not, let it ftdl otherwise, if possible, 
as FGDH, and join AF, AG. 

And because AG, GF are greater (20. i.) 
than FA, that is, than FH, for FA is equal 
(15 Def, I.) to FH ; take away the common 
part FG ; therefore the remainder AG is greater 
than the remainder GH : 

But AG is equal to GD ; therefore GD is greater than GH, the less 
than the greater, which is impossible. Therefore the straiglit line 
which joins the points F, G cannot fiJl otherwise than upon the point 




64 



Euclid's susmeivts. 



A, that is, it must pass through it. Therefore, if two circles, etc; 

Q. E. D. 

PROPOSITION XII. 

Theor. If two circles touch each other externally^ the straight line 
which joins their centres shall pass through the point of contact. 

Let the two circles ABC, AD£ touch each other externally in the 
point A ; and let F be the centre of the 
circle ABC, and 6 the centre of ADE : 
the straight line which joins the points F, 
G shall pass through the point of con- 
tact A. 

For, if not, let it pass otherwise, if pos- 
sible, as FCDG, and join FA, AG. 

And because F is the centre of the circle ABC, AF is equal to FC : 
Also, because G is the centre of the circle ADE, AG is equal to GD : 
Therefore FA, AG are equal (2 Ax.) to FC, DG ; wherefore the 
whole FG is greater than FA, AG : but it is also less (20. i.), which 
is impossible : therefore the straight line which joins the points F, G 
shall not pass otherwbe than through the point of contact A, that is, it 
must pass through it. Therefore, if two circles, etc. <t. E. d. 




PROPOSITION XIII. 

Theob. One circle cannot touch another in more points than one^ 
whether it touches it on the inside or outside. 

For, if it be possible, let the circle EBF touch the circle ABC in 
more points than one, and first on the inside, in the points B, D ; join 
BD, and draw (11. i.) GH bisecting BD at right angles- 

Therefore, because the points B, D are in the circumference of each 
of the circles, the straight line 
BD falls within each (2. iii.)of 
them: and their centres are 
(]. III.) in the straight line 
GH which bisects BD at right ^ 
angles : therefore GH passes 
through the point of contact 
(11. III.); 

But it does not pass through it, because the points B, D are without 
the straight line GH, which is absurd : therefore one circle cannot touch 
another on the inside in more points than one. 

Nor can two circles touch one another on the outside in more than 
one point ; for, if it be possible, let the circle ACK 
touch the circle ABC in the points A, C, and join AC : 

Therefore, because the two points A, C are in the 
circumference of the circle ACK, tlie straight line 
AC which joins them shall fall within (2. in.) the circle 
ACK : 

And the circle ACK is without the circle ABC ; 
and therefore the straight line AC is without {Hyp.) 
this last circle : 

But because the points A, C are in the circumference 
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of the circle ABC, the straight line AC must be within (2. iii.) the same 
circle, which is absurd ; therefore one circle cannot touch another on 
the outside in more than one point : and it has been shown that thejr 
caniiot touch on the inside in more points than one. Tbereforei one 
circle, etc. q. b. d. 

PROPOSITION XIV. 

Theor. Equal straight lines in a circle are equally distant from the 
centre ; and those which are equally distant from the centre are 
equal to one another » 

Let the straight lines AB, CD, in the circle ABDC, be equal to one 
another ; they are equally distant from the centre. 

Take (1. in.) E, the centre of the circle ABDC, and from it (12. i.) 
draw EF, EG, perpendiculars to AB, CD : 

Then, because the straight line EF, passing through 
the centre, cuts the straight line AB, which does not 
pass through the centre, at right angles, it also bisects 
(3. III.) it : wherefore AF is equal to FB, and AB 
double of AF. 

For the same reason, CD is double of CG ; 

And AB is equal {Byp,) to CD ; therefore AF is 
equal (7 Ax.) to CG : 

And because AE is equal (15 Def, i.) to EC, the square of A£ is 
equal to the square of Eu ; 

But the squares of AF, FE are equal (47. i.) to the square of AE, 
because the angle AFE is a right angle ; and for the like reason, the 
squares of EG, GC are equal to the square of EC : 

Therefore the squares of AF, FE are equal (1 Ax,) to the squares 
of CG, GE, of which the square of AF is equal to the square of CG, 
because AF is equal to CG ; therefore the remaining square of FE is 
equal (3 Ax.) to the remaining square of EG, and the straight line EF 
is therefore equal to EG ; 

But straight lines in a circle are said to be equally distant from tlie 
centre, when the perpendiculars drawn to them from the centre are 
equal (4 Def. in.) ; therefore AB, CD must be equally distant from the 
centre. 

Next, if the straight lines AB, CD be equally distant from the 
centre, that is, if FE be equal to EG ; AB is equal to CD : 

For, the same construction being made, it may, as before, be demon- 
strated, that AB is double of AF, and CD double of CG, and that the 
squares of EF, FA are equal to the squares of EG, GC ; of which the 
square of FE is equal to the square of EG, because FE is equal to 
EG ; therefore the remaining square of AF is equal (8 Ax.) to the 
remaining square of CG ; and the straight line AF is therefore equal 
toCG; 

And AB is double of AF, and CD double of CG : wherefore AB is 
equal (6 Ax.) to CD. Therefore equal straight lines^ etc. q. e. d. 
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PROPOSITION XV. 

Theok. The diameter is the greatest straight-line in a circle ; andy of 
all others^ that which is nearer to the centre is always greater than 
one more remote : and the greater is nearer to the centre than the less. 

Let ABCD he a circle, of which the diameter is AD, and the centre 
E ; and let BC be nearer to the centre than FG : AD is greater than 
any straight line BC, which is not a diameter, and BC greater than FG. 

From the centre draw (12. i.) EH, EK, perpendiculars to BC, FG, 
and join EB, EC, EF ; 

And because AE is equal (15 Drf. i.) to EB, and ED to EC, AD is 
equal to EB, EC : 

But EB, EC are greater (20. i.) than BC ; where- 
fore also AD is greater than BC. 

And, because BC is nearer to the centre than FG, 
EH is less (5 Drf. in.) than EK : 

But, as was demonstrated in the preceding, BC is 
double of BH, and FG double of FK, and the squares 
of EH, HB are equal to the squares EK, KF, of 
which the square of EH is less than the square of EK, 
because EH is less than EK ; therefore the square of BH is greater 
than the square of FK, and the straight line BH greater than FK, and 
therefore BC is greater than FG. 

Next, let BC be greater than FG : BC is nearer to the centre than 
'FG, that is, the same construction being made, EH is less than EK. 

Because BC is greater than FG, BH likewise is greater than KF ; 
and the squares of BH, HE are equal to the squares of FK, KE, of 
which the square of BH is greater than the square of FK, because BH 
is greater than FK ; therefore the square of EH is less than the square 
of EK, and the straight line EH less than EK. Wherefore the dia- 
meter, etc. Q. E. D. 

PROPOSITION XVI. 

Theor. The straight line draivn at right angles to the diameter of a 
circle from the extremity of itj falls without the circle ; and no 
straight line can be drawn between that straight line and the cir^ 
cumference from the extremity ^ so as not to cut the circle ; or, which 
is the same thing^ no straight line can make so great an acute angle 
with the diameter at its extremity, or so small an angle with the 
straight line which is at right angles to it, as not to cut the circle. 

Let ABC be a circle, the centre of which u D, and the diameter 
AB : the straight line drawn at riglit angles to AB from its extremity 
A, shall fall without the circle. 

For, if it does not, let it fall, if possible, within the circle, as AC, and 
draw DC to the point C, where it meets the circumference : 

And because DA is equal (15 Def i.) to DC, the 
angle DAC is equal (5. i.) to the angle ACD : but 
DAC is a right (Hyp-) angle; therefore ACD is a 
right angle, and the angles DAC, ACD are there- 
fore equal to two right angles, which is impossible 
(17. I.); therefore the straight line drawn from A 
at right angles to BA does not fall within the circle. 
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In the same manner it may be demonstrated, that it does not fiill upon 
the circumference ; therefore it must fall without the circle, as AE. 

And between the straight line AE and the circumference no straiglit 
line can be drawn from the point A which does not cut the circle : for, 
if possible, let FA be between them, and from the point D draw 
(12. 1.) DGr perpendicular to FA, and let it meet the circumference 
inH: 

And because AGD (Consir.) is aright angle, and DAG less (17. i.) 
than a right angle, DA is greater (19. i.) than D6 : 

But DA is equal (15 Def. i.) to DH ; therefore 
DH is. greater than DG, the less than the greater, 
which is impossible : therefore no straight line can be 
drawn from the point A between AE and the circum- 
ference which does not cut the circle ; or, which 
amounts to the same thipg, however great an acute 
angle a straight line makes with the diameter at the 
point A, or however small an angle it makes with AE, the circumfer- 
ence passes between that straight line and the perpendicular AE. ''And 
this is all that is to be understood, when, in the Greek text, and trans- 
lations from it, the angle of the semicircle is said to be .greater than any 
acute rectilineal angle, and the remaining angle less than any rectilineal 
angle." q. z. d. 

Cob. From this it is manifest, that the straight line which is drawn 
at right angles to the diameter of a circle from the extremity of it, 
touches the circle ; and that it touches it only in one point, because, 
if it did meet the circle in two, it would fall within it (2. iii.). ''Also, it 
is evident that there can be but one straight line which touches the 
circle in the same point." 

PROPOSITION XVII. 

Prob. To draw a straight line from a given point, either without or 
in the circumference^ which shall touch a given circle. 

First, let A be a given point without the given circle BCD ; it is 
required to draw a straight line from A which shall touch the circle. 

Find (1. III.) the centre E of the circle, and join AE ; and from the 
centre E, at the distance EA, describe the circle AFG ; from the point 
D draw (11. i.) DF at right angles to EA, and join EBF, AB: AB 
touches the circle BCD. 

Because E is the centre of the circles BCD, AFG, EA is equal 
(15 Dff I.) to EF, and ED to EB : 

Therefore the two sides AE, EB are equal to the 
two FE, ED, and they contain the angle at E com- 
mon to the two triangles AEB, FED ; therefore the d[ 
base DF is equal to the base AB ; and the triangle 
FED to the triangle AEB, and the other angles to 
the other angles (4. i.) ; therefore the aggie EBA is 
equal to the angle EDF : 

But EDF is a right angle, wherefore EBA is a right angle ; and 
EB is drawn from the centre : but a straight line drawn from the 
extremity of a diameter, at right angles to it, touches the circle ( Cor, 
16. III.): therefore AB touches the circle; and it is drawn from the 
given point A. Which was to be done. 
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But if the given point be in the circumference of the circlei as the 
point D, draw D£ to the centre £» and DF at right angles to DE : 
DF touches the circle {Cor. 16. iii.). 

PROPOSITION XVIII. 

Theor. 7/* a straight line touch a circle ^ the straight line drawn 
from the centre to the point of contact shall be perpendicular to the 
line touching the circle, 

Let the straight line DE touch the circle ABC in the point C ; take 
the centre F, and draw the straight line FC : FC is 
perpendicular to DE. 

For if it be not, from the point F draw FBG per- 
pendicular to DE ; 

And because F6C is a right angle, GCF is (17. i.) 
an acute angle ; and to the greater angle the greater 
(19. I.) side is opposite : therefore FC is greater than ,-. 
FG: ^ 

But FC is equal (15 Def i.) to FB ; therefore FB is greater than 
FG, the less tlian the greater, which is impossible : wherefore FG is 
not perpendicular to DE. 

In the same manner it may be shown, that no other is perpendicular 
to it besides FC, that is» FC is perpendicular to DE. Therefore, if a 
straight line, etc. <i. £. d. 

PROPOSITION XIX. 

Theor. /jf a straight line touch a circle^ and from the point of con- 
tact a straight line be drawn ai right angles to the touching line^ the 
centre of the circle shall he in that line. 

Let the straight line DE touch the circle ABC in C, and from C let 
CA be drawn at right angles to DE ; the centre of the circle is in CA. 

For, if not, let F be the centre, if possible, and join CF. 

Because DE touches the circle ABC, and FC is 
drawn from the centre to the point of contact, FC is 
perpendicular (18. xii.) to DE; therefore FCE is a 
right angle. 

But ACE is also a right angle ; therefore the angle \ 
FCE is equal to the angle ACE, the less to the 
greater, which is impossible ; M'herefore F is not the 
centre of the circle ABC. 

In the same manner it may be shown, that no other point which is 
not in CA, is the centre ; that is, the centre is in CA. Therefore^ if 
a straight line, etc. Q. e. p. 

PROPOSITION XX. 

Theor. The angle at the cmitre of a circle is double of the angle at 
the circumference upon the same hase^ that is, upon the same part 
of the circumference. 

Let ABC be a circle, and BEC an angle at the centre, and BACnii 
angle at the circumference, which have the same circumference BC for 
their base ; the angle BEC is double of the angle BAC. 




f 

y 

I* 

t 
I 



BOOK III. FBOF. XX.9 XXI. 



1^9 



First, let E, the centre of the circle, be within the angle BAC, and 
join AE, and produce it to F : 

Because EA is equal to EB, the angle EAB is equal (5. i.) to the 
angle £BA ; therefore the angles EAB, EBA are 
double of the angle EAB : 

But the angle BEF is equal (32. i.) to the angles 
EAB, EBA ; therefore also the angle BEF is double 
of the angle EAB : 

For the same reason, the angle FEC is double of the 
angle EAC ; 

Therefore the whole angle BEC is double of the whole angle BAG. 

Aga'n, let E, the centre of the circle, be without the angle BDC, 
and join D£, and produce it to 6. 

It may be demonstrated, as in the first case, that the 
angle GEO is double of the angle GDC, and that 
GEB, a part of the first, is double of GDB, a part of 
the other ; therefore the remaining angle BEC is dou* 
ble of the remaining angle BDC. Therefore the angle 
at the centre, etc. <^. £. o. 





PROPOSITION XXI. 

Thbor. T%e angles in the game segment 'of a cir<^ are equal to one 

another. 

Let ABCD be a circle, and BAD, BED angles in the same s^- 
ment BAED : the angles BAD, BED are equu to one another. 

Take (1. iii.) F, the centre of the circle ABCD : and, first, let the 
segment BAED be greater than a semicircle, and join 
BF, FD : 

And because the angle BFD is at the centre, and the 
angle BAD at the circumference, and that they have 
the same part of the circumference, viz. BCD for their 
base ; therefore the angle BFD is double (20. iii.) of the 
angle BAD : 

For the same reason, the angle BFD is double of the 
angle BED ; 

Therefore the angle BAD is equal to the angle BED. 

But, if the segment BAED be not greater than a semicircle, let 
BAD, BED be angles in it ; these also are equal 
to one another; draw AF to the centre, and produce 
it to C, and join CE. 

Therefore the segment BADC is greater than a 
semicircle ; and the angles in it, BAC, BEC, are 
equal, by the first case : 

For the same reason, because CBED is greater 
than a semicircle, the angles CAD, CED are equal ; 

Therefore the whole angle BAD is equal to the whole angle BED. 
Wherefore, the angles in the same segment, etc. q. e. d. 
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PROPOSITION XXII. 

Theoe. The opposite angles of any quadrilateral fgvre inscriled in 
a circle^ are together equal to ttoo right angles^ 

Let ABCD be a quadrilateral figure in the circle ABCD : any two 
of its opposite angles are together equal to two right angles. 

Join AC, BD : 

And because the three angles of every triangle are equal (32. i.) to 
two risrht angles, the three angles of the triangle 
CAB, viz., the angles CAB, ABC, BCA are equal to 
two right angles : 

But the angle CAB is equal (21. iii.)to the angle 
CDB, because they are in the same segment BADC ; 
and the angle ACB is equal to the angle ADB, be- ^^ 
cause they are in the same segment ADCB ; there- 
fore the whole angle ADC is equal to the angles 
CAB, ACB : 

To each of these equals add the angle ABC ; therefore the angles 
ABC, CAB, BCA are equal to the angles ABC, ADC : 

But ABC, CAB, BCA are equal to two right angles ; therefore 
also the angles ABC, ADC are equal to two right angles. 

In the same manner the angles BAD, DCB may be shown to be 
equal to two right angles. Therefore, the opposite angles, etc. 

Q. £. D. 

PROPOSITION XXIII. 

Theor. Upon the same straight line, and upon the same side of it^ 
there cannot be two similar segments of circles, not coinciding with 
one another. 

If it be possible, let the two similar segments of circles, viz. ACB> 
ADB be upon the same side of the same straight 
line AB, not coinciding with one another. Then, be- 
cause the circle ACB cuts the circle ADB in the two 
points A, B, they cannot cut one another in any other 
point (10. III.) ; one of the s^ments must therefore 
fall within the other : let ACB Ml within ADB, and 
draw the straight line BCD, and join CA, DA : 

And because the segment ACB is similar to the segment ADB, and 
that similar segments of circles contain (11 Def, iii.) equal angles ; the 
angle ACB is equal to the angle ADB, the exterior to the interior, 
which is impossible (16. i.). Therefore, there cannot be two similar 
segments of circles upon the same side of the same line which do not 
coincide. Q. £. d. 

PROPOSITION XXIV. 

Theos. Similar segments of circles upon equal straight lines are 

equal to one another, 

"Let AEB, CFD be similar segments of circles upon the equal 
straight lines AB, CD : the segment AEB is equal to the seirment 
CFD. 
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For if the segment AEB be applied to the segment CFD, so as the 
point A be on C, and the straight line AB 





upon CD, the point B shall coincide with the point D, because AB is 
equal to CD : 

Therefore the straight line AB coinciding with CD, the segment 
AEB must (23. iii.) coincide with the segment CFD, and therefore is 
equal to iL Wherefore, similar segpnents, etc. q. e. d. 

PROPOSITION XXV. 

Fbob. a segment of a circle being given^ to describe the circle of 

which it is the segment. 

Let ABC be the given segment of a circle : it is required to describe 
the circle of which it is the segment. 

Bisect (10. I.) AC in D, and from the point D draw (11. i.) DB at 
right angles to AC, and join AB. 

First, let the angles ABD, BAD be equal to one another ; then the 
straight line BD is equal (6. i.) to DA, and therefore to DC : and be- 
cause the three straight lines DA, DB, DC are all equal, D is the 
centre of the circle (9. iii.). From the centre D, at the distance of any 
of the three DA, DB, DC, describe a circle ; this shall pass through 
the other points, and the circle, of which ABC is a segment, is des- 




cribed : and because the centre D is in AC, the segpnent ABC is a 
semicircle. 

But if the angles ABD, BAD are not equal to one another, at the 
point A, in the straight line AB, make (23. i.) the angle BA£ equal 
to the angle ABD, and produce BD, if necessary, to £, and join £C : 

And because the angle ABE is equal to the angle BAE, the straight 
line BE is equal (6. i.) to EA : 

And because AD is equal to DC, and DE common to the triangles 
ADE, CDE, the two sides AD, DE are equal to the two CD, DE, 
each to each ; and the angle ADE is equal to the angle CDE for each 
of them is a right ( Constr,) angle ; therefore the base AE is equal 
(4. I.) to the base EC : 

But AE was shown to be equal to EB, wherefore also BE is equal 
to EC : and the three straight lines AE, EB, EC are therefore equal 
to one another ; wherefore (9. iii.) E is the centre of the circle. From 
the centre E, at the distance of any of the three AE, EB, EC, describe 
a circle ; this shall pass through the other points ; and the circle, of 
which ABC is a segment, is described. 

And it is evident, that if the angle ABD be greater than the angle 
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BAD, the centre E falls without the segment ABO, which therefore is 
less than a semicircle : but if the angle ABD be less than BAD, the 
center £ falls within the segment ABC, which is therefore g^reaterthan 
a semicircle. Wherefore, a segment of a circle being given, the circle 
is described of which it is a segment. Which was to be done. 

PROPOSITION XXVI. 

TuEOB. In equal circles, equal angles stand upon equal circum- 
ferences, whether they be at the centres or circumferences. 

Let ABC, DEF be equal circles, and the equal angles BGC, EHF 
at their centres, and BAC, EDF at their circumferences : the circum* 
ference BKC is equal to the circumference ELF. 

Join BC, EF : 

And because the circles ABC, DEF are equal {Hyp,), the straight 
lines drawn from their centres are equal (1 Def iii.) : therefore the two 
sides BG, GC are equal to the two 
EH, HF : and the angle at G is equal 
to the angle at H ; therefore the base 
BC is equal (4. i.) to the base EF. 

And because the angle at A is equal ' 
to the angle at D, the segment BAC 
is similar (11 Def iii.) to the segment 
EDF ; and tliey are upon equal 
straight lines BC, EF : 

But similar segments of circles upon equal straight lines are equal 
(24. III.) to one another ; therefore the segment BAC is equal to the 
segment EDF : 

But the whole circle ABC is equal (^Hyp.) to the whole DEF ; 
therefore the remaining segment BKC is equal (3 Ax,) to the remain- 
ing segment ELF, and the circumference BKC to the circumference 
ELF. Wherefore, in equal circles, etc. q. e. d. 

PROPOSITION XXVIL 

Theob. In equal circles, the angles which stand upon equal. circum* 
ferences are equal to one another, whether they be at the centres or 
circumferences. 

Let the angles BGC, EHF at the centres, and BAC, EDF at the 
circumferences of the equal circles ABC, DEF, stand upon the equal 
circumferences BC, EF : the angle BGC is equal to the angle EHF, 
and the angle BAC to the angle EDF. 

If the angle BGC be equal to the angle EHF, it is manifest (20. iii.) 
that the angle BAC is also equal to EDF. 

But, if not, one of them is the greater. Let BGC be the greater, 
and at the point G, in the straight 
line BG, make (23. i.) the angle BGK 
equal to the angle EHF. 

Now equal angles stand upon equal 
circumferences (26.iii.), when they are 
at the centre ; therefore the circum- 
ference BK is equal to the circum- 
ference EF : 
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But EF is equal to BC ; therefore also BK is equal to BC, the less 
to the greater, which is impossible ; 

Therefore tlie angle BQC is not unequal to the angle EIIF ; that 10, 
it b equal to it : 

And the angle at A is half of the angle BGC, and the angle at D 
half of the angle EHF ; therefore the angle at A is equal to the angle 
at D. Wherefore, in equal circles, etc. q. e. d. 

PROPOSITION XXVIII. 

Theor. In equal circles^ equal straight lines cut off equal circum- 
ferenceSy the greater equal to the greater, and the less to the less. 

Let ABC, DEF be equal circles, and BC, EF equal straight lines in 
them, which cut off the two greater circumferences BAC, EDF, and 
the two less BGC, EHF : the greater BAC is equal to the greater 
EDF, and the less BGC to the less EHF. 

Take (I. iii.) K, L, the centres of the circles, and join BK, EC, 
EL, LF; 

And because the circles are equal (ZTj^.), the straight lines from 
their centres are equal; therefore 
BK, KC are equal to EL, LF ; and 
the base BC is equal to the base EF ; 
therefore the angle BKC is equal 
(8. 1.) to the angle ELF : 

But equal angles stand upon equal \ 
(26. m.) circumferences, when they i< 
are at the centres ; therefore the cir- 
cumference BGC is equal to the cir- 
cumference EEEF : 

But the whole circle ABC is equal (Hyp.) to the whole EDF ; the 
remaining part therefore of the circumference, viz. BAC, is equal 
(3 Ax.) to the remaining part EDF. Therefore, in equal circles, etc. 

PROPOSITION XXIX. 

Theor. In equal circles, equal circumferences are subtended by 

equal straight lines. 

Let ABC, DEF be equal circles, and let the circumferences BGC, 
EHF also be eqnal ; and join BC, EF ; the straight line BC is equal to 
the straight line EF. 

Take (1. iii.) K, L, the centres of the circles, and join BK, KC: 
EL, LF : 

And because the circumference BGC is equal to the circumference 
EHF, the angle BKC is equal 
(27. III.) to tlie angle ELF : 

And because the circles ABC, DEF 
are equal, the straight Hues from their 
centres are equal ; therefore BK, KC 
are equal to EL, LF, and they contain 
equal angles ; therefore the base BC 
is equal (4. i.) to the base EF. There- 
fore, in eqnal circles, etc. q. e. d. 
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PROPOSITION XXX. 

Pbob. To bisect a given circumference^ that is, to divide it iato two 

equal parts. 

Let ADB be the given circumference ; it is required to bisect it. 

Join AB, and bisect (10. i.) it in C ; from the point C draw CD at 
right angles (11. i.) to AB, and join AD, DB: the circumference 
ADB is bisected in the point D. 

Because AC is equal to CB, and CD common to the triangles ACD, 
BCD, the two sides AC, CD are equal to the two 
BC, CD ; and the angle ACD is equal to the angle 
BCD, because each of them is a right {Constr,) 
angle ; therefore the base AD is equal (4. i.) to the 
base BD. 

But equal straight lines cut off equal (28. iii.) circumferences, the 
greater equal to the greater, and the less to the less ; and AD, DB are 
each of them less than a semicircle, because DC passes through the 
centre {Cor, 1. iii.) ; wherefore the circumference AD is equal to the 
circumference DB. Therefore the given circumference is bisected in 
D. Which was to be done. 



PROPOSITION XXXI. 

Theor. In a circle^ the angle in a semicircle is a right angle ; but 
the angle in a segment greater than a semicircle is less than a right 
angle ; and the angle in n segment less than a semicircle is greater 
than a right angle. 

Let ABCD be a circle, of which the diameter is BC, and centre E ; 
and draw CA, dividing the circle into the segments ABC, ADC, and 
join BA, AD, DC : the angle in the semicircle BAC is a right angle ; 
and the angle in the segment ABC, which is greater than a semicircle, 
is less than a right angle ; and the angle in the segment ADC, which 
is less than a semicircle, is greater than a right angle. 

Join AE, and produce BA to F : 

And because BE is equal (15 Def, i.) to EA, the angle EAB is 
equal (5. i.) to EBA ; 

Also, because AE is equal to EC, the angle EAC is equal to ECA ; 

Wherefore the whole angle BAC is equal to the two angles ABC, 
ACB: 

But FAC, the exterior angle of the triangle ABC, is equal (32. i.) 
to the two angles ABC, ACB ; therefore the angle 
BAC is equal to the angle FAC, and each of them 
is therefore a right (10 Def. i.) angle : wherefore 
the angle BAC in a semicircle is a right angle. 

And because the two angles ABC, BAC of the d 
triangle ABC are together less (17. i.) than two 
right angles, and that BAC is a right angle, ABC 
must be less than a right angle ; and therefore the 
angle in a s^^ment ABC greater than a semicircle, is less than a right 
angle. 

And because ABCD is a quadrilateral figure in a circle, any two of 
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iU opposite angles are equal (22. iii.) to two right angles ; therefore the 
angles ABC, ADC are equal to two right angles : and ABC is less 
than a right angle ; wherefore tlie other ADC is greater than a right 
angle. 

Besides, it is manifest that the circumference of the greater seg- 
ment ABC falls without the right angle CAB ; but the circumference 
of the less segment ADC falls within the right angle CAF. 'And 
this is all that is meant, when in the Greek text, and the translations 
from it, the angle of the greater segment is said to be greater, and the 
angle of the less segment is said to be less, than a right angle.' 

CoR. From this it is manifest, that if one angle of a triangle be 
equal to the other two, it is a right angle, because the angle adjacent to 
it is equal to the same two ; and when the adjacent angles are equal, 
they are right angles. 

PROPOSITION XXXII. 

Theor. IJ a straight line touch a circle, and from the point of con- 
tctet a straight line he drawn cutting the circle j the angles made by 
this line with the line touching the circle skall be equal to the angles 
which are in the alternate segments of the circle. 

Let the straight line £F touch the circle ABCD in B, and from the 
point B let the straight line BD be drawn, cutting the circle : the 
angles which BD makes with the touching line EF shall be equal to 
the angles in the alternate segments of the circle ; that is, the angle 
FBD is equal to the angle which is in the segment DAB, and the 
angle DBE to the angle in the segment BCD. 

From the point B draw (11. i.) BA at right angles to £F, and 
take any point C in the circumference BD, and join 
AD, DC, CB : 

And because the straight line £F touches the 
circle ABCD in the point B, and BA is drawn at 
right angles to the touching line from the point of 
contact B, the centre of the circle is (19. m.) in BA ; 
therefore the angle ADB in a semicircle is a right 
(31. III.) angle; and consequently the other two 
angles BAD, ABD are equal to a right angle : 

But ABF is likewise a right angle ; therefore the angle ABF is 
equal to the angles BAD, ABD : 

Take from these equals the common angle ABD; therefore the 
remaining angle DBF is equal to the angle BAD, which is in the 
alternate segment of the circle. 

And because ABCD is a quadrilateral figure in a circle, the oppo- 
site angles BAD, BCD are equal (22. iii.) to two rightangles ; therefore 
the angles DBF, DBE, being likewise equal (13. i.) to two right angles, 
are equal to the angles BAD, BCD : and DBF has been proved equal to 
BAD ; therefore the remaining angle DBE is equal to the angle BCD 
in the alternate segment of the circle. Wherefore, if a straight 
line, etc. Q. e. d. 
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PROPOSITION XXXIII. 

Pros. Upon a given straight line to describe a segment of a circle, 
containing an angle equal to a given rectilineal angle. 

Let AB be the given straight liue, and the angle at C the given 
rectilineal angle; it is required to describe 
upon the g^ven straight line AB a segment of 
a circle, containing an angle equal to the 
angle C. 

First, let the angle at C be a right angle ; 
and bisect (10. i.) AB in F, and from the centre F, at the distance 
FB, describe the semicircle AHB ; therefore the angle AHB in a 
semicircle is (31. in.) equal to the right angle at C. 

But if the angle C be not a right angle, at the point A, in the 
straight line AB, makb (23. i.) the angle 
BAD equal to the angle C, and from the 
point A draw (IL i.) AEat right angles to 
AD : bisect (10. i.) AB in F, and from F ^r^ 
draw (1 1. l) F6 at right angles to AB, and \ 
join GB. ^ 

And because AF is equal to FB, and FG 
common to the triangles AFG, BFG, the 
two sides AF, FG are equal to the two BF, FG ; and the angle AFG 
is equal to the angle BFG ; therefore the base AG is equal (4. i.) to 
the base GB ; and the circle described fvom the centre G, at the dis- 
tance GA, shall pass through the point B : 

Let this be the circle AHB : and because from the point A, the 
extremity of the diameter A£, AD is drawn at right angles to A£, 
therefore AD (^Cor, 16. in.) touches the circle: 

And because AB, drawn from the point of contact A, cuts the 
circle, the angle DAB is equal to the angle 
in the alternate segment AHB (32. in,). 

But the angle DAB is equal to the 
angle C ; therefore also the angle C is 
equal to the angle in the segment AHB. 
Wherefore, upon the given straight line 
AB, the segment AHB of a circle is 
described, which contains an angle equal 
to the given angle at C. Which was to be done. 

PROPOSITION XXXIV. 

Pros. To cut off a segment from a given circle^ which shall contain 
an angle equal to a given rectilineal angle. 

Let ABC be the given circle, and D the given rectilineal angle ; it 
is required to cut off a s^ment from the circle ABC that shall contain 
an angle equal to the given angle D. 

Draw (17. in.) the straight line EF touching the circle ABC in the 
point B ; and at the point B, in the straight line BF, make (23. i.) the 
angle FBC equal to the angle D : 

Therefore, because the straight line £F touches the circle ABC, 
and BC is drawn frogi the point of contact B, the angle FBC is equal 
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(32. III.) to the angle in the alternate segment 
BAG of the circle: 

But the angle FBC is equal to the angle D ; 
therefore the angle in the segment BAG is 
equal to the angle D. Wherefore the segment 
BAG is cut off from the given circle ABG, 
containing an angle equal to the given angle 
D. Which was to be done. 



PROPOSITION XXXV. 

Theor. If two straight lines within a circle cut one another ^ the 
rectangle contained by the segments of one of them is equal to the 
rectangle contained hy the segments of the otrier. 

Let the two straight lines AG, BD, within the circle ABGD, cut 
one another in the point E ; the rectangle contained by AE, EG is 
equal to the rectangle contained by BE, ED. 

If AG, BD pass each of them through the centre, 
so that E is the centre, it is evident that AE, EG, 
BE, ED being all (15 Def 1) equal, the rectangle 
AE, EG is likewise equal to the rectangle BE, ED. 
But let one of them, BD, pass through the centre, 
and cut the other AG, which does not pass through 
the centre, at right angles, in the point E: then, if 
BD be bisected in F, F is the centre of the circle ABGD ; join AF 

And because BD, which passes through the centre, 
cuts the straight line AG, wrhich does not pass through 
the centre, at right angles in E, AE, EG are equal 
(3. III.) to one another : 

And because the straight line BD is cut into two 
equal parts in the point F, and into two unequal in 
the point E, the rectangle BE, ED, together with ^ 
the square of EF, is equal (5. ii.) to the square of FB ; 
that iS| to the square of FA : 

But the squares of AE. EF are equal (47. i.) to the square of FA ; 
therefore the rectangle BE, ED, together with the square of EF, is 
equal to the squares of AE, EF : 

Take away the common square of EF, and the remaining rectangle 
BE, ED is equal (3 Ax.) to the remaining square of AE ; that is, to 
the rectangle AE, EG. 

Next, let BD, which passes through the centre, cut the other AG, 
which does not pass through the centre in E, but not at right angles : 
then, as before, if BD be bisected in F, F is the centre of the circle. 
Join AF, and from F draw (12. i.) FG perpendicular to AG ; 

Therefore AG is equal (3. iii.) to GG ; wherefore the rectangle AE, 
EG, together with the square of EG, is equal (5. ii.) 
to the square of AG : 

To each of these equals add the square of GF ; 
therefore the rectangle AE, EG, together with the 
squares of EG, GF, is equal to the squares of AG, 
GF: 

But the squares of EG, GF are equal (47. i.) to 
the square of EF ; and the squares of AG, GF are 
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equal lo the square of AF ; therefore the rectangle AE, EC, together 
with the square of EF, is equal to the square of AF ; that is, to the 
square of FB : 

But the square of FB is equal (5. ii.) to the rectangle BE, ED, 
together with the square of EF ; therefore the rectangle AE, EC, 
together with the square of EF, is equal to the rectangle BE, ED, 
together with the square of EF : 

Take away the common square of EF, and the remaining rectangle 
AE, EC is therefore equal to the remaining rectangle BE, ED. 

Lastly, let neither of the straight lines AC, BD pass through the 
centre: take (1. iii.) the centre F, and through E, 
the intersection of the straight lines AC, DB, draw 
the diameter GEFH : 

And because the rectangle AE, EC is equal, as 
has been shown, to the rectangle GE, EH; and, 
for the same reason, the rectangle BE, ED is equal 
to the same rectangle GE, EH ; therefore the rec- 
tangle AE, EC is equal to the rectangle BE, ED. 
Wherefore, if two straight lines, etc. Q. e. d. 




PROPOSITION XXXVI. 

Theor. If from any point tvithout a circle two straight lines he 
drawn, one of which cuts the circle, and the other touches it ; the 
rectangle contained by the whole line which cuts the circle^ and the 
part of it without the circle, shall be equal to the square of the line 
which touches it. 

Let D be any point without the circle ABC, and DC A, DB two 
straight lines drawn from it, of which DC A cuts the circle, and DB 
touches the same : the rectangle AD, DC is equal to the square of 
DB. 

Either DCA passes through the centre, or it does not : first, let it 
pass through the centre E, and join EB ; therefore the 
angle EBD is a right (18. iii.) angle : 

And because the straight line AC is bisected in E, 
and produced to the point D, the rectangle AD, DC, 
together with the square of EC, is equal (6. ii.) to the 
square of ED : and CE is equal to EB ; therefore the 
rectangle AD, DC, together with the square of EB, is 
equal to the square of ED : 

But the square of ED is equal (47* i.) to the squares 
of EB, BD, because EBD is a right angle ; therefore 
the rectangle AD, DC, together with the square of EB, is equal to 
the squares of EB, BD : 

Take away the common square of EB ; therefore the remaining' 
rectangle AD, DC is equal to the square of the tangent DB. 

But if DCA does not pass through the centre of the circle ABO, 
take (I. III.) the centre E. and draw EF perpendicular (12. i.) to AC, 
and join EB, EC, ED. 

And because the straight line EF, which passes through the centre, 
cuts the straight line, AC, which doe^. not pass through the centre, at 
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right angles, it shall likewise bisect (3. iii.) it ; therefore 
AF is equal to FC : 

And because the straight line AC as bisected in F, 
and produced to D, the rectangle AD, DC, together 
with the square of FC, is equal (6. ii.) to the square of 
FD: 

To each of these equals add the square of FE ; 
therefore the rectangle AD, DC, together with the 
squares of CF, FE, is equal to the squares of DF, 
FE: 

But the square of ED is equal (47. i.) to the squares of DF, FE, 
because EFD is a right angle : and the square of EC is equal to the 
squares of CF, FE ; therefore the rectangle AD, DC, together with 
the square of EC, is equal to the square of ED : 

And CE is equal to EB ; therefore the rectangle AD, DC, together 
with the square of EB, is equal to the square of ED : 

But the squares of EB, BD are equal to the square (47. 1.) 
of ED, because EBD is a right angle ; therefore the rectangle 
AD, DC, together with the square of EB, is equal to the squares of 
EB, BD : 

Take away the common square of EB; therefore the remaining 
rectangle AD, DC is equal to the square of DB. 
Wherefore, if from any point, etc. q. b. d. 

Cor. If from any point without a circle there be 
drawn two straight lines cutting it, as AB, AC, the 
rectangles contained by the whole lines and the parts 
of them without the circle are equal to one another, 
viz., the rectangle BA, AE, to the rectangle C A, AF ; 
for each of them is equal to the square of the straight 
line AD, which touches the circle. 




PROPOSITION XXXVII. 

Theor. If from a point without a circle there be drawn two straight 
lines, one of which cuts the circle, and the other meets it ; if the 
rectangle contained by the whole line which cuts the circle, and the 
part of it without the circle be equal to the square of the line which 
meets it, the line which meets shall touch the circle. 

Let any point D be taken without the circle ABC, and from it let 
two straight lines DCA and DB be drawn of which DCA cuts the 
circle, and DB meets it : if the rectangle AD, DC be equal to the 
square of DB, DB touches the circle. 

Draw (17. m.) the straight line DE, touching the circle ABC ; find 
(1. III.) its centre F, and join FE, FB, FD; then FED is a right 
(18. III.) angle: 

And because DE touches the circle ABC, and DCA cuts it, the 
rectangle AD, DC is equal (36. iii.) to the square of DE : 

But the rectangle AD, DC is, by hypothesis, equal to the square of 
DB ; therefore the square of DE is equal to the square of DB : 

And the straight line DE equal to the straight line DB : and FE is 
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equal to FB ; wherefore DE, EF are equal to DB, 
BF ; and the base FD is common to the two triangles 
DEF, DBF ; therefore the angle DEF is equal (8. i.) 
to the angle DBF : 

But DEF is a right angle ; therefore also DBF is a 
right angle : and FB, if produced, is a diameter ; and 
the straight line which is drawn at right angles to a 
diameter, from the extremity of it, touches (16. iii.) 
the circle: therefore DB touches the circle ABC. 
Wherefore, if from a point, etc. q. e. d. 




ExEBCisBs ON Book III. 



1. Let two parallel lines meet a circle : then, 

(a.) If these both touch the circle, the points of contact are at 
the opposite extremities of a diameter ; 

(b,) If one cut and the other touch, the first cuts off equal arcs 
of the circle estimated from the point of contact of the second ; 

(c.) If both cut, they intercept equal arcs of the circle between 
them ; 

(rf, e,f.) State and prove the converses of these propositions. 

2. If two lines be oblique to each other, and parallels to them be 
drawn to cut a circle : then, 

(a.) The sum of the two opposite arcs, intercepted between 
these two lines, will be always the same, wherever the point of 
intersection may he, provided it be within the circle ; 

(b.) The difference will be the same wherever the point of 
intersection be taken without the circle ; 

(c, d.) State and prove the converses. 

3. Two triangles ABC, A'B'C are inscribed in the same circle, and 
the sides AB, AC are respectively parallel to A'B', A'C; show that 
B'C is parallel to BC, and BB' equal to CC 

4. Two chords of a circle cut one another and make equal angles 
with the diameter through the point of intersection : these chords will 
be equal. 

5. If two chords AB, CD cut one another at right angles at E : 
then, 

(a.) The sum of the arcs AC, BD are together equal to AD, 
BC ; and each pair together equal to a semicircle ; 

(6.) The sum of the squares on AE, BE, CE, DE, is equal to 
the square on the diameter. 

6. (a.) Find the least and greatest chord that can be drawn 
through a given point within a circle : — 

(6.) Through a given point within or without a circle draw 
a chord to cut off a quadrant : — 

(c.) Also through that point draw a chord of given length ; and 
state the limitations of position to which that point must be 
subject. 
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7. In a given line to find a point such that tangents drawn from it 
to a given circle siiall contain a given angle. Is this capable of one 
or more solutions ? 

8. If equal chords be drawn in a circle, they will all be tangents to 
another circle concentric with the former ; and these chords will all be 
bisected at their points of contact. 

Conversely, if chords be drawn in the outer of two concentric circles 
to touch the inner, these will all be equal, and be bisected at the points 
of contact. 

9. Given the base and vertical angle of a triangle to construct it in 
the several cases where the third datum is : — 

(a.) The perpendicular ; 
(b,) The sum of the sides ; 
(c) The difference of the sides ; 
(d.) One of the angles at the base ; 
(e.^ The difference of the angles at the base ; 
(f.) A line drawn from the vertex to a g^ven point in the 
base. 



10. Given the angles at the base of a triangle and the radius of the 
circumscribing circle: to construct the triangle; and to point out 
which of the cases of the preceding exercise is virtually identical with 
this. 

11. Except one pair of opposite angles together be equal to the 
other pair together in a quadrilateral, a circle cannot be described 
about the quadrilateral; but if that condition be fulfilled, it always 
can. 

12. No parallelogram but a rectangle can be inscribed in a circle. 

13. If two circles touch each other, any straight line drawn through 
the point of contact will divide them into segments, of which the 
greater is similar to the greater and the less to the less; and the 
diameters through the points of intersection of the line with the circles 
will be parallel. 

14. Through two given points to describe a circle which shall 
bisect the circumference of a given circle. 

15. If all the interior or all the exterior angles of a quadrilateral 
be bisected, and the four bisecting lines in each case form a new quad- 
rilateral : then each of these quadrilaterals will be capable of circum- 
scription by a circle. 

16. If about each of the triangles into which a quadrilateral is 
divided by its diagonals, circles be described; their centres will be 
the angular points of a parallelogram. 

What takes place when the given quadrilateral is inscriptible in a 
circle ; and when it is a parallelogram ? 

17. Let the opposite sides of a quadrilateral be produced to meet, 
and circles be described about the four triangles of the figure which 
have these points for their vertices : then these circles all meet in one 
point, and their centres will be in one circumference. 

18. A tower of given height is built on the side of a hill whose 
angle of inclination to the horizon is given ; and a flagstaff of given 
length surmounts the tower: where must the spectator stand (the 
height of his eye above the ground also given) to see the flagstaff under 
a given angle, and under the greatest angle possible? 
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19. What will be the path traced out by the middle of a given line 
which so moves that its extremities may always be in two lines at right 
angles ? 

20. Find the point within a given triangle such that lines drawn 
from it to the angular points may be : — 

(a.) Equally inclined to each other ; 
(b.) Together the least possible ; 
(<?.) The bisectors of the three angles ; 
(d.) The bisectors of the three sides. 

21. Produce a given line, so that : — 

(a.) The rectangle under the two segments, estimated from the 
point found, may be equal to a given square ; 

(6.) The rectangle under the given line and the part produced 
may be equal to a given square ; 

(c.) The rectangle under the given line and the whole line 
when produced shall be equal to a given square. 

22. If two circles cut one another, and diameters be drawn through 
one of the points of section ; the other extremities of these diameters 
and the other point of section will be in a straight line. 

23. The opposite sides of a quadrilateral circumscribed to a circle are 
together equal to the two other opposite sides. 

24. If a quadrilateral inscribed in a circle have its pairs of opposite 
sides produced to meet ; the square of the line joining the points of 
section will be equal to the sum of the squures of the tangents drawn 
from those points to the circle. 

25. If perpendiculars be drawn from any point in the circumfer- 
ence of a circle upon the sides of any triangle inscribed in that circle, 
then the three points of intersection will be in one line. 

Is this true when, instead of perpendiculars, lines making any equal 
angles with them are drawn ? 

26. If the three perpendiculars in the last proposition be produced 
to cut the circle, and the points of intersection be joined, the triangle 
formed by the lines of junction will be equal to the original triangle, 
whatever point be taken in the circumference from which to draw the 
perpendiculars. 

27. Let a circle ARK and a straight line BP be given, and the 
diameter AK be perpendicular to BP; and if any circle PRS be 
described to touch the circle and line, and from the alternate extremity 
of the diameter a tangent AS be drawn to the latter circle: then 
whatever be the circle PRS, the tangent AS is of the same length. 
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DEFINITIONS 



I.- A K£CTiLiNEAii figure is said to be inscribed in another rectilineal 
figure, when all the angles of the inscribed figure are upon the sides of 
the figure in which it is inscribed, each upon each. 




2. In like manner, a figure is said to be described about another 
figure when all the sides of the circumscribed figure pass through the 
angular points of the figure about which it is described, each through 
each. 

3. A rectilineal figure is said to be inscribed in a circle when all the 
angles of the inscribed figure are upon the circumference of the circle. 




4. A rectilineal figure is said to be described about a circle when 
each side of the circumscribed figure touches the circumference of the 
circle. 



X 



5. In like manner, a circle is said to be inscribed in a rectilineal 
figure when the circumference of the circle touches each side of the 
figure. 

6. A circle is said to be described about a rectilineal figure when the 
circumference of the circle passes tlirough all the angular points of 
the figure about which it is described. 
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7. A straight line is said to be placed in a circle when the extre- 
mities of it are in the circumference of the circle. 



PROPOSITIONS. 




PROPOSITION I. 

Pros. In a given circle^ to place a straight line equal to a given 
straight line not greater than the diameter of the circle. 

Let ABC be the given circle, and D the given straight line, not 
greater than the diameter of the circle. 

Draw BC the diameter of the circle ABC ; then if BC is equal to 
D, the thing required is done ; for in the 
circle ABC, a straight line BC is placed 
equal to D : 

But if it is not, BC is greater than D : 
make CE equal (3. i.) to D, and from the 
centre C, at the distance CE, describe the 
circle AEF, and join C A : 

Therefore, because C is the centre of the 
circle AEF, C A is equal to CE : but D is equal to CE ; therefore D 
is equal to CA. Wherefore, in the circle ABC, a straight line is 
placed equal to the given straight line D, which is not greater than the 
diameter of the circle. Which was to be done. 

PROPOSITION II. 

PsoB. In a given circle to inscribe a triangle equiangular to a given 

triangle. 

Let ABC be the given circle, and DEF the given triangle ; it is re- 
quired to inscribe in the circle ABC a triane:le equiangular to the tri- 
angle DEF. 

Draw (17. in.) the straight line GAH touching the circle in the point 
A ; and at the point A, in the straight line AH, make (23. i.) the angle 
H AC equal to the angle DEF ; and at the 
point A, in the straight line AQr, make the 
angle GAB equal to the angle DFE, and 
join BC : 

Therefore, because HAG touches the circle 
ABC, and AC is drawn from the point of con- 
tact, the angle HAC is equal (32. in.) to the 
angle ABC in the alternate segment of the circle : 
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But HAC is equal to the angle DEF; therefore also the angle ABC 
is equal to DEF : 

For the same reason, the angle ACB is equal to the angle DFE ; 
therefore the remaining angle BAG is equal (32. i.) to the remaining 
angle EDF : wherefore the triang^le ABC is equiangular to the triangle 
DEF, and it is inscribed in the circle ABC. Which was to be done. 

PROPOSITION III. 

Frob. About a given circle to describe a triangle equiangular to a 

given triangle. 

Let ABC be the given circle, and DEF the given triangle ; it is 
required to describe a triangle about the circle ABC equiangular to the 
triangle DEF. 

Produce EF both ways to the points G, H, and find (I. iii.) the centre 
K of the circle ABC, and from it draw any straight line KB ; at the 
point E in the straight line KB, make 
(23. I.) the angle BKA equal to the 
angle DEG, and the angle BEC equal 
to the angle DFH ; and through the 
points A, B, C, draw the straight lines 
LAM, MBN, NCL, touching (17. in.) 
the circle ABC : 

Therefore, because LM, MN, NL 
touch the circle ABC in the points A, B, C, to which from the centre 
are drawn EA, EB, EC the angles at the points A, B, C are right 
(18. III.) angles. 

And because the four angles of the quadrilateral figure AMBE are 
equal to four right angles, for it can be divided into two triangles, and 
that two of them EAM, EBM are right angles, the other two AEB, 
AMB are equal to two right angles : 

But the angles DEG, DEF are likewise equal (13. i.) to two right 
angles ; therefore the angles AEB, AMB are equal to the angles DEG, 
DEF, of which AEB is equal to DEG ; wherefore the remaining 
angle AMB is equal to the remaining angle DEF. 

In like manner, the angle LNM may be demonstrated to be equal to 
DFE ; and therefore the remaining angle MLN is equal (32. i.) to 
the remaining angle EDF : wherefore the triangle LMN is equiangular 
to the triangle DEF ; and it is described about the circle ABC. Which 
was to be done. 

PROPOSITION IV. 
Pros. To inscribe a circle in a given triangle. 

Let the given triangle be ABC ; it is required to inscribe a circle in 
ABC. 

Bisect (9. I.) the angles ABC. BCA by the straight lines BD, CD, 
meeting one another in the point D, from which 
draw (12. i.) DE, DF, DG perpendiculars to 
AB, BC, CA: 

And because the angle EBD is equal to the 
angle FBD, for the angle ABC is bisected by 
BD ( Constr.), and that the right angle BED is 
equal to the right angte BFD ; the two triangles b 
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EBD, FBD have two angles of the one equal to two angles of the 
other ; and the side BD, which is opposite to one of the equal angles 
in each, is common to both ; therefore their other sides shall be equal 
(26. 1.) ; wherefore D£ is equal to DF : 

For the same reason, DG is equal to DF ; 

Therefore the three straight lines D£, DF, DG are equal to one 
another, and the circle described from the centre D, at the distance of 
any of them, shall pass through the extremities of the other two, and 
touch the straight lines AB, BC, CA, because the angles at the points 
E, F, Gr are right angles, and the straight line which is drawn from the 
extremity of a diameter at right angles to it touches (16. iii.) the circle; 
therefore the straight lines AB, BC, CA do each of them touch the 
circle, and the circle £FG is inscribed in the triangle ABC. Which 
was to be done. 

PROPOSITION V. 
Prob. To describe a circle about a given triangle. 

Let the given triangle be ABC ; it is required to describe a circle 
about ABC. 

Bisect (10. I.) AB, AC, in the points D, E, and from these points 
draw DF, EF at right angles (11. i.) to AB, AC ; DF, EF produced, 




meet one another : for if they do not meet, they are parallel, where- 
fore AB, AC, which are at right angles to them, are parallel ; which 
is absurd : let them meet in F, and join FA ; also if the point F be not 
in BC, join BF, CF : 

Then, because AD is equal to DB, and DF common, and at right 
angles to AB, the base AF is equal (4. i.) to the base FB. 

In like manner, it may be shown that CF is equal to FA ; and there- 
fore BF is equal to FC ; and FA, FB, FC are equal to one another : 
wherefore the circle described from the centre F, at the distance of one 
of them, shall pass through the extremities of the other two, and be 
described about the triangle ABC. Which was to be done. 

Cor. And it is manifest, that when the centre of the circle falls 
within the triangle, each of its angles is less than a right angle, each of 
them being in a segment greater than a semicircle ; but, when the centre 
is in one of the sides of the triangle, the angle opposite to this side, 
being in a semicircle, is a right angle ; and, if the centre falls without 
the triangle, the angle opposite to the side beyond which it is, being in 
a segment less than a semicircle, is greater than a right angle : where- 
fore, if the given triangle be acute-angled, the centre of the circle falls 
within it ; if it be a right-angled triangle, the centre is in the side op- 
posite to the right angle ; and if it be an obtuse-angled triangle, the 
centre falls without the triangle, beyond the side opposite to the obtuse 
angle. 
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PROPOSITION VI. 
pROB. To inscribe a square in a given circle. 

Let ABCD be the given circle ; it is required to inscribe a square 
in ABCD. 

Draw the diameters AC, BD at right angles to one another, and join 
AB, BC, CD, DA. 

Becaase BE is equal to ED, for E is the cen- 
tre, and that EA is common, and at right angles 
to BD ; the base BA is equal (4. i.) to the base 
AD: 




And, for the same reason, BC, CD are each of 
them equal to BA, or AD ; therefore the quadri- 
lateral figure ABCD is equilateral. 

It is also rectangular ; for the straight line BD 
being the diameter of the circle ABCD, BAD is a semicircle ; where- 
fore the angle BAD is a right (31. iii.) angle ; 

For the same reason, each of the angles ABC, BCD, CDA is a 
right angle ; therefore the quadrilateral figure ABCD is rectangular : 
and it has been shown to be equilateral ; therefore it is a square ; and 
it is inscribed in the circle ABCD. Which was to be done. 




PROPOSITION VII. 
Prob. To describe a square about a given circle. 

Let ABCD be the given circle ; it is required to describe a square 
about it. 

Draw two diameters AC, BD of the circle ABCD, at right 
angles to one another ; and through the points A, B, 
C, D, draw (17. in.) FG, GH, HK, KF touching the 
circle : 

And because FG touches the circle ABCD, and EA 
is drawn from the centre E to the point of contact A, 
the angles at A are right (18. in.) angles ; for the same 
reason the angles at the points B, C, D are riglit angles : 

And because the angle AEB is a right angle, as likewise is £BG ; 
GH is parallel (28. i.) to AC : 

For the same reason AC is parallel to FK : and in like manner GF, 
HK may each of them be demonstrated to be parallel to BED ; there- 
fore the figures GK, GC, AK, FB, BK are parallelograms ; and GF 
is therefore equal (34. i.) to HK, and GH to FK : 

And because AC is equal to BD, and that AC is equal to each of 
the two GH, FK ; and BD to each of the two GF, HK ; GH, FK are 
each of them equal to GF, or HK ; therefore the quadrilateral figure 
FGHK is equilateral. 

It is also rectangular ; for GBEA being a parallelogram, and AEB 
a right angle, AGB (34. i.) is likewise a right angle : 

In the same manner, it may be shown that the angles at H, K, F are 
right angles; therefore the quadrilateral figure FGHK is rectangular: 
and it was demonstrated to be equilateral ; therefore it is a square ; 
and it is described about the circle ABCD. Which was to be done. 
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PROPOSITION VIII. 
PaoB. To inscribe a circle in a given square. 

Let ABCD be the given square ; it is required to inscribe a circle 
in ABCD. 

Bisect (10. I.) each of the sides AB, AD in the points F, E, and 
through E draw (31. i.) EH parallel to AB or DC, and 
through F draw FK parallel to AD or BC ; 

Therefore each of the figures AK, KB, AH, HD, 
AG, GC, BG, GD is a paraTlelogTam ; and their oppo- 
site sides are equal (34. i.) : and because AD is equal to 
AB, and that AE is the half of AD, and AF the half ^___ 
of AB, AE is equal to AF ; wherefore the sides oppo- ^ " 
site to these are equal, viz., FG to GE : 

In the same manner it may be demonstrated that GH, GK are each 
of them equal to FG or GE ; therefore the four straight lines GE, GF, 
GH, GK are equal to one another ; and the circle described from the 
centre G at the distance of one of them, shall pass through the extre- 
mities of the other three, and touch the straight lines AB, BC, CD, 
DA ; because the angles at the points, E, F, H, K, are right (29. i.) 
angles, and that the straight line which is drawn from the extremity of 
a diameter, at right angles to it, touches the circle (16. iii.) ; therefore 
each of the straight lines AB, BC, CD, DA, touches the circle, which 
therefore is inicribed in the square ABCD. Which was to be done. 

PROPOSITION IX. 
Pkob. To describe a circle about a given square. 

Let ABCD be the given square ; it is required to describe a circle 
about it. 

Join AC, BD, cutting one another in E : 

And because DA is equal to AB, and AC common to the triangles 
DAC, BAC, the two sides DA, AC are equal to the 
two BA, AC, each to each ; and the base DC is equal 
to the base BC ; wherefore the angle DAC is equal 
(8. 1.) to the angle BAC, and the angle DAB is bisected 
by the straight line AC : 

In the same manner, it may be demonstrated that the 
angles ABC, BCD, CDA are severally bisected by the 
straight lines BD, AC ; 

Therefore, because the angle DAB is equal to the angle ABC, and 
that the angle E AB is the half of DAB, and EBA the half of ABC, 
the anffle EAB is equal to the angle EBA ; wherefore the side E A is 
equal (6. i.) to the side EB : 

In the same manner, it may be demonstrated that the straight lines 
EC, ED are each of them equal to EA, or EB ; therefore the four 
straight lines EA, EB, EC, ED are equal to one another ; and the 
circle described from the centre E, at the distance of one of them, shall 
pass through the extremities of the other three, and be described about 
the 8<|uare ABCD. Which was to be done. 
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PROPOSITION X. 

Pros. To describe an isosceles triangle^ having each of the angles at 

the btue double of the third angle. 

Take any straight line AB, and divide (11. ii.) it in the point C,80 
that the rectangle AB, BC be equal to the square of CA ; and from 
the centre A, at the distance AB, describe the circle BDE, in which 
place (1. IV.) the straight line BD equal to AC, which is not greater 
than the diameter of the circle BDE ; join DA, DC, and about the 
triangle ADC describe (5. iv.) the circle ACD : the triangle ABD is 
such as is required, that is, each of the angles ABD, ADB is double 
of the angle BAD. 

Because the rectangle AB, BC is equal to the square of AC, and 
that AC is equal to BD, the rectangle AB, BC 
is equal to the square of BD : 

And because from the point B, without the 
circle ACD, two straight lines BCA, BD are 
drawn to the circumference, one of which cuts, 
and the other meets the circle, and that the 
rectangle AB, BC, contained by the whole of 
the cutting line, and the part of it without the 
circle, is equal to the square of BD which 
meets it, the straight lineBD touches (37. iii.) 
the circle ACD : 

And because BD touches the circle, and DC is drawn from the 
point of contact D, the angle BDC is equal (32. iii.) to the angle DAC 
in the alternate segment of the circle : 

To each of these add the angle CDA ; therefore the whole angle 
BDA is equal to the two angles CDA, DAC : 

But the exterior angle BCD is equal (32. i.) to the angles CDA, 
DAC ; therefore also BDA is equal to BCD : 

But BDA is equal (5. i.) to the angle CBD, because the side AD b 
equal to the side AB ; therefore CBD, or DBA, is equal to BCD ; 
and consequently the three angles BDA, DBA, BCD are equal to one 
another : 

And because the angle DBC is equal to the angle BCD, the side BD 
is equal (6. i.) to the side DC : but BD was made equal to CA, there- 
fore also CA is equal to CD, and the angle CDA equal (5. i.) to the 
angle DAC ; therefore the angles CDA, DAC together, are double of 
the angle DAC : but BCD is equal (32. i.) to the angles CDA, DAC ; 
therefore also BCD is double of DAC, and BCD is equal to each of 
the angles BDA, DBA ; each therefore of the angles BDA, DBA is 
double of the angle DAB. Wherefore an isosceles triangle ABD is 
described, having each of the angles at the base double of the third 
angle. Which was to be done. 

PROPOSITION XI. 

Prob. To inscribe an equilateral and equiangular pentagon in a given 

circle. 

Let ABODE be tlic given circle ; it is required to inscribe an equi- 
lateral and equiangular pentagon In the circle ABODE. 




80. Euclid's elements. 

Describe (10. iv.) an isosceles triangle FGH, having each of the 
angles at G, H, double of the angle at F ; 
and in the circle ABODE, inscribe (2. iv.) 
the triangle ACD, equiangular to the tri- 
angle FGH, so that the angle CAD be 
equal to the angle at F, and each of the 
angles ACD, CDA, equal to the angle at 
G or H ; wherefore each of the angles 
ACD, CDA is double of the angle CAD. 
Bisect (9. 1.) the angles ACD, CDA by 
the straight lines CE, DB ; and join AB, BC, DE, EA : ABCDE 
is the pentagon required. 

Because each of the angles ACD, CDA is double of CAD, and are 
bisected by the straight lines CE, DB, the five angles DAC, ACE, 
ECD, CDB, BDA are equal to one another : 

But equal angles stand upon equal (26. iii.) circumferences ; therefore 
the five circiunferences, AB, BC, CD, DE, EA are equal to one 
another. 

And equal circumferences are subtended by equal (29. iii.) straight 
lines ; therefore the five straight lines AB, BC, CD, DE, EA are 
equal to one another: wherefore the pentagon ABCDE is equilateral. 
It is also equiangxdar ; because the circumference AB is equal to the 
circimiference DE, if to each be added BCD, the whole ABCD is 
equal to the whole EDCB : 

And the angle AED stands on the circumference ABCD, and the 
angle BAE on the circumference EDCB ; therefore the angle BAE is 
equal (27. iii ) to the angle AED : 

For the same reason, each of the angles ABC, BCD, CDE, is equal 
to the angle BAE, or AED ; therefore the pentagon ABCDE is equi- 
angular ; and it has been shown that it is equilateral. Wherefore, in 
the given circle, an equilateral and equiangular pentagon has been in- 
scribed. Which was to be done. 

PROPOSITION XII. 

Pbob. To describe an equilateral and equiangular pentagon about a 

given circle. 

Let ABCDE be the given circle ; it is required to describe an equi- 
lateral and equiangular pentagon about the circle ABCDE. 

Let the angles of a pentagon, inscribed in the circle, by the last pro- 
position, be in the points A, B, C, D, E, so that the circumferences 
AB, BC, CD, DE, EA are equal (11. iv.) ; and through the points A, 
B, C, D, E, draw GH, HK, KL, LM, MG, touching (17. 3) the 
circle ; take the centre F, and join FB, FK, FC, FL, FD : 

And because the straight line KL touches the circle ABCDE in the 
point C, to which FC is drawn from the centre F, FC is perpendicular 
(18. III.) to KL, therefore each of the angles at C is a right angle : for 
the same reason, the angles at the points B, D are right angles: 

And because FCK is a right angle, the square of FK is equal (47. i.) 
to the squares of FC, CK : for the same reason, the square of FK is 
equal to the squares of FB, BK ; therefore the squares of FC, CK are 
equal to the squares of FB, BK ; of which the square of FC is equal to 
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the square of FB ; the remaining square of CK is therefore equal to 
the remaining square of BK, and the straight line CK equal to BK : 

And because FB is equal 1o FC, and FK common to the triangles 
BFK, CFK, the two BF, FK are equal to the two CF, FK, each to 
eacli ; and the base BK is equal to the base KC ; therefore the angle 
BFK is equal (8. i.) to the angle KFC, and the angle BKF to FKC ; 
TFherefore the angle BFC is double of the angle KFC, and BKC double 
of FKC : 

For the same reason, the angle CFD is double of the angle CFL, 
and CLD double of CLF : 

And because the circiunference BC is equal to the circumference 
CD, the angle BFC is equal (27. iii.) to the angle 
CFD ; and BFC is double of the angle KFC, and 
CFD double of CFL ; therefore the angle KFC 
is equal to the angle CFL : 

And the right angle FCK is equal to the right 
angle FCL; therefore, in the two triangles FKC, 
FLC, there are two angles of one equal to two an- 
gles of the other, each to each ; and the side FC, 
which is adjacent to the equal angles in eacli, is 
common to both ; therefore the other sides shall be equal (26. i.) to the 
other sides, and the third angle to the third angle ; therefore the 
straight line KC is equal to CL, and the angle FKC to the angle 
FLC: 

And because KC is equal to CL, KL is double of KC. In the 
same manner it may be shown that HK is double of BK : and because 
BK is equal to KC, as was demonstrated, and that KL is double of 
KC, and HK double of BK, HK shall be equal to KL : 

In like manner it may be shown that GH, GM, ML are each of 
them equal to HK, or KL ; therefore the pentagon GHKLM is equi- 
lateral. 

It is also equiangular ; for since the angle FKC is equal to the 
.^gle FLC, and that the angle HKL is double of the angle FKC, and 
ICLM double of FLC, as was before demonstrated, the angle HKL is 
equal to KLM : 

And in like manner it may be shown that each of the angles KHG, 
HGM, GML is equal to the angle HKL or KLM ; therefore the 
the five angles GHK, HKL, KLM, LMG, MGH, being equal to one 
another, the pentagon GHKLM is equiangular : and it is equilateral, 
as was demonstrated ; and it is described about the circle ABCDE. 
Which was to be done. 

PROPOSITION XIIL 

PfiOB. To inscribe a circle in a given equilateral and equiangular 

pentagon. 

Let ABCDE be the given equilateral and equiangular pentagon ; 
it is required to inscribe a circle in the pentagon ABCDE. 

Bisect (9. 1.) the angles BCD, CDE by the straight lines CF, DF, 
and from the point F, in which they meet, draw the straight lines, 
FB, FA, FE : 

Therefore, since BC is equal to CD, and CF common to the tri- 
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angles BCF, DCF, the two sides BC, CF are equal to the two, DC, 
CF ; and the angle BCF is equal to the angle * 

DCF ; therefore the base BF is equal (4. i.) to 
the base FD, and the other angles to the other 
angles, to which the equal sides are opposite ; 
therefore the angle CBF is equal to the angle 

CDF: 

And because the angle CDE is double of 
CDF and that CDE is equal to CBA, and CDF 
to CBF : CBA is also double of the angle CBF ; therefore the angle 
ABF is equal to the angle CBF ; wherefore the angle ABC is bisected 
by the straight line BF : 

In the same manner it may be demonstrated, that the angles BA£, 
AED are bisected by the straight lines AF, FE. 

From the point F, draw (12. i.) FG, FH, FK, FL, FM perpen- 
diculars to the straight lines AB, BC, CD, DE, EA : 

And because the angle HCF is equal to KCF, and the right angle 
FHC equal to the right angle FKC, in the triangles FHC, FKC there 
are two angles of one equal to two angles of the other ; and the side 
FC, which is opposite to one of the equal angles in each, is common 
to both ; therefore the other sides shall be equal (26. i.), each to each ; 
wherefore the perpendicular FH is equal to the perpendicular FK : 

In the same manner it may be demonstrated that FL, FM, FG are 
each of them equal to FH, or FK ; 

Therefore the five straight lines FG, FH, FK, FL, FM are equal 
to one another ; wherefore the circle described from the centre F, at 
the distance of one of these fire, shall pass through the extremities 
of the other four, and touch the straight lines AB, BC, CD, DE, EA, 
because the angles at the points G, H, K, L, M are right angles, and 
that a straight line drawn from the extremity of the diameter of a 
circle at right angles to it touches (16. in.) the circle ; therefore each 
of the straight lines AB, BC, CD, DE, EA touches the cirele : where- 
fore it is inscribed in the pentagon ABCDE. Which was to be done. 

PROPOSITION XIV. 

Pbob. To describe a circle about a given equilateral and equi* 

angular pentagon. 

Let ABCDE be the given equilateral and equiangular pentagon ; 
it is required to describe a circle about it. 

Bisect (9. I.) the angles BCD, CDE by the straight lines CF, FD, 
and from the point F, in which they meet, draw 
the straight lines FB, FA, FE, to the points 

B, A, E. 

It may be demonstrated, in the same manner a 
as in the preceding proposition, that the angles 
CBA, BAE, AED aise bisected by the straight 
lines FB, FA, FE : 

And because the angle BCD is equal to the 
angle CDE, and that FCD is the half of the 
angle BCD, and CDF the half of CDE ; the angle FCD is equal to 
FDC ; wherefore the side CF is equal (6. i.) to the side FD : 
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In like manner it may be demonstrated that FB, FA, F£ are each 
of tiiem equal to FC or FD ; therefore the ^ye straight lines FA, FB, 
FC, YDf F£ are equal to one another ; and the circle described from 
the centre F, at the distance of one of them, shall pass through the 
extremities of the other four, and be described about the equilateral 
and equiangular pentagon ABODE. Which was to be done. 

PROPOSITION XV. 

PaOB. To inscribe an equilateral and equiangular hexagon in a 

given circle. 

Let ABCDEF be the given circle ; it is required to inscribe an 
equilateral and equiangular hexagon in it. 

Find the centre G of the circle ABCDEF, and draw the diameter 
AGD ; and from D as a centre, at the distance DG, describe the 
circle EGCH ; join EG, CG, and produce them to the points B, F ; 
and join AB, BC, CD, D£, £F, FA : the hexagon ABCDEF is 
equilateral and equiangular. 

Because G is the centre of the circle ABCDEF, GE is equal to 
GD: 

And because D is the centre of the circle EGCH, DE is equal to 
DG; 

Wherefore GE is equal to ED, and the triangle 
EGD is equilateral ; and therefore its three angles 
EGD, GDE, DEG are equal to one another, be- 
cause the angles at the base of an isosceles triangle 
are equal ( Cor, 5. i.) ; and the three angles of a tri- 
angle are equal (32. 1.) to two right angles ; therefore 
the angle EGD is the third part of two right angles : 

In the same manner it may be demonstrated, 
that the angle DGC is also the third part of two 
right angles : 

And because the straight line GC makes with 
£B the adjacent angles EGC, CGB equal (13. i.) to two right 
angles, the remaining angle CGB is the third part of two right angles ; 
therefore the angles EGD, DGC, CGB are equal to one another ; and to 
these are equal (16. i.) the vertical opposite angles BGA, AGF, FGE; 
therefore the six angles EGD, DGC, CGB, BGA, AGF, FGE are 
equal to one another : 

But equal angles stand upon equal (26. iii) circumferences ; therefore 
the six circumferences AB, BC, CD, D£, EF, FA are equal to one 
another : 

And equal circumferences are subtended by equal (29. iii.) straight 
lines ; therefore the six straight lines are equal to one another, and 
the hexagon ABCDEF is equilateral. It is also equiangular; for, 
since the circumference AF is equal to £D, to each of these add the 
circumference ABCD ; therefore the whole circumference FABCD 
shall be equal to the whole EDCBA : and the angle FED stands upon 
the circumference FABCD, and the angle AFE upon EDCBA; 
therefore the angle AFE is equal (27. iii.) to FED : in the same man- 
ner it may be demonstrated, that the other angles of the hexagon 
ABCDEF are each of them equal to the angle AFE or FED ; there- 
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fore the hexagon is equiangular ; and it is equilateral, as was shown ; 
and it is inscribed in the given circle ABCDEF. Which was to be 
done. 

Cor. From this it is manifest, that the side of the hexagon is equal 
to the straight line from the centre, that is, to the semidiameter of the 

circle. 

And if through the points A, B, C, D, E,F, there be drawn straight 
lines touching the circle, an equilateral and equiangular hexagon shall 
be described about it, which may be demonstrated from what has been 
said of the pentagon : and likewise a circle may be inscribed in a given 
equilateral and equiangular hexagon, and circumscribed about it, by 
a method like to that used for the pentagon. 

PROPOSITION XVI. 

Pbob. To inscribe an equilateral and equiangular quindecagon in 

a given circle. 

Let ABCD be the given circle ; it is required to inscribe an equi- 
lateral and equiangular quindecagon in the circle « 
ABCD. 

Let AC be the side of an equilateral triangle 
inscribed (2. iv.) in the circle, and AB the side of 
an equilateral and equiangular pentagon inscribed 
(1 1 . IV.) in the same ; 

Therefore, of such equal parts as the whole 
circumference ABCDF contains fifteen, the cir- 
cumference ABC, being the third part of the 
whole, contains five ; 

And the circumference AB, which in the fifth part of the whole, 
contains three ; 

Therefore BC, their dificrence, contains two of the same parts : 

Bisect (30. in.) BC in E : therefore BE, EC are each of them the 
fifteenth part of the whole circumference ABCD ; therefore, if the 
straight lines BE, EC be drawn and straight lines equal to them be 
placed round (1. iv.) in the whole circle, an equilateral and equiangular 
quindecagon shall be inscribed in it. Which was to be done. 

And in the same manner as was done in the pentagon, if, through 
the points of division made by inscribing the quindecagon, straight 
lines be drawn touching the circle, an equilateral and equiangular 
quindecagon shall be described about it : and likewise, as in the penta- 
gon, a circle may be inscribed in a given equilateral and equiangular 
quindecagon, and circumscribed about it. 




Exercises on Book IV. 



1. In a given circle to inscribe a line of given length, so as : — 

'a) To pass through a given point ; 

fi) To touch a given circle ; 

c) To make a given angle with a given line ; 

ji) To cut off one-third of another given circumference. 

In all cases the limits of possibility to be assigned. 
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2. If all possible triangles having the same base and equal vertical 
angles be supposed to exist, show that the centres of the inscribed 
and escribed circles are situated upon the circumferences of determin- 
able circles. 

3. Describe three circles, each touching the other two, and the three 
centres being three given points, in all possible ways. 

4. Describe a circle which shall pass through a given point and 
touch a given line, and a given circle ; and assign the limits of pos- 
sibility. 

5. From the three angles of a triangle draw perpendiculars to the 
opposite sides ; and join the intersections two and two : then 

(a) The perpendiculars intersect in the same point ; 
{b) They bisect the angles of the second triangle ; 

(c) The circle about the second triangle bisects the sides of the 
first; 

(d) The diameter of this circle is half that described about the 
first triangle. 

6. In the figure to lY. 10., produce DC to meet the circle in F, and 
show that : — 

(a) AC is the side of a regular pentagon inscribed in the 
smaller circle ACD ; 

{b) Of a regular decagon, in the larger one BED ; 
(c) The angle ABF will be triple of BFD. 

7. If there be drawn lines to the alternate angles of a regular pen- 
tagon, their intersections will give the angular points of another re- 
gular pentagon ; and if the alternate sides be produced, their inter- 
sections will be the angular points of a third regular pentagon ; and 
the circles circumscribing and inscribed in these pentagons will all be 
concentric. 

8. Divide a right angle into three, four, five, six, eight, ten, twelve 
and fifteen equal parts. 

9. Every regular polygon may have a circle inscribed within it, and . 
another circumscribed about it ; and these circles will be concentric. 

10. An equilateral figure inscribed in a circle, or circumscribed.' 
about it, is equiangular ; and an equiangular figure so inscribed or 
circumscribed is equilateral. 

11. A triangle being constituted of the sides of the regular penta- 
gon, hexagon and decagon inscribed in the same circle, will be right 
angled ; and the same is true of the regular inscribed triangle, square, 
and hexagon. 

12. Given the radius of the inscribed circle and the perimeter of the 
triangle, to construct it in the cases where the third datum is : — 

(a) The sum of the sides ; 

(b) The difference of the sides ; 

(c) The perpendicular on the base ; 

{d) The radius of the circumscribing circle ; 

(e) The vertical angle ; 

(/) The difference of the angles at the base. 

13 If there be equilateral triangles described externally on the 
three sides of any triangle, the three distances between the vertices of 
these and the opposite angles of the original triangle will be all equal : 
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And if the original triangle be right-angled, two of the equilateral 
triangles will together be equal to the third. 

14. A regular polygon and a circle concentric with it being given, 
and from any point in the circle draw lines to all the angles, and like- 
wise lines perpendicular to the sides : the sum of the perpendiculars is 
constant ; and the sum of the squares on all the other lines is constant, 
wherever in the circumference the point be taken. 
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BOOK V. 



DEFIKITI0H8. 

1. A LESS magnitude is said to be a part of a greater magnitude, 
when the less measures the greater ; that is, < when the less is con- 
tained a certain number of times exactly in the greater.* 

2. A greater magnitude is said to be a multiple of a less, ixrhen the 
gpreater is measured by the less ; that is, ' when the greater contains 
the less a certain number of times exactly.' 

3. ' Ratio is a mutual relation of two magnitudes of the same kind 
to one another, in respect of quantity.' 

4. Magnitudes are said to have a ratio to one another, when the 
less can be multiplied so as to exceed the other. 

5. The first of four magnitudes is said to have the same ratio to the 
second which the third has to the fourth, when any equimultiples 
whatsoever of the first and third being taken, and any equimultiples 
whatsoever of the sedond and fourth, if the multiple of the first be less 
than that of the second, the multiple of the third is also less than that 
of the fourth : or, if the multiple of the first be equal to that of the 
second, the multiple of the third is also equal to that of the fourth : or, 
if the multiple of the first be greater than that of the second, the 
multiple of the third is also g^reater than that of the fourth. 

6. Magnitudes which have the same ratio are called proportionals. 
* ISf.B. When four magnitudes are proportionals, it is usually expressed 
by saying, the first is to the second as the third to the fourth/ 

7. When of the equimultiples of four magnitudes (taken as in the 
fifth definition), the multiple of the first is greater than that of the 
second, but the multiple of the third is not greater than the multiple of 
the fourth ; then the first is said to have to the second a greater ratio 
than the third magnitude has to the fourth : and, on the contrary, the 
third is said to have to the fourth a less ratio than the first has to the 
second. 

8. ' Analogy, or proportion, is the similitude of ratios.' 

9. Proportion consists of three terms at least. 

10. When three magnitudes are proportionals, the first is said to have 
to the third the duplicate ratio of that which it has to the second. 

11. When four magnitudes are continual proportionals, the first is 
said to have to the fourth the triplicate ratio of that which it has to the 
second, and so on, quadruplicate, etc., increasing the denomination 
still by unity, in any number of proportionals. 

Definition A, to wit, of compound ratio. 



88 Euclid's elements. 

When there are any number of magnitudes of the same kind, the first 
is said to have to the last of them the ratio compounded of the ratio 
which the first has to the second, and of the ratio which the second has 
to the thirdy and of the ratio which the third has to the fourth, and so 
on unto the last magnitude. 

For example, if A, B, C, D be four magnitudes of the same kind, 
the first A is said to have to the last D the ratio compounded of the 
ratio of A to B, and the ratio of B to C, and the ratio of C to D ; or, 
the ratio of A to D is said to be compounded of the ratios of A to B, 
B to C, and C to D. 

And if A has to B the same ratio which E has to F ; and B to C 
the same ratio that 6 has to H ; and C to D the same that K has to L ; 
then, by this definition, A is said to have to D the ratio compounded of 
ratios which are the same with the ratios of £ to F, 6 to H, and K to 
L. And the same thing is to be understood when it is more briefly 
expressed by saying, A has to D the ratio compounded of the ratios of 
E to F, G to H, and K to L. 

In like manner, the same things being supposed, if M has to N the same 
ratio which A has to D ; then, for shortness' sake, M is said to have to 
N tfie ratio compounded of the ratios of E to F, G to H, and K to L. 

12. In proportionals, the antecedent terms are called homologous to 
one another, as also the consequents to one another. 

Geometers make use of the following technical words, to ^ signify 
certain ways of changing either the order or magnitude of proportionals, 
so that they continue still to be proportionals.' 

13. Permutando, or altemando, by permutation or alternately. This 
word is used when there are four proportionals, and it is inferred, that 
the first has the same ratio to the third which the second has to the 
fourth ; or, that the first is to the third as the second to the fourth ; as 
is shown in the 16th Prop, of this 5th Book. 

14. Invertendo, by inversion ; when there are four proportionals, 
and it is inferred, that the second is to the first as the fourth to the 
third. Prop. B., Book V. 

15. Componendo, by composition; when there are four propor- 
tionals, and it is inferred that the first, together with the second, is to 
the second, as the third, together with the fourth, is to the fourth. 18th 
Prop., Book V. 

16. Dividendo, by division ; when there are four proportionals, and 
it is inferred, that the excess of the first above the second, is to the 
second, as the excess of the third above the fourth, is to the fourth. 
17th Prop., Book V. 

17. Convertendo, by conversion ; when there are four proportionals, 
and it is inferred, that the first is to its excess above the second, as the 
third to its excess above the fourth. Prop. E., Book V. 

18. Ex sequali (sc. distantia), or ex aequo, from equality of distance; 
w^hen there is any number of magnitudes more than two, and as many 
others, such that they are proportionals, when taken two and two of 
each rank, and it is inferred, that the first is to the last of the first rank 
of magnitudes, as the first is to the last of the others. ^ Of this there 
are the two following kinds, which arise from the different order in 
which the magnitudes are taken, two and two.' 
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19. Ex. sequali, from equality. This term is used simply by itself, 
when the first magnitude is to the second of the first rank, as the first 
to the second of the other rank ; and as the second is to the third of the 
first rank, so is the second to the third of the other ; and so on in order r 
and the inference is as mentioned in the preceding definition ; whence 
this is called ordinate proportion. It is demonstrated in the 22nd 
Prop., Book V. 

20. Ex. sequali in proportione perturbat^ seu inordinata, from 
equality in perturbate or disorderly proportion.* This term is used 
when the first magnitude is to the second of the first rank, as the last 
but one is to the last of the second rank ; and as the second is to the 
third of the first rank, so is the last but two to the last but one of the 
second rank; and as, the third is to the fourth of the first rank, so 
is the third from the last to the last but two of the second rank ; and 
so on in a cross order; and the inference is as in the 18th Definition.. 
It is demonstrated in the 23rd Prop, of Book Y • 



AXIOMS. 

1. Equimultiples of the same, or of equal magnitudes, are equal to> 
one another. 

2. Those magnitudes, of which the same or equal magnitudes are 
equimultiples, are equal to one another. 

3. A multiple of a greater magnitude is greater than the same 
multiple of a less. 

4. That magnitude, of which a multiple is greater than the same; 
multiple of another, is greater than that other magnitude. 



PROPOSITIONS. 
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PROPOSITION I. 

Theor. If any number of magnitudes he equimultiples of as many\ 
each of each ; what multiple soever any one of them is of its party, 
the same multiple shaU all the first magnitudes he of all the other. 

Let any number of magnitudes AB, CD be equimultiples of 
as many others E, Fy each of each : whatsoever multiple AB is 
of E, the same multiple shall AB and CD together, be of E 
and F U^ther. 

Because AB is the same multiple of E that CD is of F, as 
many magnitudes as are in AB equal to E, so many are there 
in CD equal to F. Divide AB into magnitudes equal to E, 
viz., AG, GB; and CD into CH, HD, equal each of them 
to F : the number therefore of the magnitudes CH, HD, shall 
be equal to the number of the others AG, GB : 

* Prop. 4., Lib. II., Archimedis de Spli»r4 et Cylindro. 
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And because AG is equal to £, and CH to F, Uierefore AG and 
CH together aie equal to {Ax. 2. i.) £ and F together. 

For the same reason, because GB is equal to E, and HD to F ; GB 
and HD together are equal to E and F together. 

Wherefore, as many magnitudes as are in AB equal to £, so many 
are there in AB, CD together, equal to £ and F together : therefore, 
whatsoever multiple AB is of E, the same multiple is AB and CD 
together of E and F together. 

Therefore, if any magnitudes, how many soever, be equimultiples of 
as many, each of each ; whatsoever multiple any one of th«n b of its 
part, the same multiple shall all the first magnitudes be of all the 
others : ^ For the same demonstration holds in any number of magni- 
tudes which was here applied to two.' q. e. d. 
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PROPOSITION n. 

Theor. If the first magnitude be the same multiple of the second 
that the third is of the fourth^ and the fifth the same multiple of the 
second that the sixth is of the fimrth ; then shall the first together 
with the fifth he the same multiple of the second that the third 
together with the sixth ts of the fourth. 

Let AB the first be the same multiple of C the second that DE the 
third is of F the fourth ; and BG the fifth the same 
multiple of C the second, that EH the sixth is of 
F the fourth: then is AG, the first together with 
the fifth, the same multiple of C the second that 
DH, the third together with the sixth, is of F the 
fourth. 

Because AB is the same multiple of C that DE is 
of F ; there are as many magnitudes in AB equal to 
C, as there are in DE equal to F ; 

In like manner, as many as there are in BG equal 
to C, so many are there in EH equal to F : 

As many, then, as are in the whole AG equal to C, so many are 
there in the whole DH equal to F ; therefore AG is the 
same multiple of C that DH is of F ; that is, AG, the 
first and fifth together, is the same multiple of the second 
C, that DH the third and sixth together is of the fourth 
F. If, therefore, the first be the same multiple, etc. 

<l, E. D. 

Cob. * From this it is plain, that if any number of 
magnitudes AB, BG, GH, be multiples of another C ; 
and as many DE, EK, KL, be the same multiples of F, 
each of each ; the whole of the first, viz., AH, is the 
same multiple of C, that the whole of the last, viz. DL 
isofF.' 
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PROFOSITION III. 

Theor. If the first he the same multiple of the second which the 
third is of the fourth^ and if of the first and third there be taken 
equimultiples^ these shall he equimultiplesy the one of the second^ and 
the other of the fourth. 

Let A the first be the same multiple of B the second, that C the 
third b of D the fourth ; and of A, C, let the equimultiples EF, GH 
be taken : then EF is the same multiple of B, that GH is of D. 

Because EF is the same multiple of A, that GH is of C, there are as 
many magnitudes in EF equal to A, as are in GH 
equal to C ; let EF be divided into the magnitudes 
EK, EF, each equal to A ; and GH into GL, LH, 
each equal to C ; the number therefore of the mag- 
nitudes EK, KF, shall be equal to the number of the 
others, GL, LH ; 

And beotuse A is the same multiple of B, that 
C is of D, and that EK is equal to A, and GL to C ; 
therefore EE is the same multiple of B, that GL is 
ofD: 

For the same reason, EF is the same multiple of B, 
that LH is of D ; and so if there be more parts iu 
EF, GH, equal to A, C : 

Because, therefore, the first EK is the same multiple of the second 
B, which the third GL is of the fourth D, and that the fifth EF is the 
same multiple of the second B, which the sixth LH is of the fourth D ; 
EF the first together with the fifth, is the same multiple (2. v.) of the 
second B, which GH the third together with the sixth, b of the fourth 
D. If, therefore, the first, etc. q. e. d. 

PROPOSITION IV. 

Theor. If the first of four magnitudes has the same ratio to the 
second which the third has to the fourthy then any equimultiples 
whatever of the first and third shall have the same ratio to any 
equimultiples of the second and fourth ; viz. * the equimultiple of the 
first shall have the same ratio to that of the second^ which the 
equimultiple of the third has to that of the fourth.* 

Let A the first have to B the second, the same ratio which the third 
C has to the fourth D ; and of A and C, let there be 
taken any equimultiples whatever E, F ; and of B and 

D, any equimultiples whatever G, H ; then E has the 
same ratio to G, which F has to H. 

Take of E and F, any equimultiples whatever E, L, 
and of G, H, any equimultiples whatever M, N. 

Then, because E is the same multiple of A, that F 
is of C ; and of E and F have been taken equimultiples 
K, L; therefore E is the same multiple of A, that L is 

ofC(3. v.). *" T TT 

For the same reason, M is the same multiple of B, I 

thatNisofD. • 

And because, as A is to B, so is C to D (Hyp.), 

and of A and C have been taken certain equimultiples 

E, L ; and of B and D have been taken certain eqiii- 
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multiples M, N ; if therefore K be g^reater than M, L is greater tlian 
N ; and if equal, equal ; if less, less (5 Def, v.). And E, L are any 
equimultiples ( Constr.) whatever of £, F ; and M, N any whatever of 
G, H : as therefore E is to G, so is (5 Def, v.) F to H. Therefore, if 
the first, etc. q. e. d. 

Cob. Likewise, if the first has the same ratio to the second which 
the third lias to the fourth, then a]so any equimultiples whatever of the 
first and third have the same ratio to the second and fourth : and in like 
manner, the first and the third have the same ratio to any equi- 
multiples whatever of the second and fourth. 

Let A the first have to B the second, the same ratio which the third 
C has to the fourth D, and of A and C let £ and F be any equimultiples 
whatever ; then E is to B, as F to D. 

Take of E, F, any equimultiples whatever E, L, and of B, D, any 
equimultiples whatever G, H ; then it may be demonstrated, as before, 
that K is the same multiple of A, that L is of C : 

And because {Hyp,) A is to B, as C is to D, and of A and C certain 
equimultiples have been taken, viz. E and L ; and of B and D, certain 
equimultiples G, H ; therefore, if E be greater than G, L is grater 
than H ; and if equal, equal ; if less, less (5 Def, v.). 

And E, L are any (^Constr.) equimultiples of E, F, and G, H any 
whatever of B, D ; as therefore E is to B (5 Def. v.), so is F to D. 
And in the same way the other case is demonstrated. 

PROPOSITION V. 

Thbor. If one magniittde be the same multiple of another which a 
magnitude taken from the first is of a magnitude taken from the 
other ^ the remainder shaU he the same mtdtiple of the remainder that 
the whole is of the whole. 

Let the magnitude AB be the same multiple of CD, that AE taken 
from the first is of CF taken from the other ; the remainder EB 
sliall be the same multiple of the remainder FD, that the whole 
AB is of the whole CD. 

Take AG the same multiple of FD, that AE is of CF ; 
therefore AE is (1. v.) the same multiple of CF, that EG is of 
CD: 

But AE, by the hypothesis, is the same multiple of CF, that [ e 
AB is of CD ; therefore EG is the same multiple of CD that 
AB is of CD ; wherefore EG is equal to AB (1 Ax, v.) : 

Take from them the common magnitude AE, and the remainder AG 
8 equal to the remainder EB. 

Wherefore, since AE is the same multiple of CF, that AG is of 
FD, and that AG is equal to EB, therefore AE is the same multiple 
of CF, that EB is of FD : but AE is the same multiple of CF {ffgp.) 
that AB is of CD ; therefore EB is the same multiple of FD, that AB 
is of CD. Therefore, if one magnitude, etc. q. e. d. 
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PROPOSITION VI. 

Theob. If two magnitudes he equimultiples of two others^ and if 
equimultiples of these he taJtenfrom the first twOj the remainders are 
either equal to these others or equimultiples of them. 

Let the two magnitudes AB, CD be equimultiples of the two E, F, 
and AG, CH taken from the first two be equimultiples of the same £, 
F ; the remainders GB, HD are either equal to E, F, or equimultiples 
of them. 

First, let GB be equal to E ; HD is F qeut. Make CE equal 
toF: 

And because AG is the same multiple of E, that CH ^^ 
is of F, and that GB is equal to E, and CE to F ; there- 
fore AB is the same multiple of E, that EH is uf F : 

But AB, by the hypothesis, is the same multiple of E, 
that CD is of F ; therefore EH is the same multiple of 
F, that CD is of F; wherefore EH b equal to CD 
(1 Ax. v.): 

Take away the common magnitude CH, then the re- " ^ 
mainder EC is equal to the remainder HD : but EC is equal ( Constr,) 
to F ; HD therefore is equal to F. 

But let GB be a multiple of E; then HD is the same multiple of F : 
make CE the same multiple of F, that GB is of E : 

And because AG is the same multiple of E, that CH is 
of F ; and GB the same multiple of E, that CE is of F ; 
therefore AB is the same multiple of E {^HypX that EH is 

ofF(2. v.): 

But AB is the same multiple of E (^Hyp*\ that CD is of 
F ; therefore EH is the same multiple of F, that CD is of 
it ; wherefore EH is equal (1 Ax* v.) to CD : 

Take away CH from both ; therefore the remainder EC is equal to 
the remainder HD : 

And because GB is the same multiple of E, that EC is of F, and 
that EC is equal to HD ; therefore HD is the same^multiple of F, that 
GB is of E. If, therefore, two magnitudes, etc. q. e. d. 
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PROPOSITION A. 

Theob. If the first of four magnitudes has to the second the same ratio 
which the third has to the fourth, then, if the first he greater than 
the second J the third is also greater than the fourth ; and if equal f 
equal; ifless^less. 

Take any equimultiples of each of them, as the doubles of each ; then, 
by Def. 5th of this book, if the double of the first be greater than the 
double of the second, the double of the third is greater than the double 
of the fourth : .but if the first be greater than the second, the double of 
the first is greater than the double of the second ; wherefore also the 
double of the third is g^reater than the double of the fourth ; therefore 
the third is greater than the fourth. In like manner, if the first be 
equal to the second, or less than it, the third can be proved to be equal 
to the fourth, or less than it. Therefore, if the first, etc. Q. e. d. 
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PROPOSITION B. 

Theob. If four magnitudes are proportionals ^ they are proportionals 

also when taken inversely. 

If the magaitude A be to B, as C is to D, then also inversely B is to 
A, as D to C. 

Take of B and D, any equimultiples whatever E and F ; and of A 
and Cy any equimultiples whatever G and H. 

First, let £ be greater than G, then G is less than £ : 
and because {Hyp.) A is to B as C is to D ; and of A and 
C, the first and third, G and H are equimultiples ; and of 
B and D, the second and fourth, E and F are equimultiples ; 
and that G is less than E, H is also (6 Def y.) less than F ; 
that is, F is greater than H ; if therefore E be greater than 
G, F is greater than H : 

In like manner, if £ be equal to G, F may be shown to 
be equal to H ; and if less, less ; and E, F are any equimul- 
tiples ( Constr.) whatever of B and D, and G, H any whatever 
of A and C ; therefore (5 Def. v.), as B is to A, so is D to 
C. If, then, four magnitudes, etc. q. e. d. 
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PROPOSITION C. 

Theob. If the first he the same multiple of the second, or the same 
part of it, that the third is of the fourth^ the first is to the second as 
the third is to the fourth. 

Let the first A be the same multiple of B the second, 
that C the third is of the fourth D : A is to B as C is to D. 

Take of A and C any equimultiples whatever E and F ; 
and of B and D any equimultiples whatever G and H : 

Then, because, A is the same {Hyp,) multiple of B that 
C is of D ; and that E is the same ( Constr.) multiple of 
A that F is of C ; £ is the same multiple of B that F is a b 
of D (3. v.), therefore E and F are the same multiples of 
Band D: 

But G and H are equimultiples (Constr.) of B and D ; 
therefore, if E be a greater multiple of B than G is, F is 
a greater multiple of D than H is of D ; that is, if E be 
greater than G, F is greater than H : 

In like manner, if E be equal to G, or less, F is equal 
to H, or less than it : 

But £, F are any equimultiples ( Constr.) whatever of 
A, C ; and G, H any equimultiples whatever of B, D ; 
therefore A is to B, as C is to D (5 Def v.). 

Next, let the first A be the same part of the second B, that the 
third C is of the fourth D : A is to B, as C is to D : 

For B is the same multiple of A, that D is of C : 
wherefore, by the preceding case, B is to A, as D is to 
C ; and inversely {B. v.) A is to B, as C is to D. There- 
fore, if the first be the same multiple, etc. q. e. d. 
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PROPOSITION D. 

Theob. If the first he to the second as the third to the fourth^ and if 
the first be a multiple, or apart of the second; the third is the same 
multiple, or the same part of the fourth. 

Let A be to By as C is to D ; and first, let A be a multiple of B ; C 
is the same multiple of D. 

Take E equal to A ; and whatever multiple A or E is of B, make F 
the same multiple of D : 

Then, because (^Hyp,) A is to B, as C is to D ; and of 
B the second, and D the fourth, equimultiples have been 
taken, E and F; A is to £, as G to F {Cor. 4. v.) : 

But A is equal ( Constr.) to E, therefore C b equal to 
F {A. yX 

And F is the same {Constr.) multiple of D, that A is ^ ^ ^ p 
of B. Wherefore C is the same multiple of D, that A is 
ofB. 

Next, let the first A be a part of the second B ; C the 
third is the same part of the fourth D — (See figure at 
bottom of Proposition C.) 

Because A is to B, as C is to D ; then inversely, B is 
(B, Y.) to A, as D to C : but A is a part of B, therefore 
B is a multiple of A ; and, by the preceding case, D is the same mul- 
tiple of C ; that is, C is the same part of D, that A is of B. Therefore^ 
if the first, etc. Q. £. d. 



PROPOSITION VIL 

Theob. Equal magnitudes have the same ratio to the same magnitude ; 
cmd the same has the same ratio to equal magnitudes. 

Let A and B be equal magnitudes, and C any other : A and B have 
each of them the same ratio to C, and C has the same ratio to each of 
the magnitudes A and B. 

Take of A and B any equimultiples whatever D and E, and of C any 
multiple whatever F : 

Then, because D is the wme {Constr,) multiple of A, 
that E is of B, and that A is equal {Hyp.) to B ; D is 
(1 Ax. V.) equal to E ; 

Therefore, if D be greater than F, E is greater than 
F ; and if equal, equal ; if less, less ; 

And D, E are any equimultiples of A, B ( Constr.), 
and F is any multiple of C. Therefore (5 Def. y.) as A 
is to C, so is B to C. 

Likewise C has the same ratio to A that it has to B. 

For, having made the same construction, D may in like manner be 
shown equal to E : therefore, if F be greater than D, it is likewise 
greater than E ; and if equal, equal ; if less, less : 

And F is any multiple whatever of C ; and D, E are any equimulti- 
ples whatever of A, B ; therefore, is to A as C is to B (6 hef v.). 
Therefore, equal magnitudes, etc. q. e. d. 
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PROPOSITION VIII. ' 

TiiEOR. Of unequal magnitudes the greater has a greater ratio to the 
same than the less has ; and the same magnitude has a greater ratio 
to the less than it has to the greater. 

Let AB, BC be unequal magnitudes, of which AB is the greater, and 
let D be any magnitude whatever : AB has a gp-eater ratio to D than 
BC to D ; and D has a greater ratio to BC than unto AB. 

If the magnitude which is not the gpreater of the two AC, CB, be not 
less than D, take EF, FG, the doubles of AC, CB, as in 
fig. 1. But if that which is not the greater of the two 
AC, CB, be less than D (as in figs. 2 and 8), this mag- 
nitude can be multiplied, so as to become greater than - nc ./ 
D, whether it be AC or CB. Let it be multiplied until 
it become greater than D, and let the other be multiplied 
as often ; and let £F be the multiple thus taken of AC, 
and FG the same multiple of CB ; therefore £F and 
FG are each of them greater than D : and in every one 
of the cases, take H the double of D, K its triple, and so 
on, till the multiple of D be that which first becomes 
greater than FG : let L be that multiple of D which is | 
first gpreater than FG, and K the multiple of D which is 
next less than L. 

Then, because L is the multiple of D, which is the first that becomes 
'greater than FG, the next preceding multiple K is not greater than 
FG ; that is, FG is not less than K : 

And since £F is the same multiple of AC, that FG is of CB ; FG 
is the same multiple of CB, that EG is of AB (1. v.) ; wherefore EG 
•and FG are equimultiples of AB and CB : 

And it was shown that FG was not less than K, and by the con- 
struction, EF is greater than D; therefore 
the whole EG is greater than K and D 
'together : 

But K together with D is equal ( Constr,) 
to L ; therefore EG is greater than L : but 
FG is not greater than L ; and EG, FG are 
equimultiples of AB, BC, and L is a ( Constr.) 
multiple of D ; therefore (7 Def. v.) AB has 
to D a greater ratio than BC has to D. l k h o 

Also, D has to BC a greater ratio than it 
lias to AB. 

For, having made the same construction, it 
may be shown, in like manner, that L is 
greater than FG, but that it is not greater than EG : and L is a multi- 
ple of D ; and FG, EG are equimultiples of CB, AB ; therefore D has 
to CB a greater ratio (7 Def. v.) than it has to AB. Wherefore, of 
unequal magnitudes, etc. q. e. d. 
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PROPOSITION IX. 

Theob. Magnitudes which have the same ratio to the same magnitude^ 
are equal to one anoUier ; and those to which the same magnitude 
has the same ratio, are equal to one a7iother. 

Let A, B have each of them the same ratio to C ; A is equal to B. 

For, if they are not equal, one of them is greater than 
the other : let A be the p^reater ; then, by what was shown 
in the preceding proposition (8. v.), there are some equi- 
multiples of A and B, and some multiple of C, such that 
the multiple of A is greater than the multiple of C, but 
the multiple of B is not greater than that of C. Let such 
multiples be taken ; and let D, E be the equimultiples 
of A, B, and F tlie multiple of C, so that D may be 
greater than F, and E not greater than F : 

But, because A is to C as {Hyp*) B is to C, and of A, 
B, are taken equimultiples D, E, and of C is taken a 
multiple F, and that D is gpreater than F ; E shall also be 
greater than F (5 Def. v.) : but E is not greater ( Constr.) 
than F ; which is impossible ; A therefore and B are not 
unequal ; that is, they are equal. 

Next, let C have the same ratio to each of the magnitudes A and B : 
A is equal to B. 

For, if they are not, one of them is g^reater than the other : let A 
be the greater ; therefore, as was shown in Prop. 8th, there is some mul- 
tiple F of C, and some equimultiples E and D, of B and A, such, that 
F la- greater than E, and not greater than D : but because C is to B 
(i9^.), as C is to A, and that F the multiple of the first is greater than 
E the multiple of the second (5 Def. v.) ; F the multiple of the third 
is greater than D, the multiple of the fourth : but F is not ( Constr,) 
grreater than D, which is impossible. Therefore A is equal to B. 
Wherefore, magnitudes which, etc. q,. s. d. 



PROPOSITION X. 

Theor. Thai magnitttde which has a greater ratio than another has 
unto the same magnitude^ is the greater of the two : and that mag- 
nitude to which the same has a greater ratio than it has unto another 
, magnitude, is the less of the two. 

Let A have to C a greater ratio than B has to C ; A is greater than B. 

For, because A has a greater ratio to C, than B has to 
C, there are (7 Def y.) some equimultiples of A and B, 
and some multiple of C, such, that the multiple of A is 
greater than the multiple of C, but the multiple of B is 
not gpreater than it : let them be taken ; and let D, E be 
equimultiples of A, B, and F a multiple of C, such, that 
D is greater than F, but E is not greater than F ; there- 
fore D is greater than E : 

And, because D and E are equimultiples of A and B, , 
and D is greater than E^ therefore A is (4 Ax, v.) greater 
than B. 

Next, let C have a greater ratio to B than it has to A ; 
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B is less than A : for (7 2>^. ▼.) there is some multiple F of C, and 
some equimultiples E and D of B and A, such, that F is greater than 
E, but is not greater than D ; £ therefore is leas than D : 

And because E and D are equimultiples of B and A, therefore B is 
(4 Ax. y.) less than A. That magnitwle, dieiefore, etc. q. b. b. 

PROPOSITION XL 

Theob. JRaHot tiuA are the tame to the sqme raiw^ ors tkg same 

to ont OMfther. 

LetAbetoB^aaCistoD; aadaiCtoDySoletEbetoF: Ais 
to B, as E to F. 

Take of A, C, £,. any equimultiples whatever G, H, K; and of 



A c— E- 

B p r- 

L n M- 



B, Dj Fy any equimultiples whatever L^ M, N. Therefore, since A is 
to B as C to D, and G, H are taken equimultiples of A, C, aad L, M, 
of B, D ; if G be greater than L, H is greater than M ; ukL if eqoal^ 
equal ; and if less, less. (5 Def, yrX 

Again, because C is to D, as £ is to F, and H, K are taken equi- 
multiples of C, E; and M, N, of D, F; if H be grader than M, K is 
greater than N ; and if equal, equal ; and if less, less (5 Def. y.). 

But if G be greater than L, it has been shown that H is greater than 
M ; and if equal, equal ; and if less, less ; tberrfocv if 6 be greater 
than L, K is greater than N ; and if equal, equal ; and if less, less : 

And G, K are any equimultiples whatever of A, E ; and L, N 
any whatever of B, F ; therefore, asAistoB, 8oisEtoF(5 Def^ y.). 
"Whereforej ratios that, etc. q. £. d. - 

PROPOSITION XIL 

Theob. Ifam^ number of magnitudes he proportumaU^ as one of the 
antecedents is to its consequent^ so shall all the antecedents taken Uh 
gether be to all the consequents. 

Let any number of magnitudes A, B, C, D, E, F, be proportionals ; 
that is, as A is to B, so G to D, and E to F : as A is to B, so shall 
A, C, E together be to B^ D, F together. 

Take of A, C, E any equimultiples whatev^ G, H, E ; and of 



J. H K- 

A C E- 

B D F- 
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B, D, F any equimultiples whatever L, M, N r 

Then, because A is to B, as C is to D, and as E to F ; and that 
G, H, K are equimultiples of A, C, E, and L^ M, N equimultiples of 
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B, D, F ; if 6 be greater tLaa L, H is greater than M, and K greater 
tban N ; and if equal, equal ; and if less, less (5 Def. v.) : 

Wherefore, if Gr be greater than L, then 6-, H, K together are 
greater than L, M, N together ; and if equal, equal ; and if leas^ less. 

And 6, and 6, H, K together are any equimultiples of A, and 
A, C, E together ; because if there be any number of magnitudes equi- 
multiples of as many, each of each, whatever multiple one of them is 
of its part, &e some multiple is the whole of the whole (1. t.) : fbr the 
same reason L, and L, M, N are any equimultiples of B, and B, D, F : 
as therefore A is to B (5 2)^. ▼.) so are A, C, £ together to B, D, F 
together. Wherefore, if any mnmber, ete» q. s. ly. 

PEOPOsrriON xin. 

Theob. If the first has to the second the same ratio y>hich the third 
has to thefourthf hut the third to the fourth a greater ratio than the 
fifth has to the sixths the first shaU also have to the second a grectter 
ratio than the fifth hcts to the sixth. 

Let A the first have the same ratio to B the second, which C the 
third has to D the fourth, but C the third, to D the fourth, a greater 
ratio t}ian E the fifth, to F the sixth : also the first A shall have to the 
second B a greater ratio than the fiAh E to the sixth F. 

Because C has a greater ratio to D, than E to F, there are some 
equimultiples of C and E, and some of D and F, such, that the multiple 
of C is greater than the multiple of D, but the multiple of £ is not 
greater thlm the multiple of F (7 Def. v.) : let such be taken, and of 

C, Eylet G, H be equimultiples, and E, L equimultiples ^ D, F, such. 
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that 6 be greater than K, Imt H not greater than L : and whatever 
multiple Gr is of C, t&ke M the sam^ multiple of A ; and whatever 
multiple K is of D, take N the same multiple of B : 

Then, because A is to B, as C to D, ami of A and C, M and G are 
equimultiples ; and of B and D, N and K are equimultiples ; if M be 
greater than N, G is greats than K; and if equal, equal ; and if less, 
less (5 Drf. Y.) : 

But G is greater {Coneir.) than K ; therefore M is greater than N : 
but H is not ^eater (Constr.) than L ; and M, H are equimultiples 
of A, E ; and N, L equimultiples of B, F ; therefore A has a greafter 
ratio to B, than E has to F (7 Drf. v.). Wherefore, if the first, etc; 

Q. E^ D. 

Cob. And if the first have a greater ratio to the second than the 
third has to the fourth, but the third the same' ratio to the fourth which 
the fifth has to the sixth ; it may be demonstrated, in like manner, that 
the first has a greater nitio to the second than the fifth has to the sixth. 
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PROPOSITION XIV. 

Th£OB. If the first has the same ratio to the second which the third 
has to the fourth; thetiy if the first be greater than the third, the 
second shtdl be greater than the fourth ; and if equal, equal; and 
if less, less. 

Let the first A have to the second B the same ratio which the third 
C has to the fourth D : if A be greater than 0, B is greater than D. 

Because A is greater than C {ffyp^, and B b any other magnitude, 
A has to B a greater ratio than C to B (8. v.) : 

But, asAistoB, sobCtoD; therefore abo C has to D a greater 
ratio than C has to B (13. v.) : 

But of two magnitudes, that to which the same has the greater ratio 
b the lesa (10. v.). Wherefore D b less than B; that b, B b 
greater than D: 

Secondly, if A be equal to C, B b equal to D : for A b to B, as C, 



B 



that b, A to D ; B therefore b equal to D (9. v.). 
Thirdly, if A be less than C, B shall be less than D : 
For C b greater than A ; and because C b to D, as A b to B, D b 
greater than B, by the first case ; wherefore B b less than D. There- 
fore, if the first, etc. q. e. d. 



PROPOSITION XV. 

T^OR. Magnitudes have the same ratio to one another which their 

equimultiples have. 

Let AB be the same multiple of 0, that DE b of F: C b to F, as 
AB to DE. 

Because AB b the same multiple of C, that DE b of F ; there are 
as many magnitudes in AB equal to C, as there are in 
DE equal to F : let AB be divided into magnitudes, each 
equal to C, viz. AG, GH, HB ; and DE into magnitudes, 
each equal to F, viz. DK, EL, LE : then the number of 
the first AG, GH, HB, shall be equal to the number of 
the last, DE, EL, LE : 

And because AG, GH, HB are all equal, and that 
DE, EL, LE are also equal to one another ; therefore 
AG b to DE as GH to EL, and as HB to LE (7. v.) : 

And as one of the antecedents to its consequent, so are 
all the antecedents together to all the consequents together (12. v.) ; 
wherefore, as AG b to DE, so b AB to DE : but AG b equal to C, 
and DE to F ; therefore, as C b to F, so b AB to DE. Therefore, 
magnitudes, etc. q. e. d. 
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PROPOSITION XVI. 

Theob. If four magnitudes of the same kind be proportionals^ they 
snail also be proportionals when taken alternately » 

Let the four magnitudes A, B, C, D be proportionals, viz. as A to 
B, so C to D : they shall also be proportionals when taken alternately ; 
that is, A is to C) as B to D. 

Take of A and B any equimultiples whatever E and F ; and of C 
and D take any equimultiples whatever G and H : 

And because E is the same multiple of A, that F is of B, and that 
magnitudes have the same ratio to one another which their equi- 
multiples have (15. y.) ; therefore A is to B, as E is to F : 

But as A is to B, so (^Hyp.) is C to D ; wherefore as C is to D, so 
(11. v.)isEtoF: 

Again, because Gr, H are equi- ^_ ^ 

multiples of C, D, as C is to D, 

so is G to H (15. V.) : but as C ^ c 

is to D, so is E to F. Where- 
fore, asEistoF, sois GtoH b o 

(11. v.). 



But when four magnitudes are f h 

proportionals, if the first be greater than the third, the second shall be 
greater than the fourth; and if equal, equal; \£ less, less (14. v.). 
Wherefore, if £ be greater than G, F likewise is greater than H ; and 
if equal, equal ; if less, less : and E, F are any ( Constr.) equimultiples- 
whatever of A, B ; and G, H any whatever of C, D : therefore A is 
to C, as B to D (5 Def y.). If, then, four magnitudes, etc. q. e, d. 



PROPOSITION XVII. 

Theob. If maynitudesy taken jointly ^ be proportionals ^ they shall 
also be proportionals when taken separately; HuU is^ if two magni' 
tudes together have to one of them the same ratio which ttoo others 
have to one of these, the remaining one of the first two shall have to 
the other the same ratio which the remaining one of the last two has 
to the other of these* 

Let AB, BE, CD, DF be the magnitudes, taken jointly, which are 
proportionals ; that is, as AB to BE, so is CD to DF : they shall also 
be proportionals taken separately ; viz. as AE to EB, so CF to FD. 

Take of AE, EB, CF, FD any equimultiples whatever GH, HK, 
LM, MN ; and again, of EB, FD take any equimultiples whatever 
KX,NP: 

And because GH is the same multiple of AE, that HK is of EB, 
wherefore GH is the same multiple (1. y.) of AE, that GK is 
of AB: 

But GH is the same multiple of AE, that LM is of CF ; wherefore 
GK is the same multiple of AB, that LM is of CF. 

Again, because LM is the same multiple of CF, that MN is of FD ; 
therefore LM is the same multiple (1. y.) of CF, that LN is of CD : 
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But LM was shown to be the same multiple of CF, , 
that G-K is of AB ; GK therefore is the nme multiple 
of AB, that LN is of CD ; that is, GK, LN are equi- 
multiples of AB, CD . K- 

Next, because HK is the esme multiple of £B, that 
MN IS of FD.; and that KX is also the. same multiple 
of £B, that NP is of FD ; therefore HX is the same 
multiple (2. t.) of £B, that MP is <^ FD. 

And because AB is to BE, as CD is to DF, and that 
of AB and CD, GK and LN are equimultiples, and of 
£B and FD, HX and MP are equimultiples; if GK 
be* greater than HX, then LN is greater than MP; 
and if eaual, equal ; and if less, less (5. Def. t.) : 

But if GH be greater than KX, bj adding the com- < 
mon part HK to both, GK is greater than Hx : where- 
fore also LN is greater than MP; and by taking away MN from both, 
LM is greater than NP : therefore, if GH be greater than KX, LM 
is greater than NP. 

In like manner it may be demonstrated, that if GH be equal to KX« 
LM likewise is equal to NP ; and if less, less : 

And GH, LM are any equimultiples whatever of AE, CF, and KX, 
NP are any whatever of EB, FD : therefore (5 Def. v.), as AE is to 
EB, so is CF to FD. If, then, magnitudes, etc. Q. e. o. 



PROPOSITION XVHL 

Theob. Jf magnkudes, taken separatdy, be prcportiotiaUj ihe^ tiudl 

^ ttlso he proporli&nais when taken jmnily ; thai is, if the first be to 

"^ the second as the third to the fourth, the first and second together 

■shall be to the second as the third and fourth together to the fourth. 

Let AE, EB, CF, FD be proportionals; that is, as AE to EB, so is 
CF to FD : they shall also be proportionals when taken jointly ; that 
is, as AB to BE, so CD to DF. 

Take of AB, BE, CD, DF any equimultiples whatever GH, HK, 
LM, MN : and again, of BE, DF take any whatever equimultiples 
KO NP: 

And because KO, NP are equimultiples of BE, DF, and that KH, 
NM are equimultiples likewise of BE, DF ; if KO, the ^ 
multiple of BE, be greater than KH, which is a mul- 
tiple of the sane BE, NP likewise, the multiple of ^ 
DF, shall be greater than MN, the multiple of the same m 

DF; and if KO be equal to KH, NP shall be equal to p 

NM ; and if less, less. I 

First, let KO be not greater than KH ; therefore NP i^ 

is not greater than NM : 

And because GH, HK are equimultiples of AB, BE, 
and that AB is greater thau BE, therefore GH is 
greater (8 Ax, v.) than HK ; but KO is not greater 
than KH, wherefore GH is greater tlian KO. 

In like manner it may be shown, that LM is greater 
thanNP; c A C L 

Therefore, it KO be not greater than KH, then GH, the multiple 



BOOK v« raor. xmi^ zix. 



103 



H»- 



■P 



6 A C L 



of AB, u always greater than KO, tlie multtple of BE; and likewite 
LM, the multiple of CD, is greater than NP, the multiple cf DF. 

Next, let KO be greater than KH ; therelbre, as has been diown, 
NF is g^reater than NM : 

And because tiie whole GH is the same multiple of the whole AB, 
that HK is of BE, ^ renniiider GE id the same 
multiple of the remainder AE that GH is of AB (5. v.) ; 
which is the same that LM is of CD. 

In like mamer^ because LM is the same multiple of 
CD, that MN is of DF, the remainder LN is the same 
multiple of the remaifider CF, that the whole LM is of 
the whole CD (5. v.). 

But it was shown that LM is the same multiple of 
CD, that GK is of A£ ; therefore GE is the same 
multiple of AE, that LN is <^ CF ; that is, GE, LN are 
equimultiples of AE, CF. 

And because EO, NP are equimultiples of BE, DF, 
if from EO, NP there be taken EH, NM, which are likewise equi- 
multiples of BE, DF, the remainders HO, MP are either equal to BE, 
DF, or equimultiples of them (6. v.). 

First, let HO, MP be equal to BE, DF : and because AE is to E6, 
as CF to FD, and that GK, LN are equimultiples of AE, CF ; GE 
shall be to EB, as LN to FD {Cor. 4. v.) : but HO is equal to EB, and 
MP to FD ; wherefore GE is to HO, as LN to MP. If, therefore, 
GE be greater than HO, LN is greater than MP ; and if eqoal, equal ; 
andjf less, less {A, v.). 

But let HO, MP be equimultiples of £B, FD : 

And because {Byp.) AE is to EB, as CF to FD, and tint (dAE, 
CF are taken equimultiples GE, LN ; and of £B, or 
FD, the equimultiples HO, MP; if GE be greater than 
HO, LN is greater than MP; and if equal, equal ; and 
if less, less {6 Def, y.) ; which was likewise shown in the 
preceding case. 

If therefore GH be greater then EO, taking EH from 
both, GE is greater than HO ; wherefore also LN is 
greater than MP; and consequently, adding NM to 
both, LM is greater than NP : therefore, i£ GH be 
greater than EO, LM is greater than NP. 

In like manner it may be shown, that if GH be equal 
to EO, LM is equal to NP ; and UTless, less. 

And in the ease in which EO is not greater than EH, 
it has been shown that GH is always greater than EO, 
and likewise LM than NP : but GH, LM are any equimultiples of 
AB, CD, and EO, NP are any whatever of BE, DF; therefore 
(5 JDef. v.), as AB is to BE, so is CD to DF. If then magnitudes, 

etc. Q £. D. 

PROPOSITION XIX. 

Theob. If a whole magnitude be to a whole cu a magHttude taken 
from tKeJirst is to a magnitude taken from the other, the remainder 
shall be to the remainder as the whole to the whole* 

Let the whole AB, be to the whole CD, as AE, a magnitude 
taken from AB, to CF, a magnitude taken from CD; the re« 
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mainder EB shall be to the remainder FD, as the whole AB to the 
whole CD. 

Because AB is to CD, as AE to CF {£fyp.); likewise, alternately 
(16. v.), BA is to AE, as DC to CF : 

And because, if magnitudes taken jointly be proportionals, they are 
also proportionals (17. v.) when taken separately ; therefore, ^ 
as BE is to EA, so is DF to FC ; and alternately, as BE is to 
DF, so is EA to FC : 

But, as AE to CF, so, by the hypothesis, is AB to CD ; 
therefore also BE, the remainder, shall be to the remainder DF 
(11. v.), as the whole AB to the whole CD. Wherefore, if the 
whole, etc. q. b. d. 

Cob. If the whole be to the whole, as a magnitude taken 
from the first, is to a magnitude taken from the other ; the 
remainder likewise is to the remainder, as the magnitude taken from 
the first to that taken from the other. The demonstration is contained 
in the preceding. 

PROPOSITION E. 

Thbob. If four magnitudes he proporlioTUtls^ they are also propor^ 
tionals by conversion ; that isy the first is to its excess {zbove the 
second as the third to its excess above the fourth. ^ 

liet AB be to BE, as CD to DF ; then BA is to AE, as DC 
toCF. 

Because AB is to BE, as CD to DF, by division (1 7. v.), AE 
is to EB, as CF to FD ; 

And by inversion {B. v.), BE is to EA, as DF to FC : 

Wherefore, by composition (18. v.), BA is to AE, as DC is to 
CF. If, therefore, four, etc. q. e. d. 

PROPOSITION XX. 

Theob. If there be three magnitudes^ and other three^ whichj taken 
two and two, have the same ratio ; if the first be greater than the 
thirds the fourth shail be greater than the sixth; and if equal j equal; 
andifless^ less. 

Let A, B, C be three magnitudes, and D, E, F other three, which, 
taken two and two, have the same ratio, viz. as A is to B, so is D to 
E ; and as B to C, so is E to F: if A be neater than C, D shall be 
greater than F ; and if equal, equal ; and if less, less. 

Because A is greater than C, and B is any other magnitude, 
and that the greater has to the same ma^itude a greater 
ratio than the less has to it (8. v.) ; therefore A has to B a 
greater ratio than C has to B : 

But as D is to E, so is A to B ; therefore (13. v.) D has 
to E a greater ratio than C to B : 

And because B is to C, as E to F, by inversion, C is to 
B,aBFistoE(^.v.): d e p 

And D was shown to have to E a greater ratio than C | 

to B ; therefore D has to E a greater ratio than F to E j 

XCor. 13. v.). But the magnitude which has a greater ratio 
than another to the same magnitude, is the greater of the 
two (10. Y.) ; D is therefore greater than F. 
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Secondly, let A be equal to C ; D shall be equal to F : 
Because A and C are equal to one another, 

A is to B, as C is to B (7. v^: 

But A is to B, as D to if ; and C is to 
B, as F to E ; wherefore D is to E, as F to 
E (11. v.) ; aud therefore D is equal to F 
(9. V.) : 

Next, let A be less than C ; D shall be 
less than F : 

For C is greater than A; and, as was 
shown in the first case, C is to B, as F to £ ; 
and in like manner, B is to A, as E to D ; therefore F is greater than 
D, by the first case ; and therefore D is less than F. Therefore,]; if 
there be three, elc. Q. b d. 



PROPOSITION XXL 

Theob. If there be three magmiudesj and other three ^ which have the 
same ratio taken two and two, hut in a cross order ; if the first 
magnitude he greater than the thirds the fourth shall be greater than 
the sixth; and if equals equal; and if less, less. 

Let A, B, C be three magnitudes, and D, E, F other three, which 
have the same ratio, taken two and two, but in a cross order ; viz. as 
AistoB, soisEtoF, and as B is to C, so is D to E. If A be greater 
than C, D shall be greater than F ; and if equal, equal ; and if less, 
less. 

Because A is greater than C, and B is any other magnitude, A has 
to B a greater ratio (8. y.) that C has to B : 

But asEtoF,8oisAto B; therefore (13. v.) E has to 
F a greater ratio than C to B : 

And because B is to C, as D to E, by inversion, C is to 
B, as E to D : 

And E was shown to have to F a gpreater ratio than C 
to B; therefore E has to F a greater ratio than E to a 
(Cor. 13. v.)D: 

But the magnitude to which the same has a greater ratio ^ 
than it has to another, is the less of the two (10. v.) ; F 
therefore is less than D ; that is, D is greater than F. 

Secondly, let A be equal to C; D shall be equal to F. 

Because A and G are equal, A is (7. v.) to B, as C is to B : 

But A is to B, as E to F ; and G is to B, as E 
to D ; wherefore E is to F, as E to D (11. v.) ; and 
therefore D is equal to F (9. v.). 

Next, let A be less than C : D shall be less than 
F. For C is greater than A ; and, as was shown, C 
is to B, as E to D, and in like manner B is to A, as 
F to E ; therefore F is greater than D, by case first ; 
and therefore, D is less than F. Therefore, if there 
be three, etc. <^ b. d. [\ 
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PROPOSITIOJ^ XXIL 

Theos. If there be any number of nuxgnitudet^ amd cu many others^ 
lohichy taken two and two in order ^ have the same ratio ; thefiret 
shall have to the last of the first magnitudes, the same ratio which 
the first of the others nets to the last, N.B. This is usually cited 
by the words " ex squali/' or " ex sBquo.'*. 

First, let there be three magnitudes, A B, C, and as many others, 

D, E, F, which, taken two and two, have the same ntio ; that is, such 
that AistoB, asDto£;aiidasBlsioC, soisEteF: Asfaall be 
toCasDtoF. 

Take of A and D any equimultiples whatever 6 and H; and of B 
and E any equimultiples wliatever K and L ; and* of C and F any 
whatever M and N : 

Then, because A is to B, as D to E, and that Gr, H are equimulti- 
ples of A, D, and K, L equimultiples of B, E ; 
as 6 is to £[, so is (4. 1^0 ^ to L: 

For the same reason, K is to M, as L to N : 
and because there are three magnitudes G,K,M, a. 
and other three H, L, N, which, two and ^ 
two, have the same ratio ; if G be greater than 
M, H is greater than N ; and if equal, equal ; 
and if less, less (20. ▼.) : 

And G, H are any equimulfipies whatever 
of A, D {Comstr.y, and M, Naie any equimul- 
tiples of C, F ; therefore {Def), as A is to C, 
so is D to F. 

Next, let there be four magnitudes. A, B, C, D, and otiier four 

E, F, G, H, which, two and two, have the same ratio, -. ^' 
viz., as AistoB, soisE toF; and as B to C, so F to ^^iV h' 
G; andasCtoD,soG4oH: A shaU be to D, as E Lzlliri^ 
toH. 

Because A, B, C are three magnitudes, and £, F, G otiier three, 
which, taken two and two, have the same ratio ; by the foregoing case, 
AistoC, asEtoG: 

But C is to D, as G to H ; wherefore agiun, by the first case, A is 
to D, as E to H ; and so on, whatever be the number of magnitudes. 
Therefore, if there be any number, etc. q. b. d. 
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PROPOSITION XXIIL 

Theor. If there be any number of magnitudes, and as many others, 
which ^ taken two and two in a cross order, have the same ratio: the 
first shall have to the last of the first magnitudes, the same ratio 
which the first of the others has to the last. N. B. This is usually 
cited by the words ** ex sequali in proportione perturbat^ ;" or " ex 
aequo perturbato.** 

First, let there be three magnitudes A, B, C, and other three, D, E, F, 
which, taken two and two in a cross order, have the same ratio ; that 
is, such, that A is to B, as E to F ; and as B is to C, so is D to E : 
A is to C, as D to F. 
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Take of A, B, D any equimiildpfei whatever G, H, K; and of 
C^EyF any equimultiples whatever L,M»N:t 

And because G, H are equimultiples o 
A, B, and that magiitades have the same 
ratio which their equimultiples have (15. v.) ; 
asAistoB, soisGtoH: 

And for tlie same neasoa, as E is to F, so 
is M to N : 

But as A is to B, so is E to F ; as there- 
fore G is to Hy so is M to N (11. v.). 

And because as B is to C, so is D to E, 
and that H, K are equimultiples of B, D, and 
Ly M of Cy E ; as H is to L, so is (4. v.) K 
toM. 

And it has been shown that G is to H, as 31 to N ; 

Then^ because there are three magnitudes G, H, L, and other three 
Kf M^ N, which have the same ratio taken two and ^wo in a cross 
order ; if G be greater than L, K is greater than N ; and if equal, 
equal ; and if less, less (21. v.) : 

And G, K are any equimultiples whatever of A, D ; and L, N any 
whatever of C, F ; as, therefore, A is to C (5 JJef. v.), so is D to F. 

Next, let there be four magnitudes A, B, C, D, and other four 
E, F, G, H, which, taken two and two in a crosi order, 
have the same ratio, viz., A toB,asGtoH; BtoC, as 
FtoG; andC toD,asEtoF: A is to D, as £ to R 



A R C. D. 
E. F. G. H. 



Because A, B, C are three magnitudes, and F, G, H other three, 
which, taken two and two in a cross order, have die same ratio ; by the 
first case, A is to C, as F to H : 

But C is to D, as £ is to F ; wherefore again, by the first case, A is 
to D» as E to H : and so on, whatever be the number of magnitudes. 
Therefore, if there be any number, etc q. jb. b. 



PROPOSITIOJ^ XXIV, 

Thsob. Jf the firH. hat to the second the same ratio which the third 
hcu to the fourth^ and the/ifth iotheseeond the tame ratio which the 
six^ has to the fourth J the first and fifth together shaU have to the 
second, the same ratio which the third and sixth together have to the 
fourth. 

Let AB the first have to C the second, the same ratio which DE the 
third has to F the fourth ; and let BG the fifth have to C «| 
the second, the same ratio which EH the sixth has to F the 
fourth : AG the first and fifth together, shall have to C the 
second, the same ratio which DH the third and sixth to- e 
gether, has to F the fourth. 

Because BG is to C, as EH to F; by invension, C is to 
BG (-B. v.), as F to EH : 

And because, as AB is to C, so is DE to F ; and as C 
to BG, so F to EH; ex sequali (22. v.), AB is to BG, as 
DEtoEH: a 

And because these magnitudes are proportionals, they shall likewise 
be proportionals when taken jointly (18. v.) ; as therefore AG is to GB, 
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60 18 DH to HE: but as 6B {Hyp,) to C, so is HE to F: therefore 
ex aequali (22. v.), as AG is to C, so is DH to F. Wherefore, if 
the first, etc. q. b. d. 

Cob. I. If the same hypothesis be made as in the proposition, the 
excess of the first and fifth shall be to the second as the excess of the 
third and sixth to the fourth. The demonstration of this is the same 
with that of the proposition, if division be used instead of compo- 
sition. 

Cor. 2. The proposition holds true of two ranks of magnitudes, 
whatever be their number, of which each of the first rank has to the 
second magnitude, the same ratio that the corresponding one of the 
second rank has to a fourth magnitude ; as is manifest. 



PROPOSITION XXV. 

Theob. If four magnitudes of the same kind are proportionals^ the 
greatest and lecut of them together are greater than the other two 
together* 

Let the four magnitudes AB, CD, E, F be proportionals, viz. AB 
to CD, as E to F ; and let AB be the greatest of them, and conse- 
quently F the least (A, and 14. v.) : AB together with F» are greater 
than CD together with E. 

Take AG CKqual to E, and CH equal to F: 

Then because as AB is to CD, so is E to F, and that AG is equal to 

E, and CH equal to F; AB is to CD, as AG to CH : 
And because AB the whole, b to the whole CD, as AG is 

to CH, likewise the remainder GB shall be to the re- 
mainder HD, as the whole AB is to the whole (19. v.) 
CD: 

But AB is greater than CD ; therefore {A. v.) GB is 
g^reater than HD: 

And because AG is equal to E, and CH to F; AG 
and F together, are equal to CH and E together : 

If therefore to the unequal magnitudes GB, HD, of which GB is the 
greater, there be added equal magnitudes, viz. to GB the two AG and 

F, and CH and E to HD ; AB and F together, are greater than CD 
and E. Therefore, if four magnitudes, etc. q. e. d« 
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PROPOSITION F. 

Theob. Ratios which are compounded of the same ratios^ are the same 

with one another. 

Let A be to B, as D to E ; and B to C, as E to F : the ratio which 
is compounded of the ratios of A to B, and B to C, which. 



by the definition of compound ratio, is the ratio of A to C, is a. B. C. 
the same with the ratio of D to F, which, by the same defi- D. K F. 
nition, is compounded of the ratios of D to E, and E to F. 

Because there are three magnitudes A, B, C, and three others 
D, E, F, which, taken two and two in order, have the same ratio, ex 
tequali A is to C, as D to F (22. v.). 

Next, let A be to B, as E to F, and B to C, as D to E; therefore 
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ex €equali in proporHone perturhatd (23. v.), A is to C, as D to F ; 
that is, the ratio of A to C, which is compounded of the 
ratios of A to B, and B to C, is Uie same with the ratio of A. B. C. 
D to F, which is compounded of the latios of D to £, and D. £. F. 

E to F. And in like manner the proposition may be de- 

monstratedy whatever be the number of ratios in either case* 



ExEBCiSES ON Book V. 



1. Certain of the following properties have been proved in the Fifth 
Book, respecting four proportional magnitudes A, B, C, D : let the 
student point out which and where ; and prove the remaining ones. 

Hypothesis, A : B :: C : D ; 
then (1) A:C::B:D; 

(2) B:A::D:C; 

(3) B:D::A:C; 
A ±B: A::C ±D:C; * 
A ±B::B::C ±D:D; 



(4) 
(5) 




A: C; 

B:D; 

C + D;C-D; 

A - B : C - D. 



(6) A ± B : C ± D 
A±B:C±D 
A + B : A - B 
A + B: C+D 

2. Some of these are true when A, B are of a species different from 
that of C, D : let the student say which, and tell why. 

3. Let m and n be any numbers, rational or irrational : then 

mA : nB :: mC : »D. 

4. IfmA = A',nB = B',mC = C',and«D=D' show that the pro- 
portions (1) to (9i are true of A', B', C, D*. 

5. If A : B: :B : C; then A±B is greater or less than B±C, ac- 
cording as A is greater or less than B. 

6. If there be several ratios, each of which is greater or less than 
another ratio, then the ratio of the sum of the antecedents of the first 
named ratios to the sum of the consequents will be respectively greater 
or less than that other ratio. 

7. If the first of four magnitudes have a greater ratio to the second 
than the third has to the fourth ; then, 

(a) The second will have to the first a less ratio than the fourth 
to the third : — 

(h) The first will have to the third a greater ratio than the 
second has to the fourth : — 

(e) If the first be the greatest, the fourth will be the least, and 
vice versd .^— 

{d) The first and second together will have to the second a 
greater ratio than the third and fourth together have to the fourth. 

8. Prove the converses of these ; and in all the cases show whether 
the truth be confined to the case of the four magnitudes being of the 
same kind or not. 

9. If two magnitudes which have a ratio be each increased by equal 
magnitudes ; then the ratio of the magnitudes thus composed will be 



y 



110 SI7CIJI>*8 SLEXSim. 

increased or diminished according as the arigioal antecedent is less or 
greater than the consequent* 

10. Show also what takee place tI ^ otigtml antecedent and con- 
sequent be diminished by equal magnitudes. 

11. (a.) If any nomber of magnitudes be eontinned proportionalBf^ 
their successiTe differences will also be prop o r ti onals,. 

(ft.) Are they continued proportionals ? 

12. The ratio compounded of the ratios in the preceding proposition 
is greater than any of the component ratios. 

13. (a.) Generally, a ratio compounded of ratios the whole of which 
are <rf greater or lesft inequality will be itself a ratio of respectively 
greater or less inecytality \ aiKi likewise respectively greater or less 
than each of the eoanNment ratioe. 

(6) What is the ratio compounded of several ratios of equality ? 

14. If four magnitudes be proportionals, the ratio compounded of 
the ratio of one pair and the inverse ratio of the other pair is a ratio 
of equality. 

15. If three magnitudes be propordonak, the two extreme terms 
together are greater than double the mean term. 

[This is sometimes expressed by saying that the arithmetical 
mean is greater than the g^metrieal.] 

16. Let any number of pairs of magnitudes have the safne ratio :^ 
AlsOy let any number of the antecedents be combined in any possible 
way by addition or subtraction, or both ; and the corresponding con- 
sequents be combined in the same order :r— 

And likewise, let any other combination of othar antecedents, or of 
the same, or of some of the former and some of the other, be similarly 
made, and the same combination of the corresponding consequents ; — 

Then the first combined antecedents will have to the corroponding 
combined consequents the same ratio that the latter has to the latter. 

17. Of what proposition in the fifth Book is the preceding an ex- 
tension ? and what conditions are essential amongst the magnitudes so 
combined, as r egards tpectei f 

18. Let A:B:C:D: . . • • zlV'be continued porpor- 
tionals; thenabowiB 

A±B:B±C:C±D: : M ± N 

be continued proportionals. 

19. Make the same hypothesis as in the preceding proposition ; let 
also a series of magnitudes, .be taken increasing or decreasing by the 
difference of A and B, according as A is less or greater than B, of 
which A is the first: if these be A, B, CT, D', ... . N', then 
throughout the series C, D', . • . N' will respectively be greater than 
C, D, . . . N. 

20. If two multiplicate ratios of the same number of ratios (as both 
duplicate, both triplicate, etc), be the same, then the fundamental 
ratios will be also the same. 

[This theorem is important, and nnut be demonstrated by the pupil. 
The method ex abnardo is perhaps the most simple.] 
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1. SmvLASL rectiliaeal figures are those whidft bave tlieir sereni 
an^es equal^ eack to each, and the sides about the equal angles pre- 





2. ^Beciprocal figures, viz. triangles and parallelogTams, are such 
'' as have their sides about two of their angles proportionals in such a 
" manner, that a side of the fint figure is to a side of the other, as the 
** re m a ining side of tho other is to the remaining side of the firat.*' 

3. A straight line is said to be cut in extreme and mean ratio, when 
the whole is to the greater segment as the greater segment is to 
the less. 

4. The altitude of any figure is the stia^^ line drftwn from its 
vertex perpendicular to the base* 




PBOPOSITIONS- 



PROPOSITION L 

Th£0&, Triangles and paraHelograms of the same altitude are one to 

another as their bases. 

Let the triangles ABC, ACD, and the parallelograms EC, CF, 
have the same altitude, viz. the perpendicular drawn from the point A 
to BD; then, as the base BC is to the base CD, so ib the triangle 
ABC to the triangle ACD, and the parallelogTam EC to the parallel- 
ogram CF. 

Produce BD both ways to the points H, L, and (3. i.) take any 
number of straight lines BG, 6H, each w m f 

equal to the base BC ; and DK, KL, any A^^V^ / 

number of them, each equal to the base ^' ^^ ' 

CD ; and join AG, AH, AK, AL: 

Then, because CB, BG, GH are all 
equal, the triangles AHG, AGB, ABC // ^ / V \ X 
are all equal (38. x.) : therefore, whatever h ^ » c 
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multiple the base HC is of the base BC, the same multiple is the 
triangle AHC of the triangle ABC. 

For the same reason, whatever multiple the base LC is of the base 
CD, the same multiple is the triangle ALC of the triangle ADC : 

And if the base HC be equal to the base CL, the triangle AHC is 
also equal to the triangle ALC (38. i.) : and if the base HC be greater 
than the base CL, likewise the triangle AHC is greater than the tri- 
angle ALC ; and if less, less : 

Therefore, since there are four magnitudes, viz. the two bases BC, 
CD, and the two triangles ABC, ACD ; and of the base BC, and the 
triangle ABC, the first and third, any equimultiples whatever have been 
taken, viz. the base HC and triangle AHC ; and of the base CD and 
triangle ACD, the second and fourth, have been taken any equimulti- 
ples whatever, viz. the base CL and triangle ALC ; and that it has 
been shown that, if the base HC be g^reater than the base CL, the tri- 
angle AHC is gpreater than the triangle ALC ; and if equal, equal ; 
and if less, less : therefore (5 Def. v.), as the base BC is to the base 
CD, so is the triangle ABC to the triangle ACD. 

And because the parallelogram CE is double of the triangle ABC, 
(41. 1.) and the parallelogram CF double of the triangle ACD, and 
that magnitudes have the same ratio which their equimultiples have 
(15.V.) ; as the triangle ABC is to the triangle ACD, so is the paral- 
lelogram EC to the parallelogram CF : 

And because it has been shown, that, as the base BC is to the base 
CD, so is the triangle ABC to the triangle ACD ; and as the triangle 
ABC is to the triangle ACD, so is the parallelogram EC to the paral- 
lelogram CF ; therefore, as the base BC is to the base*CD, so is (1 1. v.) 
the parallelogram EC to the parallelogram CF. Wherefore, triangles, 

etc. Q. £. D. 

CoB. From this it is plain, that triangles and parallelograms that 
have equal altitudes, are one to another as their bases. 

Let the figures be placed so as to have their bases in the same straight 
line ; and having drawn perpendiculars from the vertices of the tri- 
angles to the bases, the straight line which joins the vertices is parallel 
to that in which their bases are (33. i.), because the perpendiculars are 
both equal and parallel (28. i.) to one another. Then, if the same 
construction be made as in the proposition, the demonstration will be 
the same. 

PROPOSITION II. 

Theob. If a straight line he drawn parallel to one of the sides of a 
triangle^ it shall cul the other sides, or these produced, proportionally : 
and if the sides, or the sides produced, be cut proportionally, the 
straight line which Joins the points of section shall lie parallel to the 
remaining side oftM triangle. 

Let DE be drawn parallel to BC, one of the sides of the triangle 
ABC : BD is to DA, as CE to EA. 

Join BE, CD : 

Then the triangle BDE is equal to the triangle CDE (37. i.), 
because they are on the same base DE, and between the same parallels 
DE, BC. 

ADE is another triangle; and equal magnitudes have the same 
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ratio to the same magnitude (7. v.) ; therefore, as the triangle BDE is 
to the triangle ADE, so is the triangle CDE to the triangle ADE : 
But as the triangle BDE to the triangle ADE, so is (1. vi.) BD to 






DA, because, having the same altitude, viz. the perpendicular drawn 
from the point E to AB, they are to one another as their bases ; and 
for the same reason, as the triangle CDE to the triangle ADE, so is 
CE to EA : 

Therefore, as BD to DA, so isCE to EA (11. v.). 

Next, let the sides AB, AC of the triangle ABC, or these produced 
be cut proportionally in the points D, E, that is, so that BD be to DA, 
as CE to EA ; and join DE : DE is parallel to BC. 

The same construction being made, because as BD to DA, so is CE 
to EA ; and as BD to DA, so is the triangle BDE to the triangle 
ADE (1. VI.) ; and as CE to EA, so is the triangle CDE to the triangle 
ADE ; therefore (11. v.) the triangle BDE is to the triangle ADE, as 
the triangle CDE to the triangle ADE ; that is, the triangles BDE, 
CDE have the same ratio to the triangle ADE ; and therefore (9. v.) 
the triangle BDE is equal to the triangle CDE ; and they are on the 
same base DE : but equal triangles on the same base are between the 
same parallels (39. i.) ; therefore DE is parallel to BC. Wherefore, 
if a straight line, etc. q. e. d. 



PROPOSITION III. 

Theob. If the angle of a triangle be divided into two equal angles, by 
a straight line which also ctUs the base, the segments of the base 
shall have the same ratio which the other sides of the triangle have 
to one another : and if the segments of the base have the same ratio 
which the other sides of the triangle have to one another, the straight 
line draton from the vertex to the point of section divides the vertical 
angle into two equal angles. 

Let the angle BAC of any triangle ABC be divided into two equal 
triangles by die straight line AD ; BD is to DC, as B A to AC. 

Through the point C draw CE parallel (31. i.) to DA, and let BA 
produced meet CE in E. 

Because the straight line AC meets the 
parallels AD, EC, the angle ACE is equal to 
the alternate angle CAD (29. i.) : but CAD, 
by the hypothesis, is equal to the angle BAD ; 
wherefore BAD is equal to the angle ACE. 

Again, because the straight line BAE meets > 
the parallels AD, EC, the outward angle BAD is equal (29. i.) to tlie 
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inward and opposite angle A£C : but the angle ACE has been proved 
equal to the angle BAD ; therefore also AC£ is equal to the angle 
AEC, and consequently the side AE is equal to the side (6. i.) AC : 

And because AD is drawn parallel to one of the sides of the tri- 
angle BCE, viz. to EC ; BD is to DC, as BA to AE (2. vi.) : 

But AE is equal to AC ; therefore, as BD to DC, so is BA to AC 
(7. v.). 

Let now BD be to DC, as BA to AC, and join AD ; the angle 
BAC b divided into two equal angles by the straight line AD. 

The same construction being made ; because, as BD to DC, so is 
BA to AC ; and as BD to DC, so is BA to AE, because AD is 
parallel to EC (2. vi*) ; therefore BA is to AC, as BA to AE 
(11. v.): 

Consequently AC is equal to AE (9. v.), and the angle AEC is 
therefore equal to the angle ACE (5. i.) : . 

But the angle AEC is equal to the outward and opposite angle 
BAD ; and the angle ACE is equal to the alternate angle CAD 
(29. I.) : wherefore also the angle BAD is equal to the angle CAD ; 
therefore the angle BAC is cut into two equal angles by the straight 
line AD. Therefore, if the angle, etc. q. £. d. 

PROPOSITION A. 

Theob. ijf the outward angle of a triangle made by producing one of 
its sides ^ be divided into two equal angles by a straight line which 
also cuts the base produced, the segments between the dividing line 
and the extremities of the base have the same ratio which the other 
sides of the triangle have to one another ; and if the segments of the 
base produced have the same ratio which the other sides of the tri- 
angle have, the straight line drawn from the vertex to the point of 
section divides the outward angle of the triangle into two equal 
angles. 

Let the outward angle CAE of any triangle ABC be divided into 

^ two equal angles by the straight line AD 
which meets the base produced in D : BD is 
to DC, as BA to AC. 

Through C, draw CF parallel to AD 
(31.1.): 
_ And because the straight line AC meets 
D the parallels AD, FC, the angle ACF is 
equal to the alternate angle CAD (29. i.) : but CAD is equal to the 
angle DAE (^5^.); therefore also DAE is equal to the angle 
ACF. 

Again, because the straight line FAE meets the parallels AD, FC, 
the outward angle DAE is (29. i.) equal to the inward and opposite 
angle CFA : but the angle ACF has been proved equal to the angle 
DAE ; therefore also the angle ACF is equal to the angle CFA, and 
consequently the side AF is equal to the side AC (6. i.) : 

And because AD is parallel to FC, a side of the triangle BCF ; BD 
is to DC, as BA to AF (2. vi.) : 

But AF is equal to AC ; as therefore BD is to DC (7. vi.), so is BA 
to AC. 
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Let now BD be to DC, as BA to AC, and join AD; the angle 
CAD is equal to the angle DAE. 

The same construction being made ; because BD is to DC, as BA to 
AC : and that BD is also to DC, as BA to AF (2. vi.) ; therefore BA 
h to AC, as BA to AF (1 1. v.) ; wherefore AC is equal to AF {9, v.), 
and the angle AFC equal (5. i.) to the angle ACF : 

But the angle AFC is equal to the outward angle FAD (29. i.), and 
the angle ACF to the alternate angle CAD ; therefore also £AD is 
equal to the angle CAD. Wherefore, if the outward, etc. Q. £. i>. 

PROPOSITION IV. 

Theob. The sides about the equal angles of equiangular triangles are 
proportionals ; and those which are opposite to the equal angles are 
homologous sides j that is, are the antecedents or consequents of the 
ratios. 

Let ABC, DCE be equiangular triangles, liaving the angle ABC 
equal to the angle DC£, and the angle ACB 
to the angle DEC ; and consequently (32. i. and 
3 Ax.) tho angle BAC equal to the angle CDE : 
the sides about the equal angles of the triangles 
ABC, DCE, are proportionals; and those are 
the homologous sides, which are opposite to the 
equal angles. 

Let the triangle DCE be placed so tliat its side 
CE may be contiguous to BC, and in the same straight line with it : 
and because the angles ABC, ACB are together less than two right 
angles (17. i.), ABC, and DEC, which is equal {Hyp.) to ACB, are 
also less than two right angles; wherefore B A, ED produced shall meet 
(12. Ax. I.) : let them be produced and meet in the point F : 

And because the angle ABC is equal to the angle DCE, BF is 
parallel (28. i.) to CD : again, because the angle ACB is equal to the 
angle DEC, AC is parallel to FE (28. i.) ; therefore FACD is a 
pamUelogram, and consequently AF is equal to CD, and AC to FD 
(34. I.) : 

And because AC is parallel to FE, one of the sides of the triangle 
FBE, BA is to AF, as BC to CE (2. vi.) : but AF is equal to CD ; 
therefore (7. v.), as BA to CD, so is BC to CE ; and alternately (16. v.), 
as AB to BC, so is DC to CE : 

Again, because CD is parallel to BF, as BC to CE, so is FD to 
DE (2. VI.) : but FD is equal to AC ; therefore (7. v.), as BC to CE, 
so is AC to DE : and alternately (16. v.), as BC to C A, so CE to ED : 

Therefore, because it has been proved that AB is to BC, as DC to 
CE ; and as BC to CA, so CE to ED ; ex eequali (22. v.), BA is to 
AC, as CD to DE. Therefore the sides, etc. q. e. d. 

PROPOSITION V. 

Theob. If the sides of two triangles^ about each of their angles^ he pro- 
portionalSf the triangles shall be equiangular, and have their equal 
angles opposite to the homologous sides. 

Let the triangles ABC, DEF have their sides proportionals, so that 

i2 
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AB is to BC, as DE to EF ; and BC to 
C A, as EF to FD ; and consequently, ex 
aequali, B A to AC, as ED to DF : the tri- 
angle ABC is equiangular to the triangle 
DEF, and their equal angles are opposite ^' 
to the homologous sides, viz., the angle 
ABC equal to the angle DEF, and BCA to 
EFD, and also BAC to EDF. 

At the points E, F, in the straight line EF, make (23. i.) the angle 
FEG equal to the angle ABC, and the angle EFG equal to BCA ; 

Wherefore the remaining angle BAC is equal to the remaining angle 
EGF (32. I.) ; and the triangle ABC is therefore equiangular to the 
triangle GEF ; and consequently they have their sides opposite to the 
«qual angles proportionals (4. vi.). Wherefore, as AB to BC, so is GE 
to EF : but as AB to BC \Hyp,)^ so is DE to EF ; therefore, as DE 
to EF, so (11. V.) GE to EF ; therefore DE and GE have the same 
ratio to EF, and consequently are equal (9. v.) : 

For the same reason, DF is equal to FG : 

And because, in the triangles DEF, GEF, DE is equal to EG, and 
EF common, the two sides DE, EF are equal to the two GE, EF, each 
to each ; and the base DF is equal to the base GF ; therefore the angle 
DEF is equal (8. i.) to the angle GEF, and the other angles to the 
other angles which are subtend^ by the equal sides (4. i.) : wherefore 
the angle DFE is equal to the angle GFE, and EDF to EGF : 

And because the angle DEF is equal io the angle GEF, and GEF 
to the angle ABC ; therefore the angle ABC is equal to the angle 
DEF : for the same reason, the angle ACB is equal to the angle DFE, 
and the angle at A equal to the angle at D : therefore the triangle 
ABC is equiangular to the triangle DEF. Wherefore, if the sides, etc. 

Q. E. D. 

PROPOSITION VI. 

Theor. If two triangles have one angle of the one equal to one angle 
of the other^ and the sides about the equal angles pr(yportioncds^ the 
triangles shall be equiangular, and shall have those angles equal 
which are opposite to the homologous sides. 

Let the triangles ABC, DEF have the angle BAC in the one equal 
to the angle EDF in the other, and the sides about those angles pro- 
portionals ; that is, BA to AC, as ED to DF : the triangles ABC, 
DEF are equiangular, and have the angle ABC equal to the angle 
DEF, and ACB to DFE. 

At the points D, F, in the straight line DF, make (23. i.) the angle 
FDG equal to either of the angles BAC, 
EDF ; and the angle DFG equal to the angle 
ACB : / \ o c 

Wherefore the remaining angle at B is equal 
to the remaining one at G (32. i.) ; and con- 
sequently the triangle ABC is equiangular to 
the triangle DGF ; and therefore as BA to 
AC, so is (4. VI.) GD to DF : but by the hypo- ^ 
thesis, as BA to AC, so is ED to DF ; as tlierefore ED to DF, so is 
(11. V.) GD to DF; wherefore ED is equal (9. v.) to DG : 
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And DF is common to the two triangles EDF, GDF ; therefore the 
two sides £D, DF are equal to the two sides GD, DF, each to each ; 
and the angle EDF {Constr.) is equal to the angle GDF; wherefore 
the base £F is equal to the base FG (4. i.), and the triangle EDF to 
the triangle GDF, and the remaining angles to the remaining angles, 
each to each, which are subtended by tlie equal sides ; therefore the 
angle DFG is equal to the angle DFE, and the angle at G to the 
angle at E : 

But the angle DFG is equal to the angle ACB ; therefore the angle 
ACB is equal to the angle DFE : and the angle BAC is equal to the 
angle EDF {Hyp.) ; wherefore also the remaining angle at B is equal 
to the remaining angle at E: therefore the triangle ABC is equi- 
angular to the triangle DEF. Wherefore, if two triangles, etc. 
Q. £. p. 

PROPOSITION VII. 

Theor. If two triangles have one angle of the one eqtml to one angle 
of the other^ and the sides about two other angles proportionals; then^ 
if each of the remaining angles be either less^ or not less, than a rigJU 
angle, or if one of them be a right angle, the triangles shall be equi 
angular, and have those angles eqttal about which the sides are pro 
portionals. 

Let the two triangles ABC, DEF have one angle in the one equal 
to one angle in the other, viz., the angle BAC to the angle EDF, and 
the sides about two other angles ABC, DEF proportionals, so that AB 
is to BC, as DE to EF ; and, in the first case, let each of the remaining 
angles at C, F be less than a right angle : the triangle ABC is equi- 
angular to the triangle DEF, viz., the angle ABC is equal to the angle 
DEF, and the remaining angle at C equal to the remaining angle at F. 

For if the angles ABC, DEF be not equal, one of them is greater 
than the other : let ABC be the greater, and at the point B, in the* 
straight line AB, make the angle ABG equal 
to the angle (23. i.) DEF : 

And because the angle at A is equal to the 
angle at D, and the angle ABG to the angle 
DEF, the remaining angle AGB is equal 
(32. 1.) to the remcdning angle DFE : therefore 
the triangle ABG is equiangular to the triangle DEF; wherefore 
(4. VI.) as AB is to BG, so is DE to EF : but as DE to EF, so, by 
hypothesis, is AB to BC ; therefore as AB to BC, so is AB to BG 
(11. V.) : and because AB has the same ratio to each of the lines BC, 
BG ; BC is equal (9. v.) to BG ; and therefore the angle BGC is equal 
to the angle BCG (5. i.) : 

But the angle BCG is, by hypothesis, less than a right angle ; there- 
fore also the angle BGC is less than a right angle, and the adjacent 
angle AGB must be greater than a right angle (13. i.) : 

But it was proved that the angle AGB is equal to the angle at F ; 
therefore the angle at F is greater than a right angle : but, by the 
hypothesis, it is less than a right angle ; which is absurd. Therefore 
the angles ABC, DEF are not unequal, that is, they are equal : and 
the angle at A is equal {Sf/p») to the angle at D ; wherefore the re- 
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PROPOSITION XI. 

Pros. To find a third proportional to two given straight lines. 

Let AB, AC be the two given straight lines, and let them be placed 
so as to contain any angle ; it is required to find a third proportional to 

AB, AC. 

Pfjdduce AB, AC, to the points D, E ; and make BD equal to AC 
(3. I.); andliaving joined BC, through D, draw DE pa- 
rallel to it (31. I.) : 

Because BC is parallel to DE, a side of the triangle 
ADE, AB is (2. vi.) to BD, as AC to CE : 

But BD is equal to AC ; as therefore AB to (7. v.) 

AC, so is AC to CE. Wherefore, to the two given 
straight lines AB, AC, a third proportional CE is found. 
Which was to be done, 

PROPOSITION XII. 
Pbob. To find a fourth proportional to three given straight lines. 

Let A, B, C be three given straight lines ; it is required to find a 
fourth proportional to A, B, C. 

Take two straight lines, DE, DF, containing any angle EDF ; and 
upon these make DG equal to A, GE equal 
to B, and DH equal to C; and having 
joined GH, draw^EF parallel (31. i.) to it 
through the point E : 





And because GH is parallel to EF, one / \ _ft>- 

of the sides of the triangle DEF, DG is to ^/ \„ S. 

GE, as DH to HF (2. vi.) : but DG is equal 
to A, GE to B, and DH to C ; therefore, 
as A is to B (7. v.), so is C to HF. Where- 
fore, to the three g^ven straight lines A, B, C, a fourth proportional 
HF is found. Which was to be done. 

PROPOSITION XIIL 

Prob. To find a tnean proportional between two given straight 

lines. 

Let AB, BC be the two given straight lines; it is required to find a 
mean proportional between them. 

Place AB, BC in a straight line, and upon 
AC describe the semicircle ADC ; and from the 
point B draw (11. i.) BD at right angles to AC, 
and join AD, DC. 

Because the angle ADC in a semicircle is a ^ 
right angle (31. iii.), and because in the right- 
angled triangle ADC, DB is drawn from the right angle perpendicular 
to the base, DB is a mean proportional between AB, BC the segments 
of the base {Cor. 8. vi.). Therefore, between the two given straight 
lines AB, BC, a mean proportional DB is found. Which was to be 
done. 
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PROPOSITION XIV. 

Theor. Eqiud parallelograms which have one angle of the one eqttal 
to one angle of the other ^ have their sides about the eqital angles 
reciprocal^ proportional : and parallelograms thcU have one angle 
of the one equcd to one angle of the other ^ and their sides about the 
equal angles reciprocally proportional^ are equal to one another. 

Let AB, BC be equal parallelograms which have the angles at B 
equal, and let the sides DB, BE be placed in the same straight line ; 
wherefore also FB, BG are in one straight line (14. i.). The sides of 
the parallelograms AB, BC about the equal angles are reciprocally pro- 
portional ; that is, DB is to BE, as GB to BF. 

Complete the parallelogram FE : 

And because the parallelogram AB is equal to BC {Hyp.\ and that 
FE is another parallelogram, AB is to FE, as BC to FE (7. v.) : 

But as AB to FE, so is the base DB to BE (1. vi.) ; and as BC to 
FE, so is the base of GB to BF ; therefore, as DB to BE, so is GB to 
BF ( 1 1 . v.). Wherefore, the sides of the parallel- 
ograms AB, BC about their equal angles are reci- 
procally proportional. 

But, let the sides about the equal angles be reci- 
procally proportional, viz. as DB to BE, so GB to 
BF ; the parallelogram AB is equal to the paral- 
lelogram BC. • • 

Because, as DB to BE, so is GB to BF; and as DB to BE (1. vi.), 
so is the parallelogram AB to the parallelogram FE ; and as GB to 
BF, so is the parallelogram BC to the parallelogram FE ; therefore, 
(11. V.) as AB to FE, soBC to FE : wherefore the parallelogram AB 
is equal (9. v.) to the parallelogram BC. Therefore, equal parallelo- 
gpnms, etc. q. e. b. 

PROPOSITION XV. 

Theor. Equal triangles which have one angle of the one equal to one 
angle of the other, have their sidss about the eqttal angles recipro- 
cally proportional; and triangles which have one angle in the one 
equal to one angle in the other^ and their sides about the equal angles 
reciprocally proportional^ are equal to one another. 

Let ABC, ADE be equal triangles, which have the angle BAC 
equal to the angle DAE ; the sides about the equal angles of the tri- 
angles are reciprocally proportional ; that is, CA is to AD, as EA to 
AB. 

Let the triangles be placed so that their sides CA, AD be in one 
straight line ; wherefore abo EA and AB are in one straight line 
(14. I.); and join BD. 

Because the triangle ABC is equal to the triangle ADE, and that 
ABD is another triangle ; therefore as the triangle 
CAB is to the triangle BAD, so is triangle EAD 
to triangle DAB (7. v.) : 

But as triangle CAB to triangle BAD, so is tlie 
base CA to AD (1. vi.) ; and as triangle EAD to 
triangle DAB, so is the base EA to AB (1. vi.) ; as 
therefore CA to AD, so is EA to AB (11. v.): ® 
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wherefore the sides of the triangles ABC, ADE about the equal angles 
are reciprocally proportional. 

But let the sides of the triangles ABC, ADE about the equal angles 
be reciprocally proportional, viz. CA to AD, as EA to A6 ; the tri- 
angle ABC is equal to the triangle ADE. 

Having joined BD as before ; because, as CA to AD, so is E A to 
AB ; and as CA to AD, so is triangle ABC to triangle BAD (1. vi.) ; 
and as EA to AB, so is triangle EAD to triangle BAI) (1. ti.) ; there- 
fore (1 1 . V.) as triangle BAC to triangle BAD, so is triangle EAD to 
triangle BAD ; that is, the triangles BAC, EAD have the same ratio 
to the triangle BAD : wherefore the triangle ABC is equal (9. v.) to 
the triangle ADE. Therefore, equal triangles, etc Q. £. d. 

PROPOSITION XVI. 

Theob. If four straight lines he proportionals^ the rectangle contained 
by the extremes is eqiud to the rectangle contained by the means : 
and if the rectangle contained by the extremes be equal to the rect- 
angle contained by the means^ the four straight lines are propor- 
tionals. 

Let the four straight lines AB, CD, E, F, be proportionals, viz. as 
AB to CD, so E to F ; the rectangle contained by AB, F, is equal to 
the rectangle contained by CD, E. 

From the points A, C, draw (11. i.) AG, CH at right angles to 
AB, CD ; and make AG equal to F, and CH equal to E ; and com- 
plete the parallelograms BG, DH : 

Because, as AB to CD, so is E to F; and that E is equal to CH, 

and F to AG; AB is (7. v.) to CD, as CH e 

to AG : therefore the sides of the parallelo- 
g^ms BG, DH about the equal angles, are 
reciprocally proportional but parallelog^ms 
which have their sides about equal angles 
reciprocally proportional are equal to one 
another (14. vi,) ; therefore the parallelogram 
BG is equal to the parallelogram DH : 

And the parallelogram BG is contained by the straight lines AB, 
F, because AG is equal to F; and the parallelogram DH is contained 
by CD and E, because CH is equal to E ; therefore the rectangle con- 
tained by the straight lines AB, F is equal to that which is contained 
by CD and E. 

And if the rectangle contained by the straight lines AB, F, be equal 
to that which is contained by CD, E ; these four lines are propor- 
tionals, viz. AB is to CD, as E to F. 

The same construction being made ; because the rectangle contained 
by the straight lines AB, F, is equal to that which is contained by CD, 
E, and that the rectangle BG is contained by AB, F, because AG is 
equal to F ; and the rectangle DH by CD, E, because CH is equal to 
E ; therefore the parallelogram BG is equal to the paraUelogram DH ; 

And they are equiangular : but the sides about the equal' angles of 
equal parallelograms are reciprocally proportional (14. vi.) : wherefore, 
as AB to CD, so is CH to AG : and CH is equal to E, and AG to 
F ; as therefore AB is to CD (7. v.), so is E to F. Wherefore, if four, 

etc. Q. £. D. 
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PEOPOSITION XVII. 

Theoe. If three straight lines be proportionals, the rectangle contained 
by the extremes is equal to the square of the mean; and if the rect- 
angle contained by tJte extremes be equal to the square of the mean, 
the three straight lines are praportioncds. 

Let the three straight lines A, B, C be proportionals, viz. as A to 
B, so B to C ; the rectangle contained by A, C is equal to the square 
of B: 

Take D equal to B ; 

And because as A to B, so B to C, and that B is equal to D ; A is 

(7. V.) to B, as D to C: but if four a 

straight lines be proportionals, the rect- d- 

angle contained by the extremes is equal d- 

to that which is contained by the means c- 

( 16. VI.); therefore the rectangle contained , 

by A, C, is equal to that contained by B, 

D : but the rectangle contained by B, D "" 

is the square of B ; because B is equal to D ; therefore the rectangle 

contained by A, C is equal to the square of B. 

And if the rectangle contained by A, C be equal to the square of B ; 
A is to B, as B to C. 

The same construction being made ; because the rectangle contained 
by A, C is equal to the square of B, and the square of B is equal to 
the rectangle contained by B, D, because B is equal to D ; therefore 
the rectangle contained by A, C is equal to that contained by B, D : 
but if the rectangle contained by the extremes be equal to that con- 
tained by the means, the four straight lines are proportionals (16. vi.) ; 
therefore A is to B, as D to C : but B is equal to D ; wherefore, as A 
to B, so B to C. Therefore, if three straight lines, etc. q. e. d. 

PROPOSITION XVIII. 

Pkob. Upon a given straight line to describe a rectilineal figure^ 
similar^ and similarly situated^ to a given rectilineal figure. 

Let AB be the given straight line, and CDEF the given rectilineal 
figure of four sides ; it is required, upon the given straight line 
AB, to describe a rectilineal figure, similar, and similarly situated, to 
CDEF. 

Join DF, and at the points A, B, in the straight line AB, make 
(23. 1.) the angle BAG equal to the angle 
at C, and the angle ABG equal to the 
angle CDF; 

Therefore the remaining angle CFD is 
equal to the remaining angle AGB 
(32. I.) : wherefore the triangle FCD is ^ 
equiangular to the triangle GAB : again, 
at the points G, B, in the straight line GB, make (23. i.) the anp:le 
BGH equal to the angle DFE, and the angle GBH equal to FDE ; 
therefore the remaining angle FED is equal to the remaining angle 
GHB, and the triangle FDE equiangular to the triangle GBH : 
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Then, because the ao^le AGB is equal to the angle CFD, and BGH 
to DFE, the whole angle AGH is equal to the whole CF£ : for the 
same reason, the angle ABH is equal to the angle CDE ; also the 
angle at A is equal to tite angle at C, and the angle GHB to FED ; 
therefore the rectilineal figure ABHG is equiangular to CDEF : 

But likewise these figures have their sides about the equal angles 
proportionals ; because the triangles GAB, FCD being equiangular, 
BA is (4. VI.) to AG, as DC to CF ; and because AG is to GB, as 
CF to FD ; and as GB to GH, so, by reason of the equiangular tri- 
angles BGH, DFE, is FD to FE ; therefore, ex aequali (22. v.), AG 
is to GH, as CF to FE : 

In the same manner it may be proved that AB is to BH, as CD to 
DE : and GH is to IIB, as FE to ED (4. vi.). 

Wherefore, because the rectilineal figures ABHG, CDEF are equi- 
angular, and have their sides about the equal angles proportionals, they 
are similar to one another (1 Def. vi.). 

Next, let it be required to describe upon a given straight line AB, a 
rectilineal figure, similar, and similarly situated, to the rectilineal figure 
CDKEF. 

Join DE, and upon the given straight line AB describe the recti- 
lineal figure ABHG, similar, and similarly situated, to the quadri- 
lateral figure CDEF, by the former case : and at the points B, H, in 
the straight line BH, make the angle HBL equal to the angle EDK, 
and the angle BHL equal to the angle DEK ; therefore, the remaining 
angle at K is equal to the remaining angle at L (32. i.) : 

And because the figures ABHG, CDEF are similar {Constr,), the 
angle GHB is equal to the angle FED : and BHL is equal to DEE ; 
wherefore the whole angle GHL is equal to the whole angle FEK : 
for the same reason, the angle ABL is equal to the angle CDK ; there- 
fore the five-sided figures AGHLB, CFEKD are equiangular : 

And because the figures AGHB, CFED are similar, GH is to HB, 
as FE to ED ; and as HB to HL, so is ED to EK (4. vi.) ; therefore, 
ex aequali (22. v.) GH is to HL as FE to EK : 

For the same reason, AB is to BL as CD to DK : 

And BL is to LH as (4. vi.) DK to KE, because the triangles 
BLH, DKE are equiangular : 

Therefore, because the five-sided figures AGHLB, CFEKD are 
equiangular, and have their sides about the equal angles proportionals, 
they are similar to one another : and in the same manner a rectilineal 
figure of six or more sides may be described upon a given straight line 
similar to one given, and so on. Which was to be done. 

PROPOSITION XIX. 

Theor. Similar triangles are to one another in the duplicate ratio of 

their homologous sides. 

Let ABC, DEF be similar triangles, having the angle B equal to 
the angle E, and let AB be to BC, as DE to EF, so that the side BC 
is homologous to EF (12 Def. v.): the triangle ABC has to the 
triangle DEF the duplicate ratio of that which BC has to EF. 

Take BG a third proportional to BC, EF (11. vi.), so that BC is to 
EF, as EF to BG, and join GA : 
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Then, because, as AB to BC, so DE to EF ; alternately (16. v.), 
AB is to DE, as BC to EF: but as BC to 
EF, so is EF to BG ; therefore (11. y.), as 

AB to DE, so is EF to BG. Wherefore j// \ p 

the sides of the triangles ABG, DEF, 
which are about the equal angles, are reci- 
procally proportional : ^ 

But triangles, which have the sides about 
two equal angles reciprocally proportional, are equal to one another 
(15. VI.) ; therefore the triangle ABG is equal to the triangle DEF : 

And because as BC is to EF, so EF to BG ; and that if three 
straight lines be proportionals, the first is said (10 Def. v») to have 
to the third the duplicate ratio of that which it has to the second ; 
BC therefore has to BG the duplicate ratio of that which BC has to 
EF: 

But as BC to BG, so is (1. vi.) the triangle ABC to the triangle 
ABG ; therefore the triangle ABC has to the triangle ABG the dupli- 
cate ratio of that which BC has to EF : but the triangle ABG is equal 
to the triangle DEF ; wherefore also the triangle ABC has to the tri- 
angle DEF the duplicate ratio of that which BC has to EF. There- 
fore, similar triangles, etc. Q. e. d. 

Cor. From this it is manifest, that if three straight lines be propor- 
tionals, as the first is to the third, so is any triangle upon the first, to a 
similar and similarly described triangle upon the second. 



PROPOSITION XX. 

Theob. Similar polygons may be divided into the same number of 
similar triangles, having the same ratio to one another that the 
polygons have ; and the polygons have to one another the duplicate 
ratio of that which tlteir homologous sides have. 

Let ABODE, FGHKL be similar polygons, and let AB be the 
homologous side to FG: the polygons ABODE, FGHKL may be 
divided into the same number of similar triangles, whereof each to each 
has the rame ratio which the polygons have ; and the polygon ABODE 
has to the polygon FGHKL, the duplicate ratio of that which the side 
AB has to the side FG. 

Join BE, EC, GL, LH : 

And because the polygon ABODE is similar to the polygon FGHKL, 
the angle BAE is equal to the angle GFL (1 Def vi.), and BA is to 
AE, as GF to FL (1 JDef. vi.) : 

Wherefore, because the triangles ABE, FGL have an angle in one 
equal to an angle in the other, and their sides about these equal angles 
proportionals, the triangle ABE is equiangular (6. vi.), and therefore 
similar, to the triangle FGL (4. vi.) ; wherefore the angle ABE is 
equal to the angle FGL : 

And because the polygons are similar, the whole angle ABC is equal 
(1 Def, VI.) to the whole angle FGH ; therefore the remaining angle 
EBC is equal to the remaining angle LGH : 

And because the triangles ABE, FGL are similar, EB ia to BA, as 
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LG to GF (1 Def. vi.) ; and also, because the polygons are similar, 
AB is to BC,as FG to GH (1 Def. 
VI.) ; therefore, ex aequali (22. v.), 
£B is to BC, as LG to GH ; that 
is, the sides about the equal angles ^ 
EBC, LGH are proportiooals ; 
therefore (6. vi.) the triangle EBC 
is equiangular to the triangle LGH, 
and similar to it (4. vi.) ; for the same reason, the triangle ECD like- 
wise is similar to the triangle LHK : therefore the similar polygons 
ABODE, FGHKL are divided into the same number of similar tri- 
angles. 

Also these triangles have, each to each, the same ratio which the 
polygons have to one another, the antecedents being ABE, EBC, ECD, 
and the consequents FGL, LGH, LHK : and the polygon ABCDE 
has to the polygon FGHKL, the duplicate ratio of that which the side 
AB has to the homologous side FG. 

Because the triangle ABE is similar to the triangle FGL, ABE haa 
to FGL, the duplicate ratio (19. Ti.) of that which the side BE has to 
the side GL : 

For the same reason, the triangle BEC has to GLH the duplicate 
ratio of that which BE has to GL ; therefore, as the triangle ABE is 
to the triangle FGL, so (11. v.) is the triangle BEC to the triangle 
GLH. 

Again, because the triangle EBC is similar (6. vi.) to the triangle 
LGH, EBC has to LGH, the duplicate ratio of that which the side EC 
has to the side LH (4. vi.) : 

For the same reason, the triangle ECD has to the triangle LHK, 
the duplicate ratio of that which EC has to LH : as therefore the tri- 
angle EBC to the triangle LGH, so is (11. v.) the triangle ECD to 
the triangle LHK : 

But it has been proved, that the triangle EBC is likewise to the 
triangle LGH, as the triangle ABE to the triangle FGL ; 

Therefore, as the triangle ABE is to the triangle FGL, so is tri- 
angle EBC to triangle LGH, and triangle ECD to triai^le LHK : 

And therefore, as one of the antecedents to one of the consequents, 
so are all the antecedents to all the consequents (12. t.) ; wherefore, as 
the triangle ABE to the triangle FGL, so is the polygon ABCDE to 
the polygon FGHKL : but the triangle ABE has to the triangle FGL, 
the duplicate ratio of that which the side AB has to the homologous 
side FG; therefore also the polygon ABCDE has to the polygon 
FGHKL the duplicate ratio of that which AB has to the homologous 
side FG. Wherefore, similar polygons, etc. q. e. d. 

Cor. 1. In like manner it may be proved, that similar four-sided 
figures, or of any number of sides, are one to another in tlie duplicate 
ratio of their homologous sides, and it has already been proved in tri- 
angles; therefore, universally, similar rectilineal figures are to one 
another in the duplicate ratio of their homologous sides. 

Cob. 2. And if to AB, FG, two of the homologous sides, a third 
proportional M be taken, AB has (10 Ikf, y.) to M the duplicate ratio 
of that which AB has to FG : but the four-sided figure or polygon 
upon AB, has to the four-sided figure or polygon upon FG, likewise 
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the duplicate ratio of that which AB has to FG ; therefore, as AB is 
to M, so is the iigure upon AB to the figure upon FG ; which was also 
proved in triangles {Cor, 19. vi.) ; therefore, universally, it is manifest, 
that if three straight lines be proportionals, as the first is to the third, 
so is any rectilineal figure upon the first, to a similar and similarly 
described rectilineal figure upon the second 



PROPOSITION XXI. 

Theob. Rectilineal figures^ which are similar to the same rectilineal 

figure^ are also similar to one another. 

Let each of the rectilineal figures A, B be similar to the rectilineal 
figure C : the figure A is similar to the ^gure B. 

Because A is similar to C, they are equiangular, and also have their 
sides about the equal angles proportionals (1 I)ef. vr.) : 

Again, because B is similar to C, they are equiangular, and have 
their sides about the equal angles pro- 
portionals (1 Drf. VI.) : 

Therefore the figures A, B are each 
of them equiang^ular to C, and have the 
sides about the equal angles of each of 
them, and of C, proportionals. Wherefore the rectilineal figures A 
and B are equiangular (1 Ax, i.), and have their sides about the equal 
angles proportionals (11. v.) : therefore A is similar (1 Def, vi.) to B. 
Therefore, rectilineal figures, etc. q. e. d. 



PROPOSITION XXII. 

Theob. If four straight lines be proportionals^ the similar rectilineal 

^figures similarly described tqxm them shall also be proportionals : 

and if the similar rectilineal figures similarly described upon four 

straight lines be proportionals, those straight lines shall be propor^ 

tionals. 

Let the four straight lines AB, CD, £F, Gil be proportionals, viz. 
AB to CD as £F to GH : and upon AB, CD let the similar recti- 
lineal figures KAB, LCD be similarly described ; and upon £F, GH 
the similar rectilineal figures MF, NH, in like maimer : the rectilineal 
figure KAB is to LCD, as MF to NH. 

To AB, CD, take a third proportional (11. vi.) X; and to EF, 
GH, a third proportional O : 

And because AB is to CD as EF to GH ; and that CD is (11. v^ 
to X as GH to O ; wherefore, ex aequali (22. v.), as AB to X, so EF 
toO: 

But as AB to X, so is the rectilineal KAB to the rectilineal LCD, 
and as EF to O, so is (2 Cor. 20. vi.) the rectilineal MF to the recti- 
lineal figure NH; therefore, as KAB to LCD, so (11. v.) is MF to 
NH. 

And if the rectilineal KAB be to LCD as MF to NH ; the straight 
line AB is to CD as EF to GH. 
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Make (12. vi.) as AB to CD, so EF to PR ; andupon Pit describe 

K 




'V3 

P R 

(18. VI.) the rectilineal figure SR, similar and similarly situated to 
either of the figures MF, NH : 

Then, because as AB to CD, so is EF to PR, and that upon AB, 
CD are described the similar and similarly situated rectilineals KAB, 
LCD, and upon EF, PR, in like manner, the similar rectilineals 
MF, SR ; KAB is to LCD, as MF to SR : but, by the hypothesis, 
KAB is to LCD, as MF to NH ; and therefore, the rectUineal MF 
having the same ratio to each of the two NH, SR, these are equal 
(9. V.) to one another : they are also similar, and similarly situated ; 
therefore GH is equal to PR : 

And because as AB to CD, so is EF to PR, and that PR is equal to 
GH ; AB is to CD, as EF to GH. If therefore four straight lines, 
etc. Q. E. D. 

PROPOSITION xxin. 

Theoe. Equiangtdar parallelograms have to one another the ratio 
which is compounded of the ratios of their sides. 

Let AC, CF be equiangular parallelograms, having the angle BCD 
equal to the angle ECG : the ratio of the parallelogram AC to the 
parallelogram CF, is the same with the ratio which is compounded of 
the ratios of their sides. 

Let BC, CG be placed in a straight line ; therefore DC and CE are 
also in a straight line (14. i.) ; and complete the parallelogram DG ; 
and taking any straight line K, make (12. vi.) as BC to CG, so K to 
L ; and as DC to CE, $o make (12. vi.) L to M : therefore the ratios 
of K to L, and L to M, are the same with the ratios of the sides, viz. 
of BC to CG, and DC to CE. But the ratio of K to M is that which 
is said to be compounded {A, Def v.) of the ratios of K to L, and L 
to M : wherefore also K has to M the ratio compounded of the ratios 
of the sides : 

And because as BC to CG, so is the paral- 
lelogram AC to the parallelogram CH (1. vi.) : 
but as BC to CG, so is K to L ; therefore K 
is (11. V.) to L, as the parallelogram AC to 
the parallelogram CH : 

Again, because as DC to CE, so is the pa- 
rallelogram CH to the parallelogram CF ; but 
as DC to CE, so is L to M ; wherefore L is 
(1 1. V.) to M, as the parallelogram CH to the 
parallelogram CF ; therefore since it has been 
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proved, that as K to L, so is the parallelogram AC to the parallelogram 
CH ; and as L to M, so the paurallelogram CH to the parallelogram 
CF ; ex eequali (22. v.), K is to M, as the parallelogram AC to the 
parallelogram CF : but K has to M the ratio which is compounded of 
the ratios of the sides ; therefore also the parallelogram AC has to the 
parallelogram CF the ratio which is compounded of the ratios of the 
sides. Wherefore, equiangular parallelograms, etc. q. e. d. 

PROPOSITION XXIV. 

Theob. The parallelograms about the diameter of any paraUelogarmy 
are similar to the wholes and to one another. 

Let ABCD be a parallelogram, of which the diameter is AC ; and 
EG, HK the parallelograms about the diameter : the parallelograms 
£6, HK are similar both to the whole parallelogram ABCD, and to 
one another. 
. Because DC, 6F are parallels, the angle ADC is equal (29. i.) to 
the angle AGF : 

For the same reason, because BC, EFare parallels, the angle ABC is 
equal to the angle AEF : 

And each of the angles BCD, EFG is equal to the opposite angle 
DAB (34 I.), and therefore are equal to one another; wherefore tiie 
parallelogprams ABCD, AEFG are equiangular : 

And because the angle ABC is equal to the angle AEF, and the 
angle BAC common to the two triangles BAC, EAF, they are equian- 
gular to each other ; therefore (4. vi.) as AB to BC, so is AE to EF : 

And because the opposite sides of peu-allelogprams are equal to one 
another (34. i.), AB (7. v.) is to AD, as AE to 
AG ; and DC to CB, as GF to FE ; and also CD 
to DA, as FG to GA ; therefore the sides of the 
parallelograms ABCD, AEFG about the equal 
angles. are proportionals; and they are therefore 
similar to one another (I Def. vi.) : for the same 
reason the parallelog^m ABCD is similar to the 
parallelogpram FHCK : wherefore each of the parallelograms GE, KH 
is similar to DB : but rectilineal figures which are similar to the same 
rectilineal figure, are also similar to one another (21. vi.) ; therefore the 
parallelogram GE is similar to KH. Wherefore the parallelograms, 

etc. Q. E. D. 

PROPOSITION XXV. 

pROB. To describe a rectilineal figure which shall be similar to one^ 
and eqiial to another ^ given rectilineal figure. 

Let ABC be the given rectilineal figure to which the figure to be 
described is required to be similar, and D that to which it must be 
equal : it is required to describe a rectilineal figure similar to ABC, 
and equal to D. 

Upon the straight line BC, describe {Cor. 45. i.) the parallelog^m 
BE equal to the figure ABC ; also upon CE describe (Cor. 45. i.) the 
parallelogram CM equal to D, and having the angle FCE equal to the 
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angle CBL ; therefore BC and CF are in a straight line (29. i., 14. i.), 
as also L£ and EM: between BC and CF find (13. vi.) a mean pro- 
portional 6H; and upon GH describe (18. vi.) the rectilineal figure 
E6H, similar and similarly situated to the figure ABC : 

And because BC ia to GH as GH to CF; and if three straight 
lines be proportionals, as the first is to the third, so is (2 Cor. 20. vi.) 
the figure upon the first to the similar and similarly described figure 
upon the second ; therefore as BC to CF, so is the rectilineal figure 
ABC to KGH : 

But as BC to CF, so is (1. yi.) the parsHelogfam BE to the paral- 
lelogram EF ; therefore, as the rectilineal figure ABC is to KGH, so 
is the paraDeldgiam BE to tiie parallelogram EF (11. v.) ; 

And the iBcmineal figfure ABC is equal (jConstr,) to the parallel- 
ogxam BE; therefi>re the rectilineal figure KGH is equal (14. v.) to 




the pandldogram EF : bat EF is equal to the figure D ; wherefore also 
KGH is eqiul to D ; and it is similar to ABC. Therefore the recti- 
lineal figure KGH has been described similar to the figure ABC, and 
equal to D. Which was to be done. 

PROPOSITION XXVI. 

Thbob. If two similar parallelograms have a common amgkj and be 
similarly situated^ theg are about ike same diameter. 

Let the parallelogTams ABCD, AEFG be similar and similarly 
situated, and have &e angle DAB common : ABCD and AEFG are 
about the same diameter. 

For, if not, let if possible the parallelogram BD have its diameter 
AHC in a different straight line from AF, the diar 
meter of the paraHelogiam EG ; and let GF meet 
AHC in H$ and through H draw HK parallel to 
to AD or BC ; 

Therefore the parallelograms ABCD, AKHG 
being about the same diameter, they are similar to 
one another (24. ti.) : wherefore as DA to AB, so 
is (1 Def. VI.) GAto AK: 

But because ABCD and AEFG are similar (Svp,) parallelograms, 
a8DAistoAB,soisGAtoAE; ^x- / x— 

Therefore (11. v.) as GA to AE, so GA to AK : wherefore 6A has 
the same ratio to each of the strsdght lines AE, A l^ ; and, conse- 
quently, AK is equal (9. v^ to AE, the less to the greater, which is 
impossible; therefore ABCTD and AKHG are not about the same 
diameter : wherefore ABCD and AEFG must be about the same dia- 
meter. Therefore, if two similar, etc. q. b. d. 

[As Propositions 27, 28, 29, of this Book are never referred to 
subsequently, they are not retained in the Course.] 
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PROPOSITION XXX, 
P&OB. To cut a given straight line in extreme and mean ratio* 

Let AB be the givoi straight line; it is required to cut it in extreme 
and mean ratio. 

Divide AB in the peint D, so that the reetangle eontamed by AB, 
BD, be equal to the square of AD (11. n.) : 

Then, because the rectangle AB, BD is equal to the square of AD ; 
as BA to AD, so is AD to DB (17. vi.) : therefore AB 
m cut in extreme and mean ratio in D (3 J}e/, ▼!.)• ^ ° ~* 
Wfajeh was to be done. 

PROPOSmOlf XXXI. 

Tbbos» Jk right-angled irianglee^ ife reetUineal Jlgnre deterged 
upon the side opposite to the right angUy is eqmal to the similar 
and simUarlg deserihed JigwteM ttpon As sides cmUaimng the right 
angk^ 

Let ABC be a right-angled trian^, having the rig^t angle BAC: 
the rectUineal figure described upon BC is equal to the similar and simi- 
larly described ^pures upon B A^ AC. 

Draw the perpendicular AD : 

Therefore, because in the right-angled triangle ABC, AD is drawn 
firom the right angle at A, perpendicular to tiie oase BC, the triangles 
ABD,. ADC axe similar to the whole triangle ABC, and to one another 
(a VI.) t 

And because the tdan^ ABC is similar to ABD ; as CB is to BA, 
so is BA to BD (4. yi.) : and because these three straight lines are 
preportionaLi, as tiie first is to the third, so is tiie figure upon the first to 
the similar and similarly described figure upon the second (2 Cor^ 
20. vr.): theiefine as CB to BD, so is Ac figure 
upon CB to the aindlar and nmilaily described figure 
upon BA : and inversely ( J9. v.), as DB to BC, so is 
the figure upon BA to that upon BC r 

For the same reason, as DGtoCB, so is thefigtne 
upon CA to that upon CB : 

WherefcMe as BD and DC together to BC, so aie the figoM iqion 
BA, AC to that iqp BC (24. y.) : 

But BD and DC together are equal to BC ; theiefine the figure 
described upon BC is equal {A. y.) to the annilar and similarly 
described figures cm BA, AC. Where!fine> in ng^it-aoglad triangles, 
etc. q. B. B. 

PROPOSITION XXXTI. 

Thkor. If two triangles^ which have two sides qfthe one proportional 
to two sides of the other, he joined at one angU^ so as to hone their 
. homologous sides parallel to one another , the remaining sides shall 
be in a straight line. 

Let ABCf DCE be two triangles which have the two sides BA, AC 
proportional to the two CD, DB, viz. BA to AC, as CD to DE ; and 

k2 
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let AB be parallel to DC, and AC to DE : BC and CE are in a 
straight line. 

Because AB is parallel to DC, and the straight line AC meets them, 
the alternate angles BAC, ACD are equal (29. i.) : 

For the same reason, the angle CDE is equal to 
the angle ACD ; wherefore a^ BAC is equal to 
CDE: 

And because the triangles ABC, DCE have one 
angle at A equal to one at D, and the sides about these angles propor- 
tionals, viz. BA to AC, as CD to DE, the triangle ABC is equi- 
angular (6. Yi.) to BCE ; therefore the angle ABC is equal to the 
angle DCE : 

And the angle BAC was proved to be equal to ACD ; therefore the 
whole angle ACE is equal to the two angles ABC, BAC : 

Add the common angle ACB, then the angles ACE, ACB are equal 
to the angles ABC, BAC, ACB : 

But A^C, BAC, ACB are equal to two right angles (32. i.) ; there- 
fore also the angles ACE, ACB are equal to two right angles : and 
since at the point C, in the straight line AC, the two straight lines BC, 
CE, which are on the opposite sides of it, make the adjacent angles 
ACE, ACB equal to two right angles, therefore (14. i.) BC and CE 
are in a straight line. Wherefore, if two triangles, etc. q. e. d. 

PROPOSITION XXXIII. 

Theor. In equal circles^ angles, whether at the centres or drcumfer- 
encesy have the same ratio which the circumferences on which they 
stand have to one another ; so also have the sectors. 

Let ABC, DEF be equal circles ; and at their centres the angles 
BGC, EHF, and the angles BAC, EDF at their circumferences ; as 
the circumference BC to the circumference EF, so is the angle BGC 
to the angle EHF, and the angle BAC to the angle EDF ; and also 
the sector BGC to the sector EHF. 

Take any number of circumferences CK, KL, each equal to BC, 
and any number whatever FM, MN, each equal to EF ; and join GK, 
GL, HM, HN. 

Because the circumferences BC, CK, EL are all equal, the angles 
BGC, CGK, EGL are also all equal (27. iii.) ; therefore what multi- 
ple soever the circumference BL is of the circumference BC, the same 
multiple is the angle BGL of the angle BGC : 

For the same reason, whatever multiple the circumference EN is of 
the circumference EF, the same multiple is the angle EHN of the 
angle EHF : 

And if the circumference BL be equal to the circumference EN, the 
angle BGL is also equal (27. iii.) to the 
angle EHN ; and if the circumference BLA 
be greater than EN, likewise the angle 
BGL is greater than EHN ; and if less, 
less: 

There being then four magnitudes, the 
two circumferences BC, EF, and the two ngles BGC, EHF ; of the 
circumference BC, and of the angle BGC, have been taken any equi- 
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multiples whatever, viz. the circamferenoe BL, and the angle BGL ; 
and of the circumference EF, and of the angle £HF, any equimultiples 
whatever, viz. the circumference EN, and the angle EHN ; and it has 
been proved, that if the circumference BL be greater than EN, the 
angle BGL is greater than EHN ; and if equal, equal ; and if less, 
less : as therefore the circumference BC to the circumference EF, so 
(5 Bef. V.) is the angle BGC to the angle EHF : 

But as the angle BGC is to the angle EHF, so is (15. v.) the angle 
BAG to the angle EDF, for each is double of each (20. iii.) ; there^ 
fore, as the circumference BO is to EF, so is the angle BGC to the 
angle EHF, and the angle BAC to the angle EDF. 

Also, as the circumference BC to EF, so is the sector BGC to the 
sector EHF. Join BC, CK, and in the circumferences BC, CK take 
any points X, O, and join BX, XC, CO, OK : 

Then, because in the triangles GBC, GCE, the two sides BG, GO 
are equal to the two CG, GK, and that they contain equal angles ; 
the base BC is equal (4. i.) to the base CK, and the triangle GBC to 
the triangle GCK : 

And because the circumference BC is eaual to the circumference 
CK, the remaining part of the whole circumference of the circle ABC, 
is equal to the remaining part of the whole circumference of the same 
circle: therefore the angle BXC is equal (27. iii.) to the angle 
COK ; and the segment BXC is therefore similar to the segment COK 
(11 Def. iif.) ; and they are upon equal straight lines BC, CK : 

But similar segments of circles upon equal straight lines are equal 
(24. III.) to one another ; therefore the segment BJalC is equal to the 
B^ment COK : 

And the triangle BGC is equal to the triangle CGK ; therefore the 
whole, the sector BGC, is equal to the whole, the sector CGK: 

For the same reason, the sector KGL b equal to each of the sectors 
BGC, CGK: 

In the same manner, the sectors EHF, FHM, MHN may be proved 
equal to one another : 

Therefore, what multiple soever the circumference BL is of the cir* 
cumferenoe BC, the same multiple is the sector BGL of the sector 
BGC : for the same reason, whatever multiple the circumference EN 
is of EF, the same multiple is the sector 
EHN of the sector EHF : and if the cir- 
cumference BL be equal to EN, the sector 
BGL is equal to the sector EHN ; and if 
the circumference BL be greater than EN, 
the sector BGL is greater than the sector 
EHN ; and if less, less : 

Since, then, there are four magnitudes, the two circumferences BC, 
EF, and the two sectors BGC, EHF ; and of the circumference BC, 
and sector BGC, the circumference BL and sector BGL are any equi* 
multiples whatever ; and of the circamferenoe EF, and sector EHF, 
the circumference EN, and sector EHN, are any equimultiples what- 
ever ; and that it has been proved, if the circumference BL be greater 
than EN, the sector BGL is greater than the sector EHN ; and if equal, 
equal ; and if less, less : therdPore (5 Def. v.), as the circumference BC 
is to the circumference EF, so is the sector BGC to the sector EHF. 
Wherefore* in equal circles, etc. q. e. d. 
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PROPOSITION B. 

TsECfB. Jfcoi angU of a triangle he bisected by a straight line which 
likewise cuts the base, the rectangle contained by the sides of the tri* 
angle is equal tojhe rectangle contained by the segments of the base^ 
together with the square of the straight line bisecting the angle. 

Let ABC be a triangle, and let the angle BAC be bisected by the 
straight line AJD : the rectangle BA, AC is equal to die rectangle BD, 
DC, together with the square of AD. 

DesCTibe the circle (5. iv.) ACB about the triangle, and produce AD 
to the circumference in £, and jom £C : 

Then because the angle B.^ is equal to the angle CAE, and the 
angle ABD to the angle (2L iii.) A£C, lor th^ aze 
in the same segment, the triangles ABD, A£C are 
equiangular to one anotherT 

Therefbie as B A to AD, so is (4. vx.) EA to AC; 
and eonsequoitly the rectangle BA, AC is equal (16. 
VI.) to the rectangle EA, AD ; that is (3. u.\ to the 
rectangle ED, DA, toffeUier with the squaro o(t AD: 
~ But the rectangle ED, DA is equal to the jwotangle (36. iii.) HD, 
DC ; therefore the rectangle BA, AC is «qual to the rectangle BD, 
DC, together with the square of AD. Wherefine, if an angle, etc. 

PROPOsrrroN c. 

Thxob. jffjrom amy angle ^a triangle a straight line be drawn per^ 
pendicwar to the base, the rectangle contained by the sides of the 
triangle is equal to the rectangle contained by thejperpsmdicmlar and 
the diameter of the circle described about the triangle. 

Let ABC be a triangle, and AD the perpendicuhor from the angle 
A to the base BC : the rectangle BA, AC is equal to the rectan^ 
edntained by AD and the diameter cxf the cnde dcocri bed about the 
triangle. 

DesDiibe (5. iv.) the circle ACB about Ae taangle, and dmw its 
^diameter AE, and join EC : 

Because the right angle BDA is eqval (31. ni^ to 
the angle ECA in a semicircle, and the angle ABD to 
the angle AEC in the same segment (21. iiz.) ; the tri- 
an^es ABD, AEC are equiai^hr; 

Therefore as (4. vi.) BA to AD, so is EA to AC ; 
and consequently the rectangle BA, AC is eqnJ (16. 
yi.) to the rectangle EA, AD. If, theseforo, from any angle, etc. 

Q. E. D. 

PROPOSITION D. 

Theoe. The rectangle contained by the diaganals of a quadrUatenad 
inscribed in a circle, is equed to hothUk rectsmgles fotmtaimed by its 
opposite sides. 

Let ABCD be any quadrilateral mscribed in a circle, and join AC, 
BD : the rectangle contained by AC, BD is equal to the two rect- 
angles contained by AB, CD, and by AD, BC* 

* This is a Lemma of 01. Ptolomsevs, in page 9 of his Uty^n s^m^if. 
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Make the angle ABE equal to the angle DBC ; 

Add to each of these the oommon angle EBD, then the angle ABD 
is equal to the angle EBC : and theangle BDA Is equal 
(21. m.) to the angle BCE, because they are in the 
same segment; therefore the triangle ABD is eqm- 
angular to the triangle BC£: whmfore (4. ▼!«), as 
BC is to CE, 80 is BD to DA; and conseqnendy the 
reetmgle BC, AD is equal (16. Ti.) to the rectangle 
BD, CE : 

Agfl&n, because the ai^le ABE is equal to the ai^;le DBC, and the 
angle (21. in.) BA£ to the angle BDC, the triangle ABE is equi- 
ai^ttiar to the triangle BCD ; as therefore BA to AE, so b BD to 
DC ; wherefore the rectangle BA, DC is equal to the rectangle BD, 
AE: 

But the rectangle BC, AD has been shown equal to the rectangle 
BD, C^ ; therefore the whde rectangle AC, BD (1. ii^ is equal to 
the rectangle AB, DC, together with the reetengle AD, BC. There- 
fore, the rectangle, etc. q. s. d. 
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1. If perpendiculari be drawn Snm the angles of a triangle to the 
opposite sides : — 

(a) They will he to one another in the reciprocal ratio of the 
sides upon which they fall : 

(b) Each pair will cut off a pair of similar right-angled tri- 
angles firom the original triangle ; which are to be specifically 
assigned, and the sta to aa cB t with respeet to them proved. 

2. Triangles which have equal or supplementary angles are to one 
another in a ratio compounded of the ratios of their containing sides. 

And conversely, if two triangles be to one another in a ratio com- 
pounded of the ratios of their sides, the angles contained by those 
sides are either equal or supplementary. 

Give, in oonnexioB witii this, the enunciataoa of ti. 28, in its most 
general form. 

8. Prove m. 85, 86, 87, by means of similar triangles. 

4. Given the ratio of two lines, and either their sum, difference, reet* 
angle, sum of equares, or difference of the squu«s, to find those lines. 

1. Homologous lines will divide similar reetilineal figures into 
figures which Bare einnlar each to its henolegeias one. 

6. lines drawn homologoasly (wfae^ier from the angular points or 
otherwise) to homologoos points of similar figures, will make the 
homologous angfles equal, each to each ; and will have, each to each, 
the same ratio. 

7. If two aimilar figures have one side parallel to its homologous 
one, then lines joining the hom<^ogous angles intersect in the same 
poinL 

[In certain cases, two such points m^ exist. It will be a good 
eaercise to diaeover those cases.] 

8. Similar rectilineal figures are to one another in the ratio eom- 
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pounded of the ratios of any two lines anyhow drawn in the one to 
two lines drawn homologously to them in the other. 

What does this become when the homologous lines are homologous 
sides of the figure? And what when both are repetitions of the same 
side of each figure ? 

9. Triangles and parallelograms are to one another in a ratio com- 
pounded of the ratios of their bases and the ratio of their perpen- 
diculars. Generalise this by taking lines equally inclined to the bases, 
instead of the perpendiculars. 

10. Draw a perpendicular from the right angle to the hypothenuse 
of a right-angled triangle : then the sides about the right angle are to 
one another in the sub-duplicate ratio of the adjacent segments of the 
hypothenuse ; and the diameters of the circles inscribed in the two 
partial triangles are to one another as the adjacent sides of the original 
triangle. 

11. Circles inscribed, escribed, and circumscribed to similar tri- 
angles, have their respective diameters in the same ratio that the 
homologous sides of the triangles have.* 

12. Having two lines given, it is required to add to them, to take 
from them, or to add to one and take from the other, lines in a given 
ratio, so that the sum, difference, or ratio of the two final lines shall 
be also given. 

13. Through a given point to draw a line terminated by a given 
circle, such that the sum, difference, or ratio of its segments made at 
that point shall be given. 

14. Given the ratio of the sides and the vertical angle of a triangle, 
to construct it when the third datum is — 

[a) The base; 

b) The radius of the circumscribed circle ; 
(c) The sum or difference of the sides ; 

f) The rectangle under the sides ; 
(e) The perpendicular from the vertex to the base ; 
(/) The line from the vertex to the middle of the base ; 

The radius of the inscribed circle ; 

The radius of the circle escribed to the base. 

15. Given any three of the radii of the five circles, viz., the circum- 
scribed, the inscribed, and the three escribed, to construct the triangle. 

[Many elegant properties are connected with the solution of this 
problem.] 

16. Similar polygons, whether inscribed in or described about 
circles, have their perimeters in the ratio of the diameters of those 
circles, and their areas in the duplicate ratio of those diameters ; and 
one inscribed polygon will be to the other in the same ratio as the 
corresponding circumscribed polygon is to the other. 

17. Let two triangles ABC, A'B'C have their bases AB, A'B' 
situated in the same indefinite line ; and let CC be drawn to cut this 
line in D : then will the triangles have to one another a ratio com- 
pounded of the ratios of the bases AB : A'B', and of the distances of 
their vertices from the point of intersection DC : DC 



iff) 

(A 



* A circle which touches one ride of a triangle and the other two sides produced 
is called an escribed circle. 
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Examine in detail the cases : — 

(a) When D is infinitely remote, or CC parallel to AB' ; 

(b) When the bases AB, A'B' are equal ; 

(c) When the bases are identical also in position ; 

(d) When the vertices are in the same line perpendicular to 
the base ; 

(e) When the triangles are on diflferent sides of the line in 
which their bases are situated. 

18. Take the figure to i. 47. Let FG, HK be produced to meet 
in B ; and let P, Q be the intersections of FC, KB, with the sides AB, 
AC respectively, and N that of AL, BC. Then, it b required to 
prove that — 

(a) The lines FG, HK intersect in AN produced : 

(b) The s^^ents AF, AQ are equal ; and if lines be drawn 
from P and Q respectively parallel to AC and AB, they will 
meet in AL : 

(jc) The points K, A, F are in a straight line. 

. (d) Let AD, AE intersect BC in S, T ; and let Z be the 

intersection of CF, BK in AN. Then 

BS : ST : : ST : TC ; or BS.TC = ST" : 
SN:NZ::NZ:NT;orSN.NT = NZ*: 
BS:AZ : :AZ: CT; orBS.CT = AZ*. 

Properties of this figure appear to be inexhaustible. Upwards of 
fifty are given by Mr. Bransby in Vol. Ill* of the '* Math. Bepos. •" 
and as geometrical exercises in earlier life,,,! once deduced about ten 
times that number. They appeared at the end to be more plentiful 
than at the beginning. 

19. Turn to the figure in iv. 10, and show that 

(a) AC*-CB« = AC.CB: 

(b) AC:CB:2V5-1:3-V5: 
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GEOMETRY OF PLANES AND SOUDS. 

PBEXJMINABT KOTSL 

Two or tbroe cautknis must be given at the CMitaet. 

1. Tlik flulject is not to be conudered diffieult <ir alMtnwe, fxom its 
being so long delayed in its formal introduction into a geometrical 
course. The delay has arisen from the Mytftem. of keeping the subjects 
of plane and solid g^eometry separate, axid of discussing the one fully 
berore the other is entered apon. There would^ indeed, be no impro- 
priety in the actual study of the two branches of the subject being 
carried on pari pauA; although such a practioe is not customary, and 
may have, if adopted, no especial advantage. 

The only real difficulty that is attached to iluB part of the subject 
arises from the use of pictures of the figures instead of models of them 
tn books. The picture in a plane propodtion has a similitude in its 
general features to the perSdct one which the mind contemplates in its 
investigations ; but this is lost when we use pictorial representations 
of figures in spaiee, and the imagination is taxed to consider things as 
equal wliich ate incapable in the pietare of approximating to equality, 
and other sudbi felatioiis. However, if we substitute a moddi (no 
matter how rudely formed) for ^e piiknre, the difficulty is at once and 
entirely removed. 

Beyond this there exists not the least difficulty in the cooee pti on or 
complexity in the reasoning, that can render the diseussiQii of the line 
and plane, and figures formed by theao, more intricate to the student 
than the First Book of Euclid was : indeed, from the power created by 
his previous geometrical experience, it ought to be less so to his mind. 
The propositions of plane geometry which are brought into play in the 
solid geometry are, moreover, of the most simple and elementary kind — 
mostly the First Book of Euclid,— the others but rarely. 

2. The student must take care to g^t clear views of the g^metrical 
(tssumptions respecting the line and plane. A few reniarks on this 
subject are subjoined. 

(a.) We have a distinct conception of the line and plane ante- 
cedently to aU geometrical argument^ or even of verbal definition. 
No form of words can render one or the other more clear to the 
mind ; but, on the contrary, all attempts at verbal definition of 
them tends to confuse the understanding. We do not inquire how 
the mind forms these conceptions, or whether they be innate or 
not : it is sufficient that they are uniform and universal. 

Besides the conception of the figures, we have equally fixed in the 
mind certain relations of them. These are — ^that two straight lines 
cannot coincide in two points without coinciding altogether to the utmost 
extent of their common prolongation ; that a straight line cannot coincide 
with a plane in two points without also coinciding with it at every 
point in that line ; and that a plane cannot coincide with a plane in 
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Ikne poiDte, not in aiight liae, witinnit tke eoincideDoe hdng entnre 
to the Qtacwt oomnon exteonon of tfaise planes. 

(b.) From these properties, which are properly called ^ axioms/* 
other axioms (which partake of the nature of corollaries) are de- 
ductble. For iostance, ianunerable planes may pass through the 
«ame straight line, or fhroogh the same two pcnnts. Two planes 
wMch meet one another intersect in a straight line. A plane may 
be eoneeiyed to rerolye aboatagiTen strai^ line till it passes 
tfaroagh any given poiiyt without that fine.* 

(c.) Let it be dearly understood, (hat an axiom declares a pro* 
perty of which no logieed proof is offered. The ground upon 
which it rests is antecedent to the logical part of geometry ; its 
character and evidence is a qaestioB of metaphysics, and the axiom 
must be admitted before reasoning in a logical sense can be com- 
menced. Let the student above all things keep clear of the 
frequent delusion of its being poasifole to buHd up a system of 
^' geometry without axioms,'' whether the basis be definitions or 
whifttever else. 

3. IjBt it also be undacstood what is the prefer and true character of 
a definition. It is always a description of the thing meant by a wonL 
The mode of description might be varied ; but a d^nition is always, as 
has been just stated, nothing more and iiothing less. The statement 
alsnays describes the conditionfl requisite for making the figure, aa 
Euclid's definitions of a triangle or a cirde. Thej sxe often given in 
those absolute forms.; but almost as oft^ by describing the operations 
which will produce the %ure. Thus a circle may be defined : ^' K one 
extremity of a given straight line be fixed, and the line revolve about 
it in a plane, tbe other extremity will describe a drde." Euclid's 
definition of a sphere is : — ^^ A sphere is a solid figure described by the 
revolution of a semicircle about its diameter which remains fixed.'' 
This jniffht have been given thus : ^^ A sphere is a figure contained by 
one sur&ee, and is such that every point in that surface is equally 
distant from a point within it." It thus appears to be immaterial in 
some cases whether the figure be defined as previously existing or by 
means of its genesis. On ue whole, it conduces tofiimpjidtyand brevity 
to define figures bounded by straight lines and planes in an absolute 
manniw, and those bounded (or partially bounded) by curves and curve 
sur&ces by means of their genesis. We are not, however, imperativdy 
tied down to this arrangement ; bat whatever method we employ, the 
description must be adequate, complete, and devoid of superfluous con- 
ditions. 

The postulate simply predicates that the dementary figures are con- 
structible, leaving out all implication of the means of making them, as 
ui the three in Euclid's First Book. The cause appears to be, — not that 
^' the process is mechanical," or that ^' the method is self-evident," or 
any one of the many conjectures that have been made ; but that if the 
modme cperattdi were predicated, no means exist for demonstrating the 
timth of tiie construction. The farm of the problem could hardly be 

* To th«6e may be added the inferences : — ^the three ndes of a triangle are in 
one plane ; if two 8trai|;ht lines meet one another, they are in one plane ; and some 
tfChera of like kind, whidi are occasionally required, init wlueh do not reqaire to 
be dwelt npon at length here. 
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given to them under these circumstances, as their being left withoul; 
demonstration would in initio violate the general rule upon which the 
system was developed. 

4. The construction of the problems in space that are requisite as 
subordinate to demonstration are always given by Euclid ; and, indeed, 
an adherence to this practice is in some respects desirable. Those which 
occur are however so simple, and the processes little more than corol- 
laries firom theorems actually given, that I have yielded to the wishes 
of the officer to whom the Board has committed the control of these 
volumes, and omitted them altogether. A few of them will, however, 
inevitably make their appearance in the '^Descriptive Geometry" 
hereafter. 

BEFINnnOKS. 

1. Parallel planes are such as, however far produced in all possible 
directions, they will never meet. 

2. A line and plane are parallel when, however far produced in all 
possible directions, they will never meet. 

3. A dihedral angle is formed by two planes which intersect. The 
line of intersection is called the edge of the angle, and the planes them- 
selves the faces of the angle, 

4. If from any point in the edge of a dihedral angle two straight 
lines be drawn, one in each of the &ces perpendicular to the edge, they 
form the prqfile angle of the planes. Their inclination to one another 
is called die inclination of the planes. If the profile angle be a right 
angle, the planes are said to be perpendicular to one another. 

6. If a straight line be perpendicular to each of two straight lines at 
their point of intersection, it is said to be perpendictdar to the plane 
passing through those two lines. Conversely, the plane is said to be 
perpendicular to the line, 

6. A line which is neither parallel nor perpendicular to a plane is 
said to be oblique to the plane. The inclination of an oblique line to a 
plane is the acute angle contained by that line and another drawn from 
the point in which it meets the plane, to the point in which a perpendi- 
cular from any point in the line meets the plane. 

7. The trace of a Une or plane (or any sur&ce, indeed) is the point 
or line in which that line or plane meets some specified plane* 

8. A solid angle (or more descriptively, a polghedral angle), is 
formed by three or more planes which meet in a point, and each plane 
limited in its expansion by the two adjacent ones. 

It is called trihedral, tetrahedral, pentahedral, etc., according as 
there are three, four, five, etc., planes. 

The planes are c&lled faces ; their linear intersections, edges; and 
the point in which they all meet, the vertex of the solid angle. 

9. If any number of lines be parallel and intercepted between two 
parallel planes, and planes join these two and two consecutively, the 
figure produced is a prism. 

The prism is, for geometrical purposes, considered as capable of 
indefinite prolongation both ways from the parallel planes, or in the 
direction of the lines. 

The lines are called the edges of the prism ; the parallel planes, the 
ends or bases of the prism ; and the planes joining the parallel lines, 
the faces. 
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10. If planes passing through a point without a plane, pass also 
through the sides of a polygon in that plane, and be limited by their 
adjacent intersections, they form a pyramid. 

The pyramid takes the oameof ^ruui^u/ar, tetrangulary pentangular^ 
etc., according to the figure of the polygon. 

That polygon is the base^ the point is the vertex^ the planes are the 
faces J and their intersections the edges of the pyramid. 

The pyramid is, geometrically, capable of indefinite extension, both 
below the base and beyond the vertex. 

11. If a line making any angle with the plane of a circle move con- 
tinually over the circumference, and always keep parallel to its first 
position, it generates a cylindrical surface. 

If thb sur&ce be cut by two planes parallel to the circle, the inter- 
cepted portion is a cylinder. 

These two planes are called the ends or bases of the cylinder ; the 
original circle the directrix ; the moving line the generatrix ; and a 
line through the centre parallel to the generatrix, the axis of the 
cylinder. 

12. If about a point taken without the plane of a circle a straight line 
move always touching the circumference of the circle, it generates a 
conical surface. The portion of it intercepted between the point and 
circle is called a cane. The point is the vertex of the cone, the circle is 
its beucy and the generatrix in any position is called an edge of the 
cone.* 

13. If a circle revolve about any diameter till its plane takes a 
reversed position, it will generate a sphericcd surface or a sphere. 

The terms centre ^ diameter ^ etc., are the same as in a circle. 

14. Polyhedron is a figure bounded by plane faces, and takes its 
name from the number of those faces. 

Thus the tetrahedron has four faces, the hexahedron six, the 0010- 
hedron eight, the dodecahedron twelve, and the icosahedron twenty. 
These names, however, are only applied when all the &ces of the 
figure are equal to one another, forming subjects of much interest to 
the ancients ; but, except from their being amongst the most frequent 
forms assumed by crystals (both artificially and naturally produced), 
they would be mere curiosities in modem science. 

In modern science the polyhedron is always described, but seldom 
named, with one or two exceptions. 

15. When three pairs of parallel planes mutually intersect, they 
enclose a figure called the paralUlopiped. 

It is oblique or rectangular^ according as the containing pairs of 
planes are oblique or rectangular. The cube is the most confined 
instance of it. 

16.. Similar polyhedrons are such as have their angular points or 
vertices similarly situated, each with respect to the others.^ 

» The terms cone and cylinder are generally employed to signify not only the 
parts here defined by them, but the sorfiu^es generally extended as far as may be 
necessary. 

t This definition is complete; all others yet given involve soperfluons con- 
ditions, jnst as the definition of similar plane polygons does. 
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CHAPTER L 

PAir.ATj.Tff.TaM or unis ahb Tuara. 



EKOPOsariON r. 

If two paraUel planea he cut hy a third pianej the aeetUms wUl be 

paraUeL 

Let the parallel planes MN^PQ be evt by 
the plane AD in the £ums AB> CD: tibeaa 
lines, AB, CD, will be paialleL 

For suMse AB^ C9l> are in one plane, if tii^ 
be notpanllel, they wilL mei^ iaaeme pointy 
»E. 

Then since AB is in the plane MN, the 
pointli b in that plane; and stmilariy, £ 
being in the line CSD, it is i^ in the pkne 
FQ. The planes MN, PQ therelbre meet in 
E, which is^ impoarible {6ef. 1.) ainee they 
are by hypothesb parallel to one anothec. 




FEOPOsrriON n. 

If a straight line he parallel to a pkme^ aU planes through this Sne 
which cut that plane will have their sections with it parallel to the 
line paraUd to it, and to one another* 




Let the line AB be parallel to the plane MN, and the planes AD, 
AD' drawn through AB, cut the plane MN in CD, C'D^: then CD, 
CD' will be parallel to AB, and to one another. 

(1.) Since AB, CD are in one plane, they are either parallel to. one 
another, or they will meet in some point E. 

If parallel, the proposition is admitted ; but if not, let AB, CD 
meet in some point E. Then since E is in the line CD, which is itself 
in the plane MN, E is in the plane MN ; and the line AB meets the 
plane MN in the point E. But this is impossible, since AB is parallel to 
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MN by tike faypoftliens. Wlieiefore nnee AB, CD are in one p]ane 
ABCD and never meet, they aie paxallel. Similarly, CD' is paxalM 
to AB. 

(2.) The planes AD, AD* inteisaeting in the line AJB, they cannot 
meet in any point out of that line ; and henee the lines CD, CD' in 
them, and pturallel to AB, can never meet: but they ace in one plane 
MN ; and hence they are paralleL 

PROPOSITION ni. 

^ a line without a plane be parallel to a line in tie plane^ the first 

line wiU be parallel to the piane* 

(Preeeding figure.) 

Let tiie Une AB without the plane MN be panlld to the line CD 
in it : then AB will be panUel to tiie plane MN* 

For since AB, CD are parallel, they are in one plane, and can never 
meet ; and since AD and MN meet in the line CD, they cannot meet 
in any point without CD. Whence AB, lying wholly in the plane 
ACD, can never meet the plane MN ; tint is, AB is psjrallel to MN. 

Cor. If through CD one of two parallel lines AB, CD, a plane be 
drawn ; this plane will either wholly include AB, or be pandlel to it. 

PROPOSITION IV. 

' l^ t hrmigk two parallel Umee pkmm bedrawn, tkeg^ will either eoaieicej 
heparallel, or have their imbBneetMomparaUd to thoee two Unee» 

(1.^ The planes may each be drawn through the other line, smce 
parallel lines are in one plane ; and hence they may coalesce with the 
plane which contains the parallels, and therefore with one another. 

(2.) They may never meet, since the lines through which they pass 
never meet ^ and in this case they would be parallel. 

(3.) Let AB, CD be parall^ lines, _ 
through which are drawn any two planes 
AFf ED which neither ooalesc^^or are pa- 
rallel : they will meet in som^straight line 
£F; and tiiis line is parallel to each of the 
lines AB, CD. 

For since AB is parallel to the line CD — 
lying in the plane ED, it b parallel to &e 
plane ED itself {Prop, in.) ; and hence it can never meet the line 
EF in that plane. But EF is also in the plane AF, since it is the 
intersection of that plane with the plane ED ; and h^ice AB^ EF 
which lie in the same plane and never meet, are parallel. 

In the same way it is proved that EF b paralld to CD. 

PROPOSITION Y. 

If two planes interteclf and lines be drawn in those planes parallel to 
the interseetum of^planesy one m eocA, these lines will be parallel. 

Let the two planes AD, DE intersect in CD ; and in them respect- 
ively let AB, EF be drawn parallel to CD : then AB, EF will be 
parallel to one another. 
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(1.) If AB, EF be not in one plane, draw a plane through AB and 
£ to cut the plane CF in EF'. Then 
since through AB and CD the planes AF', 
CF' are dravm, intersecting in EF', the 
line EF' is parallel to CD i^Prop. iv.). 
But {Hypoih.) EF is parallel to CD ; and 
henoe through the point E two lines EF, 
EF' are drawn parallel to CD, which is 
impossible. 

Wherefore AB, EF are in one plane. 

Again, since CD is parallel to the line 
AB in the plane ABEF, it is parallel to the plane itself {Prop, in.) ; 
and since Uirough the line CD which is parallel to the plane ABEF 
planes AD, DE are di|iwn to cut it in the lines AB, EF, these lines 
are themselves parallel to one another {Prop, ii.). 

PROPOSITION VI. 

If each of two lines beparcUlel to a third line^ they will be parallel to 

one another* 

(Same figure.) ^ 

Let AB and EF be each parallel to CD ; thej will be parallel to 
one another. 

For since AB, CD are parallel, they are in one plane ; and similarly 
EF, CD are in one plane. These planer intersect in CD ; and parallel 
to CD the lines AB, EF are drawn in those planes respectively. 
Wherefore AB, EF are paralld (Prop. v.). 

Cob. 1. If any number of lines be eacH of them parallel to one line, 
th^ will be parallel each to all the others. 

UoB. 2. If any number of lines be parallel to one of two parallel 
lines, and any number parallel to the other, all the lines will be parallel, 
each to all the others. 

For the proof may be extended to a fourth, a fifth, etc., parallel line 
without limitation as to number. Let the student apply it to an instance 
or two in detail. 

PROPOSITION vn. . 

Jf two straight lines which meet be parallel to two others, which also 

meetf but not in the same plane with t/iem : then 
(1.) The plane which contains the first two will be parallel to ihaJt 

which contains the other two ; and 
(2.) The angle contained by the first two will be equal to the angle 

contained by the two others, 

(1.) Let the lines AB, BC be respectively parallel to DE, EF: 
then the plane MN through the former pair will be parallel to the 
plane PQ through the latter pair. 

For if not, let the plane MN cut PQ in some line, as GH. Then, 
since AB is parallel to a line DE in the plane PQ, it is parallel 
to PQ {Prop. III.) ; and since the plane MN is drawn through the 
line AB, which is parallel to PQ to meet PQ in GH, GH is 
parallel to AB {Prop, ii.) ; and therefore, again, to DE {Prop. vi.). 
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In the same manner BC is parallel to the plane PQ ; and the 
plane MN cuts the plane PQ in a line GH 
parallel to BC, and therefore to EF. The 
line GH is therefore parallel to each of two 
straight lines DE, EF which meet ; but this 
is impossible, and hence the planes MN, PQ 
cannot meet, that is, they are parallel. 

(2.) The angle ABC is equal to the angle 
DEF. Take AB, BC equal respectively to 
DE, EF, and join AC, DF, AD, BE, GF. 

Then since AB is equid and parallel to 
DE, the figure ABED is a parallelogpram, 
and the opposite sides AD, BE are equal 
and parallel {Euc. 33, i.). Similarly CF is 
equal and parallel to BE. Whence {Prop. 
Yi.) AD is equal and parallel to CF; and 
therefore, again, AC to DF. The conclusion 
hence follows firom Euc. 8, i. 




PROPOSITION VIIL 

Lei a plane and a point without it be given : then 

(1.) Innumerable straight lines can be drawn through the pointy 

parallel to the plane ; 
(2.) Onlg one plane can be drawn through the point parallel to the 

plane; 
(3.) All these lines will be in one plane parallel to the given plane. 

(1.) Let A be the given point, and MN 
the given plane : innumerable lines AC, AD, 
etc. can be drawn through A parallel to the 
plane MN. 

For take any point B in MN and join 
AB ; draw any lines BE, BF, etc., in the 
plane MN ; draw planes through AB and 
BE, AB and BF, etc. ; and in these planes 
draw AC parallel to BE, AD to BF, etc. 

Then, since AC without the plane MN 
is parallel to the line BE in that plane, the 
line AC is parallel to the plane MN. In 
the same manner AD is parallel to MN ; and so on with the innu- 
merable lines which may be drawn in the same manner through A. 

(2.) There can be but one plane drawn through A parallel to MN. 

For, if possible, let two planes PQ, P'Q' both passing through A 
be parallel to MN; and let EF be their intersection. Through 
AB (taken as previously) draw any plane not coinciding with EF, 
and let it cut MN in BC, PQ in AD, and P'Q' in AD'. 

Then, since the planes PQ, P'Q' intersect in EF, they can have no 
other point common than, in EF, and AD, AD' do not coincide in 
any other point than A. 

Also since the plane ABC meets the parallel planes MN, PQ, the 
lines BC and AD are parallel {^rop. i.). And since it hieets tho 
parallel planes MN, P'Q' the lines BC, AD' are parallel. AVhence 
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through the point A two lines AD, AD' are drawn parallel to the 
same line BC in the plane ABC, which 
is impossible ; wherefore only one plane 
can be drawn through A parallel to 

MN. 

(3.) All lines drawn through A 
parallel to the plane MN lie in the 
plane PQ parallel to MN. 

For if it be possible, let AD' not 
in the plane PQ be paiallel to MN. 
Take AB as before, and through D'A, 
AB, draw the plane D'ABC, meeting 
MN in BC and PQ in AD. 

Then, since AD' is parallel to the 
plane MN, it is parallel to BC {Prop. 
II.) ; and since the pLine D'A BC meete 
the parallel planes PQ, MN in AD, 




AD parauei to isu, wnicn is impo8aiDie« xne iine ^x/ uauiiuu uiict^ 
fore be at the same time parallel to MN and without the plane PQ. 
CoE. 1. Any line drawn in one of two parallel planes is parallel to 

the other plane. 

CoR. 2. If a straight line be parallel to a plane, a plane parallel to 
that plane can always be drawn Uuough the line. 

The application of the preceding reasoning to this corollary is left for 
the student to make. 

PROPOSITION IX. 

(1.) If a straight line he parallel io the intersectian oftvoo planes ^ it 

will he parallel to each of those planes ; and 
(2.) If a straight line he parallel to each of two planes which inter- 

secty it wUl he parallel to their intersection. 

(1.) If a stnught line AB be 
parallel to the intersection PN of 
two planes MN, PQi it will be 
parallel to the planes MN, PQ. 

For since AB is parallel to the 
line PN in the plane MN, it is 
parallel to the plane MN itself 
(Prop, III.). In the same way it 
is shown to be parallel to PQ. 

(2.) If AB be parallel to each of the planes MN, PQ, it will be pa- 
rallel to their intersection PN. 

Let a plane pass through AB and P, a point in PN, thai it may be 
supposed to coincide with PN or not to coincide. 

in the first case, since AB is parallel to the planes MN, PQ, it can 
never meet either of them ; nor, consequently, can it meet PN, their 
common section. But AB, PN being in one plant*, and never meeting, 
they are parallel. 

In the second case, let the plane ABP not coincide with FN, but 
cut the planes MN, PQ In some other lines P£, PF. 
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Then since AB is parallel to MN, it is parallel to F£y the in- 
tersection of the plane ABP with MN {Prop, ii.) ; and, similarly, 
AB IS parallel to PF. Whence the two lines PE, PF in the plane 
ABP are parallel to the same line AB, which is impossible. Whence 
AB is parallel to the intersection FN of the planes MN, PQ. 

PROPOSITION X. 

Jf a plane be parallel to one of two parallel lines^ or to one of two 
parallel planes^ it will be parallel to the others 

(1.) Let the plane MN be parallel to 
AB, one of the two parallel lines AB, 
CD, it will be parallel to the other. 

For since AB, CD are parallel, they 
are in one plane ; and the plane ABCD 
will either be parallel to MN or intersect 
it in some line £F. 

If the plane MN be parallel to ABCD, 
it is parallel to every line AB, CD, etc. 
in ABCD {Prop. viii. Cor. \.\ 

Let, on the other hand, the planes ABCD and MN intersect In EF ; 
then, since MN is pandlel to. AB, the line EF is parallel to AB 
{Prop, ii.)« Also, since CD is parallel to AB {Hypoth.) and AB to 

EF, the line CD is parallel to a line EF in the plane MN ; and hence 
the line CD and plane MN Hre parallel {Prop. iii.). 

(2.) Let the plane BS be parallel to one 
of the parallel planes MN, PQ, as MN : it 
will be parallel to the other, PQ. 

In the extreme planes, MN, BS take 
points K, G, and join KG. This will 
necessarily cut PQ in some point H, 

Through KHG draw any two planes 
eutting the three planes in KA, HC, G£ 
and KB, HD, GF, respectively. 

Then, since MN is parallel to BS, th^ 
section AK is parallel to GE {Prop i,) ; 
and since MN is parallel to PQ, the section 
AK is parallel to CH. Whence the lines 

EG, CH in the plane KE are parallel to 
AK, and hence tiiey are parallel to one 
another. 

In the same manner it is shown that GF is parallel to KB. 
Wherefore the lines AK, KB being parallel to EG, GF, the planes 
BS, MN drawn through tbem are parallel {Prop. yii.). 

PROPOSITION XL 

If a tme be parallel to a plame^ and from points in the line parallel 
Hnes bf drawn to meet the plane, these will all be situated in one 
plane f and eqttal to one another, 

JjBt AB be parallel to the plane MN, and let parallel lines CD, EF| 
GH, etc, be drawn from points C, E, G, "etc. in AB to meet the 
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plane : then CD = EF «= GH = etc ; and all these lines will bo 
situated in one plane. 

(1.) For, since CD, EF are paiaUel, 
they are in one plane; and the points 
C, E being in that plane, the line EC 
which joins them, and its extension AB 
are in that plane. In like manner all 
the others, GH, etc. will be in that 
plane ; viz., the plane which passes 
through AB and any one of them CD. 

(2.) Also since this plane cuts MN in a line DH parallel to AIS 
{Prop. II.), the figure CDFE is a parallelogram, and hence the oppo- 
site sides CD, EF are equal. Similarly all the others, GH, etc. are 
equal to CD. 

PROPOSITION XI* 

1/ one of two parallel lines be parallel to a plane, the^Iier is also 

parallel to it. 

Let AB, CD be parallels, and one of A ^ 

them AB be parallel to the plane PQ ; 
then the other CD will also be;|>urallel to 

For, since AB and CD are parallel, they 
are in one plane. Let tliat plane cut 
PQ in EF, then EF is parallel to AB 
{Prop. II.) ; and EF beingi drawn in the 
plane AD of the two parallels, parallel to 
one of them, it is parallel to the other CD. Whence CD without the 
plane PQ is parallel to a line EEJ. in the plane, and is therefore pa- 
rallel to the plane PQ itself (Pfiqp. iii.)* 

PROPOSITION XIIL 

1/ through points in one straight line parallels to another straight line 
be drawn^ these parallels will all be in the same nlane, and that 
plane will be parallel to the same line that the parallel lines are. 

Through points C, D, etc. in the line CD 
let parallels CE, DF, etc. be drawn to the 
line AB : then all these parallels will be in 
one plane, and that plane will be parallel to 
AB. 

For since CE, DF are both parallel to 
AB, they are parallel to one another {Prop. 

VI.) ; and hence they are in the same pkme - j 

CF; and the points C and D in them are 

also in that plane. But C, D being in the plane CF, the line 

CD is in. that plane; and hence the second, third, etc., parallel 

to CE are in the plane which contains DC, CE : that is, all the 

parallels to AB passing through points in CD are in the one plane D£ 

orCF. 

Also since AB is parallel to a line CE in the plane CF, it is parallel 
to the plane itself {Prop, iii.) : that is, the plane CF is parallel to the 
line AB. 
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PROPOSITION XIV. 

If a line be parallel to each of two planes^ then every plane drawn 
thorough this line to cut them^ will cut them in parallel lines. 

Let the line AB be parallel to 
each of the planes MN, PQ; 
and any plane BS be drawn 
through AB to cut tbem in PR, 
SN; then PR will be parallel 
toSN. 

For since AB is parallel to 
both the planes PQ, MN, it is 
parallel to their common section 
MQ {Prop. IX.). Whence MQ 
a line withoat the plane RS is 
parallel to the line AB in it ; and MQ therefore is parallel to the plane 
RS (Prop. III.). 

Then, again, since through the line MQ parallel to the plane RS the 
planes MN, PQ are drawn to cut RS, the sections NS, PR are pa- 
rallel (Prop. II.). 

PROPOSITION XV. 
Parallel lines intercepted between parallel planes are equal. 

Let AB, CD, EF, etc., be parallel to 
one another, and limited by the parallel 
planes MN, PQ ; they will be all equal. 

For, join AC and BD, CE and DF, etc. 
Then, since AB, CD are parallel, they 
are in one plane ; and the intersections 
AC, BD of this plane with PQ, MN 
are parallel (Prop. i.). Wherefore 
ACDB is a parallelogram, and the op- 
posite sides AB, CD are equal. 

In the same way CD and EF are 
proved equal ; and so on however many 
lines there be. 




PROPOSITION XVI. 

If two planes which meet one another be parallel to two other planes 
which meet one anotlier^ the intersection of the first two will be 
parallel to that of the other two. 

Let the planes PQ, PM which meet in AP be parallel to NS, NR 
which meet in NB : then AP will be parallel to NB. 

For, produce the plane RN to meet the plane PQ in CQ. 

Then since the parallel planes PQ, NS are cut by the plane CR, 
the sections BN and CQ are parallel {Prop. i.). 

Also, since the parallel planes CR, PM are cut by the plane PQ, 
the section AP b parallel to the section CQ. 
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But CQ is alao parallel to NB: whence AP is parallel to NB 
{Prop. VI.). 

Q 




CoH. If two planes which are parallel meet two others which are 
parallel, the four lines of intersection will be parallel. Thus, the four 
planes PQ, PM, CB, DS meet in the four parallel lines CQ, AP, DM, 
BN. 

PROPOSITION XVII. 

ijr through two paraUel lines any planes whatever he drawn to meet a 
plane parallel to one of the lineSy the sections with that plane will be 
parallel to each other and to the first two lines. 

Let AB, CD be two parallel 
lines and PQ a plane parallel to 
one of them ; and through AB, 
CD let any planes be drawn to 
cut PQ in A'B', CD': these 
lines wlU be parallel. 

For produce the planes AB', 
CD' to meet in EF. Then since 
AB, CD are parallel, the line 
EFisparalleltothem(Pr<^.iv.). « ^ 

Also since PQ is parallel to one of the parallel lines, AB, it is 
parallel to the other £F ; and hence the planes through £F (that is, 
through AB, CD) cut PQ in lines A'B', CW which are parallel 
to EF and hence to AB, CD. 

PROPOSITION XVIII. 

Through a given pointy only one plane can he drawn parallel to two 
given linesy except those lines be parallel; but when they are pa- 
rcUMy innumerable planes can be drawn parallel to both rfthem, 

(1.) Let AB, CD be two lines not parallel (but in the same plane 
or not) and E be a given point : then one plane can be drawn through 
E parallel to both the lines AB, CD. 

Thr9ugh £ draw a line HF parallel to AB, and a line EG pa- 
rallel to CD ; and through HF and EG, the plane HEFG. 

Then since HF in the plane HEFG is parallel to the Ime AB, the 
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plane itself is parallel to AB {Prop, in.) ; and similarly, the plane 
HE^FG is parallel to CD. Whence one plane can be drawn as enun- 
ciated* 




(2.) There can be oirfy one plane drawn through E parallel to both 
the lines AB, CD. ^ ^ 

For if there can be a second phme let it be BPKT'G' ; through AB 
and E draw a plane to cut it in H'F ; and. again through CD and E 
a plane to cut it in K'G'. ,, •, 

Then H'F'is parallel to AB {Prop, ii.) ; and likewise (fiy Constr.) 
HF is parallel to AB : whence through the same point E two lines 
HF, H'F have been drawn parallel to the same line AB ; which is 
impossible. 

The same, were it necessary, might be shown by means of KG, K Cr . 

One plane only, therefore, can be drawn through E parallel to AB 
and CD, these lines not being parallel to one another. 

(8.) But let AB, CD be parallel, then a B 

innumerable planes may be drawn through 
E parallel to both of them. 

For through E draw the line FG parallel 
to AB or CD, and it will be parallel to the 
other {Prop, vi.) ; then ihrough FG draw 
any plane whatever, MN. 

Then since the line AB without the plane MN is parallel to FG in 
the plane, the line AB is parallel to the plane MN {Prop. in.). In the 
same way CD is parallel to the plane MN. The plane MN is there- 
fore parallel to both the parallel lines AB, CD ; and is any whatever 
subject only to the condition of passing through FG. The number of 
such planes, then, is unlimited, as affirmed in the proposition. 

PROPOSITION XIX. 

Through two given lineSy not in the same pUmCy one pair of parallel 
planes can be drawn^ one plane through one line and the other 
through the otfter: OTid omy one such pair of parallels eon he 
drawn. 

(1.) Let AB, CD be two lines not parallel, then one pair of planes 
AGBH, KCLD can be drawn, the first through AB and the second 
through CD, which shall be parallel to one another. 

Fot take any points E, F in AB and CD ; through E draw Gil 
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parallel to CD, and through F draw KL parallel to AB. Thea 
(Prop, VII.) the plane through AB and 

GH will be parallel to the plaue through ^~~" ^ 

CD and EL. One such pair, therefore, 
can be drawn. 

(2.) There cannot be a second pair of 
such parallel planes. 

For if there can, each plane must also 
be parallel to the other line ( Prop. viii. 
Cor, I.) ; let us admit, then, that a 
second plane PQ can be drawn through 
AB which shall be parallel to CD. 

Then, since CD is parallel to the two 
planes PQ and AGBH, it b parallel to 
their intersection AB {Prop, ix.) and 
hence, AB, CD are in one plane. But 
by hypothesis they are not in one plane, 
which is impossible. Whence only one 
such pair of planes can be drawn. 

PROPOSITION XX. 

One parcUlelopipedf and only one, can always be constituted^ which 
shall hare three of its non-contiguous edges coincident with three 
given lines ; provided that no two of these lines be in wie plane, nor 
all three parallel to one plane, 

(1.) Let AB', BC, CA' be three 
straight lines, no two of which are in one 
plane, nor all three parallel to one plane ; | 
then a parallelopiped DD' may be con- ^' ' 
stituted so as to have three non-con- 
tiguous edges coincident with these lines. 

For through AB', planes B'D, AD' 
can be drawn respectively parallel to the 
lines BC, CA' ; through BC, planes 
CD, BD' parallel to the lines CA', AB', 
and through CA', the planes CD', A'D 
parallel to BC, AB'. 

Then the planes B'D and BD' will be parallel, CD and CI^ will 
be parallel, and A'D and AIV wiU we parallel (Prop. xix.). These 
three pairs of parallel planes, when limited by their intersections, con- 
stitute a parallelopiped, the non-contiguous edges of which coincide 
with the three lines AB', BC, CA'. 

(2.) There cannot be a second parallelopiped, since there cannot be 
a second pair of component parallel planes drawn through either pair of 
lines (Prop. xix.). 

PROPOSITION XXI. 

The six faces of a parallelopiped are parallelograms ; those which are 
opposite are equal: the edges are equal and parallel in fours ; and 
the diagonals which join the four pairs of opposite angles meet in 
one point, and are bisected there. 

(1 ) Let the parallelopiped have for its opposite planes AC an(f 
AC, AB' iuid AB, BC and B'C : then these figures are paralleh^prams. 
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For siiice the parallel planes AC^ A'C are cut by the parallel planes 
AB', A'B, the four lines of section AD, 
EC, B'C, A'D' are all paraUel {Prop. 
XVI. Cor.). 

In the same manner it is shown that 
AC, DB', A'C, D'B are parallel; and 
AB, CD, A'B', CD' are parallel. 

Wherefore AD being parallel to BC, 
and AB to CD, the figure ABCD (one 
of the £ices of the parallelopiped) is a 
parallelogram: and in the same way it 
is proved that all the others are paral- 
lelograms. 

(2.) The opposite pairs of parallelo- 
grams, as AC, A'C, are equal. 

For AD, BC, A'D', B'C being parallel and intercepted between 
parallel planes AD', A'D, they are equal {Prop. xv.). In the same 
manner AB, CD, A'B', C'l>' are equal ; and likewise AC, B'D, BD', 
A'C are equal. 

And since AB, BC are parallel to A'B', B'C, the angle ABC is 
equal to the angle A'B'C; and pMirallelograms which have equal 
angles and the sides about those angles equal each to each, are wholly 
equal. Whence the parallelograms AC, A'C are equal. 

In the same way is proved the equality of the parallelograms AB' 
and A'B, and of AD' and A'D. 

(3.) The opposite edges are equal in fours, Tlus has been proved 
in the demonstration of the preceding case. 

(4.) The four diagonals AA', BB', CC, DD' intersect in one point 
Q, and Q is the middle of each of them. 

For, if AB', A'B were drawn, the figure AB'A'B would be a 
parallelogpram, of which the diagonals are AA' and BB' ; and Q their 
intersection is the middle of each of them. 

In the same manner if AD', A'D were drawn, AD A'D' would be 
a parallelogram, of which the diagonals are AA', DD' ; and the dia- 
gonal DD' therefore pas^ses through Q the middle of AA', and is bi- 
sected there. 

In a similar manner CC passes through Q, and is bisected there. 

Whence all the four pass through one point, and are bisected in that 
point'. 

PROPOSITION XXII. 

If any number of line9f anyltow situated^ be all cut by any number of 
parallel pla/ieSy the planes will divide the lines proportionally* 

Let, for instance, the three lines AC, LE, IIV, be cut by the 
three parallel planes MN, PQ, RS, in A, L, IT, in B, F, K, and in 
C, E, y respectively : then they will be divided in these points, so that 

AB:AC::LF:LE::HK:HV. 

For, draw the planes ACE, AEL, ELV, VLH. These will cut 
each other, the two former in the line AE, and the two latter in the 
line LY. They will also cut the parallel planes in parallel lines 
{Prop. I.) ; viz., so that BD is parallel to CB, DF to AL, FG to EV, 
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and GK to LH. Whence the pairs of triangles ABD and ACE, etc., 
are similar ; consequently, 

AB:AC ::AD:AE::LF:LE ::LG:LV::HK:HV; 

where we have the enunciated pro- 
perty. 

In the same way, the demonstration 
may be extended to any number of 
lines and any number of planes. 

Cob. 1. Conversely, if any number 
of lines, more than two, between pa- 
rallel planes be similarly divided, the 
sets of homologous points of division 
will always be situated in so many 
planes parallel to the original ones. 

Cor. 2. When there are only two 
such lines dirided, planes through 
those pairs of points may be drawn 
parallel to the original planes; bat 
as two points do not fix the position 
of a plane, there may be innumerable 
planes drawn through the pairs of 
homologous points which are neither 
parallel to the original planes nor to one another. 

^ PROPOSITION xxin. 

Any section of a prism or pyramid parallel to the base is similar to 
the base; and that of the prism also equal to the base. 

(1.) Let ABODE be the base 
of a prism, and the prism itself be 
cut by a plane parallel thereto in 
abcde: then the figure abode will 
be similar and eqiml to ABCDE. 

For since the plane AB ba cuts 
the two parallel planes ABCDE, 
abcde, the lines AB, ab are parallel 
(Prop. I.). Similarly BC, be are 
parallel, and so on how many sides 
soever there be. 

Whence again, since AB, BC 
which meet in B are parallel to 
ab, be which meet in b, the angle 
abc is equal to ABC {Prop. vii.). 

In the same manner all the other angles are equal each to each 
two figures. 

Again, since Ao, "Bb, Cc, etc., are all parallel {Def 9.), the 
ABba, BCcb, etc., are parallelograms, and hence ab = AB, be 
etc. Consequently, 

AB:BC::ab:bc, 

or the sides about the equal angles ABC, ode are proportional ; 
on for all the others. The figures are therefore similar. 




figures 
= BC, 



and so 
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Bat similar figures which have their homologous sides also equal} are 
altogether equal. 

(2.) Let the pyramid SABGDE 
(S being the vertex, and ABCDE the 
base), be cut by a plane ahcde parallel 
to the base : then the figure abode will 
be similar to the base A^BCDE. 

For, as in the preceding case, aft, bc^ 
cdy dcy ea are respectively parallel to 
AB, BC, CD, DE, EA ; and the angles 
abcj body etc., equal to the angles ABC, 
BCD, etc* The fig^ure tibcde is there- 
fore equiangular with the base. 

Again, the triangles oSft, ASB are 
similar, since ab is parallel to AB ; and 
similarly with respect to the other pairs. 
Whence 

abiABiibSiBSiibeiBCjOT 
abibeiiABiBC; 

that is the sides about the equal angles 
oftc, ABC are proportional. 

In the same manner it may be proved 
for the sides about the other equal 
angles. The figure abode b hence similar to ABCDE. 

Scholium. The cutting plane may be below the base, between the base 
and vertex, or beyond the vertex. It is analogous to the three cases 
of Sue. vi. 2. In the last case, however, the 6gure will have a reversed 
position, as may be seen in the figure. 




PROPOSITION XXIV. 

If a cylinder or cone be cut by a plane parallel to the base, the section 
will be a circle ; and in the cylinder this circle will be also equcd to 
the base, 

(1.) Let ABC be the base of a cylinder, and 
E its centre ; let the cylinder be cut by a plane 
parallel to the base in abc : then oftc is a circle. 

For let Ea be the intercepted portion of the 
axis, and Aa, Bft, Co, etc., the intercepted por- 
tions of the edges. All these, by the definition 
of the cylinder, are parallel ; and being between 
parallel planes, they are equal {Prop, xv.) ; and 
each equal to "Ee. 

Also, since the plane A oa E cuts the parallel 
planes in AE, ae, these lines are parallel 
{Prop. I.) ; and hence A a« E is a parallelogram, 
having ae = AE. In like manner in all tlie 
corresponding cases, be = BE, ce = CE, etc. 
But AE =s BE = CE, etc. ; and hence ae ^ be 
= ce, etc., and e is the centre of a circle, the 
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radius of which b equal to that of the base. The section, therefore, is 
a circle equal to the base. 

(2.) Let S be the vertex of a conCi of which 
the base u ABC and axis SE ; and let it be cut 
by a plane in dbc ; then cUfc is a circle. 

For draw the planes SEA, SEB, etc., cutting 
ABC in AE, BE, etc., and abc in ae, be^ etc. 

Then the parallel planes ABC, abc^ being cut 
by SEA, the lines AE, ae are parallel {Prop, i.). 
In the same manner BE, be are parallel, and 
soon. 

Wherefore the triangle Sae is similar to SAE, 
S^ to SBE, etc. ; and hence 

ae : AE : : eS : ES : : 6tf : BE, or 
aeiebii AE : EB. 

But E is the centre of the circle ABC, and hence 
AE = EB ; and therefore ae = eb. In the same 
manner ae = ecr, etc. 

Consequently, the points a, &, <?, etc., being in 
one plane, and all equidistant from a point e in 
it, they are in the circumference of a circle, of 
which e is the centre. 

Scholium. The same remark applies to the different positions of th® 
cutting plane in respect of the cone that was made respecting the 
pyramid. 

PROPOSITION XXV. 

If from two fixed points JF, P any parallel straight lines be drawn^ 
viz. J JEA and PB, EC and PD, etc., to meet the fixed plane MN 
in A and B, C and />, etc. : then AB, CD, etc, will always pass 
through the same point in the plane^ viz,j the point Pin which EP 
meets it. 





For since EA, PB are parallel, they are in one plane. Also the 
points E, P being in that plane, the line EP is in that plane. The 
point F being in the line EP is also in that plane; and hence the 
intersection AB of the plane EABP with MN contains the point F. 
That is, the line AB passes through F. 
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In the same manner all the other lines drawn as prescribed (as CD), 
pass through F. 

ScHOUUH. This is the foundation of Dr. Brook Taylor^ s method of 
putting a point in perspective^ 

PROPOSITION XXVI. 

Let there he a point ^ on one side of the plane MN, and any number 
^parallel lines ABy AB\ etCy on the other ; and let EF be drawn 
parallel to them meeting the plane MN in F: then lines drawn from 
points By Cy B'y Cy etc.y in the lines ABy A'B' to the point By all 
cut the plane MNin points by Cy b\ d in the lines Al^y A'F; and 
lines drawn to every point in ABy A'B' etc.y cut MN in points 
lying between A and Fy A' and Fy etc 




TFof ABy EF being parallel, they are in one plane; and hence EC, 
EB, etc., are in that plane. Whence they cut the plane MN. Their 
intersections with the plane MN are therefore in the line AF, in which 
ABEF intersects MN. In the same manner for the points B', C in 
the line A^'. 

Scholium. This is expressed in perspective by saying that parallel 
lines AB, A'B', etc., " have the same vaniahing point." 

PROPOSITION XXVII. 

If there be three parallel planes MNy PQf BS, and any equal lines 
ABy A*B' be taken in one ofthemy BSy and from any points By E 
in MN lines BAy BBy EAy BE be drawn to meet PQ inaby 
dy : then aby allf will be equals 
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For sinea the four stmigfat linat EA, EB, E'AS E'B^ ara eat by the 

three parallel planes MN, PQ, BS, they are divided pn^rtiomily 
(Chap. 1.9 22). That is, 

EA: EB: : E'A' : E'B': : Ea< E6: : EV : E'4'. 

Also, since the planes AEB, A'E'B' are cut by the parallel planes, 
the lines AB, A^' are respectively parallel to abj a'b^ ; and the tri- 
angles A£B| A'E'B' are respectively similar to dEb, a'EV. 

Wherefore AE : AB : : aE labj 
A'E' : A'B' : : a'E' : a'b'. 
But AE : aE : : A'E': oOS', and hence 

abK^ViiAB :AV. 

But by hypothesis AB « A'B', and hence ab » a'6'. 

Of course, if E and E' be made to coincide, the same equality of 
ab to a'b' holds good. 

This proposition is the fundamental one of Gravesandes's method of 
perspective. This method, and that of Dr. Brook Taylor, have been 
advantageously combined by the late Peter Nicholson in his work on 
the subject. 



CHAPTER 11. 

PEBPSNSZOULA&ZTT. 



PROPOSITION I. 

From any point in a given straight line innumerable perpendiculars 

may be drawn to that line. 

Let B be a given point in the given 
line AB ; innumerable perpendiculars to 
AB may be drawn from B. 

For through AB innumerable planes 
may be drawn, as AP, AQ, AB, AS, 
etc. In each of these, one perpendi- 
cular can be drawn, as BP, BQ, BR, BS, ^ 
etc. Whence the .conclusion follows 
with respect to B. 

In the same manner from any other 5^ 
point 6, the innumerable perpendiculars 
bpy bqy bry bs, etc. may be drawn in the 
same planes. The conclusion now fol- 
lows universally. 

PROPOSITION 11. 

If any number of lines be drawn in a plane through the same point, 
and if at that point another straight line be drawn perpendictdar to 
two ofthem, it will be perpendicular to all the others. 

In the plane MN let any number of lines AB, AC, AD, etc., pass 
through the point A ; and let the line EF be perpendicular to any two 
of them AB, AC at A ; then it will be perpendicular to AD, etc. 
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For, draw any line in the plane to cut AB, AC^ AJD in B, C, D. 
Make EA, AF equal ; and jota £B» 
EC, ED, and FB, FC, FD. 

•Then because EA, AB are equal 
to FA» AB and the ang^les EAB, 
FAB equal (being right angles), EB c 
is equal to FB {Buc, i. 4). 

Similarly, EC is equal to FC. 

Wherefore the two sides EB, BC 
are equal to the two FB, BC, and 
the base EC to the base FC; and 
therefore the angle EBC to the angle FBC {Eue. i. 8). 

Again, since EB, BD are equal to FB, BD and the angle EBD to 
the angle FBD, the bases ED, DF are also equal {Buc. i. 4\ 

And, lastly, since EA, AD are equal to FA, AD, ana the base 
ED to the base FD, the angle EAD is equal to the angle FAD ; 
and they are adjacent angles, and hence right angles ; that is, the line 
EAF is perpendicular to AD. 

In the same manner it is proved to be perpendicular to any, and 
therefore to every other line drawn in the plane MN through the 
point A. 

Scholium. It is on aecountof this theorem that a line perpendicular 
to a plane is often defined as '^ that which is perpendicular to any line 
in the plane drawn through the point of intersection .'^ 

As a definition^ this is open to the same objection that has been often 

made against some of EucUd's other definitions — that it involves super- 

Jlvcus conditions. Perpendicularity to two of the lines completely 

defines the perpendicular; perpendicularity to all is a demonstrated 

property, and should be quoted as such. 

When, however, a line is predicated to be perpendicular to a plane, 
or a plane to a line, we are at full liberty to quote this property, 
without naming the specific lines through which the plane is drawn. 

PROPOSITION III. 

All lines perpendicular to the same lirte at the same point in it are 

situated in the same plane. 

Let any number of lines BC, BD, 
BF, etc. be perpendicular to AB at the 
point B ; they will all lie in the same 
plane. 

For, through any two of them BC, 
BF let a plane MN be drawn ; and if 
any one of the perpendiculars (as BD) 
be not in that plane, it will be either 
above or below it. Let it be above, as 
in the diagram ; and through AB and 
BD draw the plane AE cutting MN 
in BE. 

Then because AB is perpendicular to 
BC, BF, it is perpendicular to BE 
{Prop. II.), and by hypothesis ABD is a right angle : whence the angles 
ABD, ABE in the same plane AE are equal to one another^ the less 
to the greater, which is impossible. 
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Whence BD do^ not lie above the plane MN ; and in the same 
way it does not lie below it. It is therefore in the plane MN. 

The same demonstration applies to every other line perpendicular to 
AB at B ; and hence the proposition is trae. 

PROPOSITION IV. 

From the same point there am be drawn only one perpendicular 
to a plane^ whether that point be in the plane or vnthout it 

(1.) Let A be a point in the plane 
MN : there can only be drawn from A 
one perpendicular to the plane MN. 

For, if possible, let there be two, 
viz., AB, AC, and through them draw 
the plane PQ, cutting MN in AQ. 

Then since BA is perpendicular to 
the plane MN, BAQ is a right angle 
{Prop. II.); and since CA is per- 
pendicular to MN, CAQ is a right 
angle. The angles BAQ, CAQ in the same plane PQ are there- 
fore equal ; the less to the greater, which is impossible. Whence from 
A situated in the plane MN only one perpendicular can be drawn. 

(2.) Let A be a point toithoui the p 
plane MN, only one line can be drawn 
from A perpendicular to MN. 

For, if possible, let there be two, 
viz., AB, AC, and through them draw 
a plane PQ, cutting MN in BCQ. 

Then since AB, AC are perpendi- 
cular to the plane MN, the angles 
ABC, ACB of the triangle ABC are 
two right angles {Prop, ii.) ; which is 
impossible {Buc. i. 17). Whence both lines cannot be perpendicular 
to the plane MN. 

Whence, whether the point be in the plane or without it, only one 
line through the point can be perpendicular to the plane. 

PROPOSITION V. 

Through the same point only one plane can be drawn perpendicular to 
a line J whether that point be in the line or without it. 

(1.) Let Abe a point in the line BC : 
only one plane prpendicular to BC can 
be drawn through A. 

For, if possible, let there be two planes 
MN, MP drawn through A perpendi- 
cular to BC ; and let AM be their inter- 
section ; and draw any other plane BQ 
through BC, and not passing through 
AM, cutting MN and MP in AD and 
A£. 

Then since BC is perpendicular to the 
planes MN, MP, the angles BAD, BAE 
are right angles {Prop, ii.) ; and they 
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are in one plane BQ, which is impossible. Whence MN and MP 
cannot both be perpendicular to BC. 

(2.) Let A be without the line BC ; only one plane 
can be drawn through A perpendicular to BC. 

For, if possible, let there be two, MN, MP, the 
common section of which is AM ; and let a plane 
be drawn through BC and A, cutting MN, MP in 
AD, AE. Then since EA is in the plane MP 
perpendicular to CB, the angle AEB is a right 
angle; and since DA is in the plane MN perpen- 
dicular to CB, the angle BDA is a right angle. 
But AD, AE, and BC are in the same plane. 
Wherefore the interior angle ADE of the triangle 
ADE is equal to the exterior ; which is impossible 
{JSuc. 1. 16.). Wherefore only one plane through A 
can be perpendicular to BC. 

PROPOSITION VI. 

(I.) If two pUmes be perpendicular to a line, they are parallel to 

one another ; and 
(2.) If one of tufo parallel planes be perpendicular to a line, the other 

is ilso perpendicular to it. 

(1.) Let the planes MN, PQ be per- 
pendicular to AB : they are parallel to 
one another. 

For, through AB draw any two planes 

AD, AF, cutting MN in AC and AE, 
and PQ in BD and BF. 

Then since AB is perpendicular to 
MN, the angles BAC, BAE are right 
angles {Prop, ii.) ; and since AB is 
perpendicular to PQ, the angles ABD,> 
ABF are right angles. 

Then, since in the same plane AD, 
the lines AC, BD make right angles 
with AB, they are parallel. Similarly 

AE, BF are parallel. Wherefore the two lines CA, AE which meet 
in A being parallel to the two DB, BF which meet in B, the planes 
MN, PQ which contain them are parallel {Prop. vii. Chav, i.). 

(2.) Let MN, PQ be parallel planes, and one of them MN be per- 
pendicular to the line AB : then the other, PQ, will also be perpen- 
dicular to AB. 

For draw any two planes AD, AF through AB cutting the planes 
in AC, AE and BD, BF as before. 

Then since the planes MN, PQ are parallel, the line AC is parallel 
to BD and AE to BF. Whence the two angles EAB, ABF are 
together equal to two right angles ; and one of them EAB is a right 
angle {Prop, ii.) ; and consequently the other, ABF is a right 
angle, or BF is perpendicular to AB. In the same manner BD is 
perpendicular to AB; and hence {Def 5) the plane PQ through 
BD, BF is perpendicular to AB. 

YOIi. II. M 
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PROPOSITION vn. 

U angle are perpendiculi 
dihedral angle. 



Before proceding further, let the student 
refer to Defs. 8, 4, 7, and {Prop. ii. 
Chap, II.) ; he will then see that this pro- 
position is only the proper technical form 
of the following : — 

A plane perpendicular to the edge of a 
dihedral angle cuts the &ces in lines which 
are perpendicular to that edge. 

Let MN, PQ be the faces of the dihe- 
dral angle MNQP, PN its edge, and 
BNQS a profile plane whose traces are R' 
RN, NQ : then RN, NQ will be perpen- 
dicular to PN. 

For, since PN is perpendicular to the 
pLine RQ, it is perpendicular to every 
line in it drawn through N : that is RN, 
NQ are both perpendicular to PN. 




PROPOSITION VIIL 

(1.) The prqfiU traces at all points in the edge of a dihedral angle 
are parallel^ those in one face to one another y and those in the other 
to one another ; and 

(2.) All the profile angles of the same dihedral angle are equal to 
one another. 

(Preceding figure.) 

(1^ Let RQ, R'Q' be two profile planes to the dihedral angle 
MNQP ; then the trace R'N' is parallel to the trace RN, and the trace 
N'Cy to the trace NQ. 

For RN, R'N' being in the same plane, and both perpendicular to 
PN, they are parallel to one another. 

In the same manner N'Q' is parallel to NQ ; and that which Is 
proved for any one point W is true for all other points. 

(2.) The profile angle R'N'Q' is equal to the profile angle BNQ. 

For, since the two lines R'N', N'Q' which meet in N' are parallel to 
the two RN, NQ which meet in N, the angle R'N'Q' contained between 
the first two is equal to the angle RNQ contained between the other 
two {Prop, VII. Chap, i.). 

Cor. All the profile planes of the same dihedral ancle are parallel, 
that is, the plane R'Q' is parallel to RQ {Prop, vii. Chap, i.). 

SoHounM. It might have been inferred from this demonstration that 
all planes perpendicular to the same straight line are parallel ; but this 
is usually made the subject of a separate proposition, and it is so done 
in this course. 
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PROPOSITION IX, 

(1.) If two dihedral angles he equals their profile angles are equal; 

and 
(2.) If the profile angles of ttoo dihedral angles be equal, the dihedral 

angles are themselves equal. 





(1.) Let PABQ, FA'B'Q' be two equal dihedral angles, and PQ, 
P'Q' the profile planes ; PB, BQ the profile traces of the first dihedral 
angle, and P'B', B'Q' those of the second : then the angles PBQ, 
P'B'Q' will be equal. 

For let the dihedral angle P'A'B'Q' be transposed to the position 
such that A'B' shall coincide with AB, the point B' coinciding with B, 
and the plane AT' with the plane AP. 

Then, since the face AT' coincides with AP, and the dihedral angles 
are equal {BgpothX the ftice A'Q' will coincide with the face AQ. 

Again, since A'B' coincides with AB, the point B' with the point 
B, and the face AT' with the face AP, the perpendiculars B P', BP 
in those coincident finces must coincide. In like manner, B'Q' must 
coincide with BQ; and hence the angles P'B'Q', PBQ will be equal. 

(2.) If the pfofile angles P'B'Q', PBQ be equal, the dihedral angles 
P'A'B'Q', PABQ will be equal. 

For so transpose the dihedral angle F A'B'Q' that the edge A'B' shall 
coincide with AB, the point B' with B, and the plane A'BT' with 
APB: then if the plane A'Q' do not coincide with AQ, let it tal^e 
some other position as AS, and B'Q' the position BS. 

Then, as in the preceding case, BT' coincides with BP ; and since 
A'B'Q' is a right angle, ABS is a right angle, and BS is in the plane 
PQ {Prop. in.). 

Whence since the dihedral angles PABS, P' A'B'Q' are equal, the pro- 
file angles P'B'Q', PBS are equal {preceding case) ; and P'B'Q' is equal 
to PKi by hypothesis. Whence PBS is equal to PBQ, the less to the 
greater, which is impossible. Whence the dihedral angles P' A'B'Q', 
PABQ are not unequal ; that is, they are equal. 

ScHouuM. The properties in this and the preceding proposition 
are tacitly Msumed by £uclid; and by most other writers; but 
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very little reflection is necessary to convince us that such a course is 
altogether unwarranted under the circumstances of the case. It should 
be laid down as a general rule in mathematics, that propositions which 
admit of proof from principles already laid doum^ ought never to be 
assumed as independently true. It is tantamount to multiplying our 
axioms without necessity ; and moreover with great risk of involving 
contradictions amongst them. 



PROPOSITION X. 

Two dihedral angles have the same ratio to one another that their 

profile angles have to one another. 

Let PABM, MBAQ be two dihedral 
angles, whose profile angles are PBM, 
MBQ: then 

PABM : MABQ : : PBM : MBQ. 

[In the figure, the dihedral angles are 
placed contiguously, so as to have one £ice 
common to both of them, viz., BM. When 
this is not so given, we must conceive them 
to be so placed by transposing one of them 
nearly as in the preceding proposition.] 

For since PB, MB, QB are perpen- 
dicular to AB {Def. 4) they are in one 
plane {Prop. iii.). In that plane taice any 
number of angles, PBP|, PiBPg etc., each 
equal to PBM ; and any number QBQi, 
QiBQt, etc., each equal to MBQ ; and, finally, draw the planes ABPi, 
ABP„ etc., and ABQi, ABQ., etc. 

Then PBP| is the profile angle of the dihedral angle PBAF., 
P|BP«, of P,BAPt, etc. ; and as the profile angles were made 
equal, the dihedral angles are also equal {Prop. ix.). Wherefore, 
whatever number of profile angles each equal to PBM there be in 
MBP.,* the same number of equal dihedral angles there will be iu 
MBAP, ; that is, equimultiples MBP. and MBAP. have been taken 
of MBP and MBAP. In like manner, whatever multiple MBQ. is 
of MBQ, the same multiple will MBAQ, be of MBAQ. 

Again, if the profile angle MBP. be greater than MBQ. the dihe- 
dral angle MBAP. will be greater than MBAQ. ; if equal, equal ; 
and if less, less. 

Wherefore {Euc. v. Def. 5.) 

PB AM : QBAM : : PBM : QBM. 

Scholium. It is essential to the acquisition of fecility in the appli- 
cation of these principles to g^ve close attention to some special cases 
that arise. 




* This notation is nsed to signify that there are n dihedral angles with their 
corresponding profile angles taken, without specifying any particnUr number. The 
same with respect to m in the other set of multiples. 
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(1.) Let MN, PQ be two planes 
which cut one another in AB ; then 
four dihedral angles will be formed, 
viz., NB AP and its opposite, MABQ, 
and the. opposite pair, PABM and 
QBAN. 

Let any profile plane BS be drawn 
to these two planes, cutting''MN in 
TCS and PQ in VCW. 

Then, since the opposite profile 
angles. VCS, WCT are equal, the 
corresponding dihedral angles are 
equal {Prop, ix.), viz., PABN and QBAM. In the same manner the 
opposite dihedral angles PABM, NBAQ are equal. That is, if two 
planes cut each other, the opposite dihedral angles are equal. 

(2.) If two planes, Q A, BP on opposite sides of another plane MN 
meet in the same line AB and make the opposite angles (either the 
dihedral or the profile) equal, those planes are one and the same plane. 

(3.) If a plane BP meet a plane MN in AB, the dihedral angles 
PABN, PABM have the same ratio as the profile angles VCS, YCT. 

(4.) .When the adjacent dihedral angles _ 

are equal, each of them is a dihedral right 
angle, by Def, 4 ; and in this case each of 
the adjacent profile angles is a plane right 
angle. And conversely when the adjacent 
profile angles are eqiud, each b a right 
angle ; and the corresponding dihedral 
angles are equal, and each a right angle. 
The one condition leads to the other ; and 
either being g^ven by hypothesis, the other 
may be inferred in the reasonings towards 
any specific conclusion. 

(5.) The sum of all the dihedral angles that can be formed about a 
line are together equal to four dihedral right angles. 

(6.) It is on account of the proportionality between two dihedral 
angles and their profile angles that the latter have been used instead 
of the former in all the reasonings of the ancients, and in those of most 
of the modems too. The dihedral angle has, indeed, been scarcely 
recognised as a subject of geometry at all ; and the profile angle has 
been almost universally substituted for it, under the name of the incli' 
nation of one plane to the other. This has been productive of much 
confusion in the student's mind, and created g^reat difficulty in his ap- 
preciating the force of the argument in cases where these angles occur. 
Even into a simple case of the dihedral right angle, or a plane perpen- 
dicular to a plane, it has introduced a degree of confusion that renders 
the subject difficult to comprehend, and indeed puts the whole inquiry 
in a shape so vague that very few persons are ever able to acquire 
a clear and comprehen&ive view of the subject. 
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PROPOSITION XJ. 

If from a paint without a plane, straight lines be drawn to meet the 
plane: then 

(I.) The perpendicular is the shortest line that tan be drawn ; 

(2.) Those which meet the plane at equal distances from tl^e perpen- 
dicular are equal ; 

(3.) That which meets it at the less distance is less than the one that 
meets the plane more remotely. 

Let A be a given point without the given plane MN* ; AB perpen- 
dicular to MN ; AC, AD, lines meeting the 
plane at equal distances BC, BD from B ; 
and AE meeting MN at a distance BE 
from B greater than BC : then, 

(1.) AB will be less than any one AC of 
the other lines. 

For draw BC : — 

Then ABC is a right angle ; and con- 
sequently greater than the angle ACB of 
the triangle ABC. Wherefore AC oppo- 
site the greater angle is greater than AB 
opposite the \es&{^Euc, 1. 19.)« That is, AB 
is less than AC. 

(2.) The lines AC, AD are equal. 

For, since AB is perpendicular to the plane MN, the angles ABC, 
ABD are right angles. Therefore the two sides AB, BC are equal to the 
two AB, BD, and the included angles are equal; and hence {kttc, i. 4.) 
the bases AC, AD are equal. 

(3.) Since BE is greater than BC, cut off a part BD equal to BC, 
and join AD. 

Then, since ABD is a right angle, ADE is greater than a right angle 
{^Euc. I. 17) ; and hence AED is less than a right angle. Wherefore 
ADE is greater than AED ; and hence AE greater than AD. But 
AD is equal to AC by the preceding case ; and hence AE is likewise 
greater than AC, or AC less than AE. 

Scholium. Several corollaries, or rather elisy deductions, follow from 
this simple property. They are put down here as exercises for the 
student ; and they siiould be established here, as some of them come 
into use hereafter, and will be quoted by refok-ence to this place. 

CoR. 1. Equal lines AC, AD malce equal angles with the perpen- 
dicular AB ; and likewise equal angles with the lines BC, BD drawn 
toB. ^• 

CoR. 2. All equal lines drawn fh)m a point A without the plane 
MN meet the plane in the circumference of a circle described about 
B as centre. 

Cob. 3. The greater line AE makes a greater angle BAE with the 
perpendicular AB than the less AC does. 

Cor. 4. If lines be drawn from points C, D equidistant from B to 
the same point A in the perpendicular AB, thear will be equal ; and 
they will make equal angles with the perpendicular, and equal angles 
with the lines drawn to B. 
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Some others might be added ; but it may be stated' here generally, 
that any one condition being given, the corresponding one followS| 
either by direct or ex absurdo deduction, at once. 

PROPOSITION xn. 

A plane ie drawn perpendicular to a given line ai its middle poini: 

then 
(1.^ Any point in the plane is equidistant from the extremities of the 

line; cmd 
(2.) All points equidistant from the extremities of the line are situated 

in that plane. 

(L) Let AB be a straight line, C its middle point, and MN a phme 




-4 — 





drawn through C perpendicular to AB : then any point P in MN will 
be equidistant from A and B. 

For join PA, PB, PC 

Then since AB is perpendicular to the plane MN, meeting it in C, 
and CP is in the same plane, the angles ACP, BCP, are right angles, 
and therefore equal to one another (Prop, ii.)* Wherefore the sides 
AC, GP are equal to BC, CP and the included angles equal ; and 
{Euc. i« 4) hence AP is equal to PB. 

(2.) Let Q be any point equidistant from A and B : it will lie in 
the plane MN. 

For join Q A, QB ; and, if possible, let Q be not in the plane MN, 
but on one side of it — suppose the same side with B. Then QA will 
cut MN in some point, P. Join PB. 

Then, by the preceding case, PA is equal to PB ; and hence adding 
PQ to both, AQ is equal to BP and PQ together. But BP and PQ 
together are greater than BQ {£uc. i. 20) ; and hence AQ is greater 
than BQ, which is absurd. 

PEOPOsmoN xin. 

If a line be perpendicular to a plane, and from its intersection with 
the plane a line be drawn psrpendictdar to any line in the plane ; 
then the plane through the perpendiculars will be perpendicular to 
the line in the plane. 

JM AB be perpendicular to the plane MN, and let BC be drawn 
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perpendicular to the line DE in that 
plane: then the plane through AB, 
BC will be perpendicular to DE. 

For in DE take on opposite sides of 
C the equal segments CF, CG; and 
draw FB, GB to B, and FA, GA to any 
other point A in the perpendicular. 

Then since BC, CF are equal to BC, 
CG each to each, and the included 
angles BCF, BCG equal (being right 
angles by hypothesis) BF is equal to 
BG {Euc. I. 4.). 

Again, since F and G are equidistant from B, the lines AF, AG are 
equal (Prop. zi.). Wherefore the sides AC, CF are equal to the 
sides AC, CG, and the base AF to the base AG ; and hence the angle 
ACF is equal to its adjacent angle ACG. Whence AC is perpendicu- 
lar to DE, but BC is also perpendicular to DE by hypothesis ; and 
hence DE is perpendicular to both BC and CA; and hence to the 
plane BH drawn through them {Prop. ii.). And this plane is that 
drawn through the perpendiculars AB, BC ; since AC is in the same 
plane with them. 

Cur. If the same hypothesis be made, all lines drawn from C to 
meet AB are perpendicular to DE. 

This is proved above, and is often given as the principle theorem ; 
whilst that which has been enunciated is sometimes made a corollary 
from it. 

PROPOSITION XIV. 

{!,) Jf two straight lines be perpendicular'Jo a plane^ they are parallel 

to one another ; and 
(2.) If two lines he parallel^ the plane which is perpendicular to one 

of them wUl he perpendicular to the other. 

(1.) Let AB, CD be perpendicular 
to the plane MN : they will be parallel 
to one another. 

For join BD ; draw a line finom D 
to any point A in AB; and in the 
plane MN the line £DF perpendicular 
to BD. 

Then since AB is perpendicular to 
MN, and BD to the line £F in MN, 
the plane ABD is perpendicular to El^' 
(PrcTp. ziii.); that is DB and DA are 
each perpendicular to EF. But CD is also perpendicular to the plane 
MN, and hence CD is perpendicular EF ; that is, EF is perpendicular 
to DB, DA, DC at the point D. Wherefore the three lines DC, DA, 
DB being perpendicular to EF at the point D, they arc in one plane 
iProp. III.). But AB is in the same plane with DA, DB, and there- 
fore with CD ; or the two Imes perpendicular to the plane MN are 
themselves in one plane. 

Again, since AB, CD are perpendicular to the plane MN, the 
angles ABD, CDB are right angles. Whence these lines being in 
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the same plane ABDC, and perpendicular to (he same line BD in it, 
they are parallel. 

(2.) I^t AB, CD be parallel, and the plane MN be perpendicular 
to one of them AB, it will be perpendicular to the other CD. 

Since AB, CD are parallel, they are in one plane. Let this inter- 
sect MN in BD, and drawEF through D perpendicular to BD. 

Then, since AB is parallel to CD, and ABD a right angle (AB 
being perpendicular to MN) the angle BDC is also a right angle, or 
CD is perpendicular to the line BD in the plane MN. 

Again, since AB is perpendicular to MN and BD to a line EF in 
MN ; the line EF is perpendicular to the plane ABD (Prop, xiii.) ; 
that is to the plane ABDC. Whence CD is perpendicular to EF ; 
and it has been proved to be perpendicular to DB. It is hence perpen- 
dicular to the plane MN which contains the lines BD, EF {Prop, ii.). 

PROPOSITION XV. 

Jf a plane cut two parallel planes ^ it makes equal dihedral angles 

with them. 

Let the plane MN cut the parallel 
planes PQ, BS in MQ, DS ; the di- 
hedral angles PMQN, BDSN will 
be equal. 

For since the planes PQ, RS are 
parallel, the edges MQ, DS of the 
dihedral angles are pandlel {Prop. i. 
Chap. I.). Draw then a profile plane 
TV to one of the angles through A, 
to cut the system of planes in ABY, 
AE, BF. 

Then since PQ, RS are parallel, 
and TV is perpendicular to one of 
them PQ, it is perpendicular to the 
other RS. It is hence also a pro- 
file plane of both the dihedral angles. 

Again, since PQ, RS are parallel planes cut hj the profile plane 
TV, the lines AE, BF are parallel {Prop. i. Chap, i.), and AV 
is common to both the profile angles* YHierefore the angle EAV 
is equal to the angle FBV ; and hence the profile angles are equal* 
Wherefore, finally, the dihedral angles are equal. 

Cor. 1. If the parallel planes be produced, the alternate dihedral 
angles will be equal ; and the two interior dihedral angles are together 
equal to two dihedral right angles. For this is the case with their 
profile angles {Euc. i. 29) and hence with the dihedral angles them- 
selves. 

Cor. 2. The converse, when enunciated in an unrestricted manner, is 
not true. But put thus, it is true : — 

If two planes meet a third plane in parallel lines^ and make with 
it equal dihedral angles in the same direction^ those planes will be 
parallel. The italics indicate the restrictions alluded to. 

Cob. 3. The opposite dihedral angles of a paralldopiped are -equal. 
{Prop, XX. Chap. i.). 
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PROPOSITION XVI. 

If a line be perpendicular to a phtne^ every plane drawn thrcugk it 

will be perpendicular to that plane* 

Let the line AB be perpendicular to the 
plane MN : then any plane PQ drawn 
through AB will be perpendicular to MN. 

For let the plane PQ cut MN in BQ, 
and in MN draw the line BC perpen- 
dicular to BQ ; and also draw the plane 
AC through AB, BC 

Then since AB is perpendicular to MN, 
it is perpendicular to BQ; and BC is 
perpendicular to BQ by construction. 
Whence ABC is the profile angle of the 
dihedral angle PQBN {Def. 4). 

But AB being perpendicidar to MN, ABC is a right angle 
{Prop. II.) ; and the profile angle of the planes being a right angle, 
then the dihedral angle is a right angle {Def, 4). That is, the plane 
PQ is perpendicular to MN. 

PROPOSITION xvn. 

If two planes be perpendicular to one another^ every line drawn in one 
plane perpendicular to the common section will be perpendicular to 
the other plane; and every line drawn from a point in one plane 
perpendicular to the other plane lies wholly in the former^ and is 
perpendicular to the common section. 

(1.) Let the plane PQ be perpendicular to the plane MN; and let 

A' 




the line AB be drawn in one plane PQ perpendicular to MQ the com- 
mon section of the planes : then AB will be perpendicular to the other 
plane MN. 

For in the plane MN, draw BC perpendicular to the common sectipn 
MQ. Then since AB, BCare perpendicular toMQ, the plane through 
them is the profile plane^ and ABC the profile angle. But the dihe- 
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dral angle PQMN is a right angle iffyp.)^ and hence ABC is a right 
angle {Prop, z. Scholium.). 

But AB is perpendicular to MQ {Hjfp.\ and hence it is perpen^ 
dicular to the two lines BC| BM in the plane MN : that is, to the 
plane MN itself. 

(2.) All lines drawn from points, as B, in the plane PQ perpen- 
dicular to the plane MN, will be wholly in the plane FQ. 

For, if possible, let some one of them BS be without the plane PQ. 
From R draw BQ perpendicular to the line QM. 

Then by the preceding case BQ is perpendicular to. MN. But by 
admission BS is also perpendicular to MN : that is, two lines BQ, 
BS can be drawn from the same point B perpendicular to the plane 
MN. This is impossible ( Prop, iv.) ; and hence the perpendicular 
to MN falls wholly in the plane PQ. 

(3.) All perpendiculars from points in PQ to the plane MN are 
perpendicular to the line MQ. 

For if possible let AH be drawn in the plane PQ perpendicnlar to 
MN, yet not perpendicular to MQ; and draw AB perpendicular 
to MQ. 

Then reasoning as in the last case^ the conclusion follows. 



PBOPOSITION XVHL 

(1.) If two planes which intersect be perpendicular to a third plane ^ 
their intersection will cUso be perpendicular to this third planer and 

(2.) If a plane be perpendicular to the intersection of two other planes ^ 
it will oe perpendicular to each of those planes. 

• 

(1.) Let the two planes PQ, BS which intersect in BQ, be both 
perpendicular to the plane MN ; then 
will BQ be perpendicular to the plane 
MN. 

For, from any point A in the inter- 
section AQ, draw a line AP in PQ 
perpendicular to AQ ; and similarly a 
line SB in the plane BS perpendicular 
toQS. 

Then {Prop, xvii.), AP, SB are per- 
pendicular to.MN; and hence {Prop. 

XIV.) they are parallel to one another. ' f* 

Also, since the planes PQ, BS which intersect in BQ are drawn 
through the parallel lines AP, BS, the intersection QR is parallel to 
both of them {Prop. ii. Chap. i.). 

And, finally, since AP is perpendicular to MN, and QB parallel to 
AP, it follows that QR is also perpendicular to MN. 

(2.) Let the plane MN be perpendicular to QB the intersection of 
the two planes PQ, BS : then it will be perpendicular to the planes 
PQ, BS themselves. 

For, since BQ is perpendicular to MN, the planes PQ, BS passing 
through it are also perpendicular to MN {Prop, xvi.): that is, MN 
|s perpendicular to PQ and BS. 
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PROPOSITION XIX- 

(1.) If a line and plane he both perpendicular to the same plane ^ 

they will be parallel to one another ; and 
(2.^ If a line and plane be parallel^ every plane perpendicular to the 

line will be aUo perpendicular to the plane, 

(1.) Let the line AB and plane PQ be both perpendicular to the 
plane MN: then they will be parallel 
to one another. 

For from any point C in the intersec- 
tion QR of the planes, draw CD in the 
plane PQ perpendicular to RQ. 

Then since the plane PQ is perpen- 
cular to MN, the line CD is also per- 
pendicular to MN {Prop^ xyil) ; and 
therefore parallel to AB {Prop, ziv.). 

Then since AB is parallel to the line 
CD in the plane PQ, it is parallel to the 
plane PQ itself (Prep. lu. Chap. i.). 

(2.) Let AB be parallel to the plane 
PQ, and perpendicular to the plane MN : 
then MN will be perpendicular to PQ. 

For draw any plane through AB to cut PQ in CD. 

Then since AB is parallel to the plane PQ, the line CD is parallel 
to AB {Prop, II. Chap, i.) ; and since AB is perpendicular to MN, 
and CD parallel to AB, CD is also perpendicular to MN {Prop, xiv.). 

Wherefore, again, tlie plane through CD is perpendicular to the 
plane MN {Prep. xvi.). 

PROPOSITION XX. 

If two planes intersect, and from any point lines be drawn perpendi- 
cular to them, then these lines will contain an angle equal or 
supplementary to the profile angle of the planes. 

Let the planes PQ, RS intersect in RQ ; and from any point A 
let lined AB, AC be perpendicular 
to PQ, RS : then the angle BAC 
will be either equal or supple- 
mentary to the profile angle of the 
planes. 

For draw the plane through 
AB, AC, cutting PQ, RS in BD, 
CD. 

Then since the plane ABDC 
passes through AB, and AB is per- 
pendicular to PQ, the plane ABDC 
is perpendicular toPQ(Pr(^. xvi.). 
In like manner it is perpendicular 
to RS ; and hence also to the 
intersection RQ of PQ, RS {Prop, xviii.). It is, therefore, the profile 
plane of the dihedral angle PQB^ ; and BDC is the profile angle. 
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Now the four angles of the quadrilateral figure ABDC are together 
equal to four right angles ; and two of them ABD, ACD are right 
angles {Prop, ii.): whence the other two BDC and BAC are together 
equal to two right angles ; that is, BAC is the supplement of BDC. 

If, however, we produce either of the lines AB or AC to E or F, 
the adjacent angle CAE or BAF is equal to the profile angle BDC. 
It is generally understood in this proposition, however, that the angle 
BAC turned towanis the dihedral edge, is that specified. 

But when the point A is not between the planes PQ, BS as in the 
preceding figure; but without the dihedral angle, the profile angle 
BDC is equal to the angle BAC formed by the perpendiculars. 

This will always be decided by joining AD : for when B, C, are 
on opposite sides of AD, the angle BAC is the supplement of BDC ; 
and when on the same side of AD, BAC will be equal to BDC. 



PROPOSITION XXI. 

(1.) Tjf a dihedral angle be bisected^ any paint in the bisecting plane 
is equally distant from the faces of the angle; and 

(2.) All points^ each of which is equidistant from the faces of a 
dihedral angle are situated in the plane which bisects that angle, 

(1.) Let the plane AN bisect the dihedral angle MABP : then any 
point D in AN will be equidistant from 
AM and AP. 

For draw the perpendiculars DE, 
DF to AM, AP, and through them the 
plane DEGF, cutting the faces in EG, 
GF, the edge in G, and the bisecting 
plane in DG. 

Then, reasoning as in the 'preceding 
proposition, it is shown that DEGF is 
the profile plane of the given dihedral 
angle MABP. 

Also, since the plane EGFD is per- 
pendicular to AB, GD is also perpendi- 
cular to AB, and EGD, FGD are the 
profile angles of MABN, N ABP. But 
these dihedral angles are equal {Hypoth.) 
and hence the profile angles EGD, DGF 
are equal. The angles DEG,DFG, also 
are right angles {Prop, ii.) ; and hence ^ 
the triangles are equiangular, and right angled ; and have the common, 
hypothenuse GD. Wherefore the other sides are equal each to each, 
namely, those which are opposite to the equal angles ; that is, the 
distance DE is equal to the distance DF. 

(2.) Every point equidistant from the faces AM, AP, lies in the 
bisecting plane AN. 

For if it be possible let any point H without the bisecting plane AN 
be equidistant from the jbces AM, AP; and let HE, HK be those 
distances. Let HE cut AN in D, and draw DF perpendicular to 
AP, and join HF. 
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Then by the preceding case ED is equal to DF, and therefore EH 
(which is equal to ED and DH) is equal to HD and DF together. 
But HD and DF together are greater than HF ; and hence EH is 
greater than HF. 

Again, HKF is a right angle, and hence HFK is less than a right 
angle; and therefore HF is greater than HK. But HE has been 
proved to be greater than HF ; therefore it is greater than HK. But 
it has been admitted to be eaual to HK, which is contradictory. The 
point H, then, without the bisecting plane is not equidistant from the 
faces of the angle ; and hence all equidistant points are in the bisect- 
ing plane. 



CHAPTER III. 

OBLIQUE inns AHD PLANS. 



PROPOSITION I. 

Except a line be perpendicular to a plane y only one plane can be drawn 
through it perpendicular to the plane. 

The two other positions besides perpendicular which a line can have 
with respect to a plane, are oblique and parallel. If, then, it be pos- 
sible that through such lines AB, more than one plane perpendicular 
to the plane MN can be drawn, let there be two; as BAG, BAD, 





the figures taken in order representing AB oblique to MN, and AB 
parallel to MN, respectively, And from any point A in AB, draw 
lines AC, AD perpendicular to CC and DD' in the planes ACC. 
ADiy. 

Then, because ACC is perpendicular to the plane MN, and AC Is 
drawn in ACC perpendicular to the common section of the planes CC, 
it is perpendicular also to the plane MN {Prop. xvii.). In like 
manner AD is perpendicular to MN. "Wherefore from the same point 
A, two straight lines have been drawn perpendicular to the plane MN ; 
which {Prep. iv. Chap, ii.) is impossible. 

The planes ACC, ADD' cannot therefore be both perpendicular to 
MN ; that is, only one plane ABC can be drawn through AB perpen- 
dicular to MN. 
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Seholium I. When AB u pei^ndicular to UN, it has beea 
already shown (Prop. XTi.) that all planet (lirouKh it are perpendicular 
toMN. 

Sekolium 2. The angle ABC which {Def. 6) measures the inclina- 
tion of the oblique Une AB to the plane MN, is called the acute jir^/e 
tmgle in reapeot of this line ; the perpendicuJAr plane ABC, the profile 
plane, and BC X]ie profile trace. 

PROPOSITION n. 

If a line be oblique to a plane, and lines be drautn in the plane through 
the point of intersection making angle* toith the oblique line: 
then 

(1.) Of all the angles which are to formed, the greatett and leatt are 
the profile angles of the line : 

(2.) Only two line* can be drawn to make equal angles with the 



Mique line, oneoneaeh tide of the pnjfile plane : 

I Of thf" '■--- "■-' — *■-■ ''- '— — -'- - '■' 



(3.) Of these linet thai mahet the less angle with the oblique line, 
where the eorresponding line in the plane makes the less angle with 
the acute profile trace, and conversely : 

(4.) Onlg one line can be drawn in the plane perpendicular to the 
oblique line. 

Let the line AB be oblique to the plane UN ; and let the profile 
plane FQ cut UN in GC ; and let other linea AD, AE, AP, etc., 
be drawn in the plane MN : then, 



<1.) The Bcnle profile anele BAC i* lesa than another angle BAE, 
and the obtuse profile angle BAG is greater. 

For, abmt A in the plane UN describe an; circle GHC, cutting 
the several linet drawn from A in that plane ; and let BC be drawn in 
the profile plane ABQ perpendicular to AQ i and join AE, AG. 

Then, «ince BO is perpendicular to the plane UN (Prop. i. 
Sehol. 2), it ia less than BE {Prop. xr. CAop. it.) ; whereiure the 
two BA, AC are equal to the two BA, AE each to each ; but the 
base BC lees than the base BE: wherefore {Euc. i. 25) the angle 
BAC is less than BAE. That is, BAC is the least angle that can be 
made under the circumstances. 

Again, since CG ia the diameter nf the circle GHC, it is greater 
than any other line CE in it {Eue. iii, 1 5) ; and hence BG is greater 
than BE {Prop. xi. Chap. n). Wherefore, BA, AG bring eqoal t<r 
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BXf AE, but the base BG greater than BE, the angle BAG is greater 
than BAE {JSuc, i. 25) ; that is, BAG is the greatest angle that can 
be made under the circumstances. 

(2.) Only two lines AD, AE can be drawn in MN to make equal 
angles with AB. 

For, let the lines AD, AE be drawn to make equal angles with GC, 
one on each side of it ; and join AD, AE, CD, CE. 

Then since the angles CAD, CAE at the centre of the circle are 
equal, the chords CD, CE which subtend them are equal {Euc, iii. 
29). Wherefore, CD, CE being equal, BD, BE are iJso equal 
{Prop. XI. Chap. ii). Whence {Euc. i. 8) the angle BAD is equal 
to BAE ; and two equal angles can be made. 

It remains to show that a third angle cannot be made equal to either 
of these. For if possible, let BAF be equal to BAD or BAE ; and 
join BF, CF. 

Then, since CD, CE are equal, the line CF is greater or less than 
either of them. Suppose it greater, then BF is greater than BD or 
BE. Then BA, AF are equal to BA, AD, but BF greater than BD ; 
and hence {Euc, i. 25) the angle BAF is greater than BAD. Similarly 
if the line CF be less than CD, the angle BAF is less than BAD. 

Two such lines, therefore, can be drawn ; but not more than two. 

(3.) The line BE makes a less angle with BA than BF does, when 
the angle CAE is less than C AF ; and the converse. 

These conclusions are virtually contained in the preceding argument; 
and are left for the student to deduce in form. 

(4.) Only one straight line HK can be drawn in the plane MN per- 
pendicular to AB. * 

For that it may be perpendicular to AB, the angles CAH, CAK 
must be right angles (Prop. ziii. Chap, ii.) ; and only one line on 
each side of GC can be drawn perpendicular to AC from the point A. 
Whence only one line HK, can be drawn in MN perpendicular to AB. 

PROPOSITION III. 

If a line he oblique to a plane, and about the point in which it meets 
the plane a circle be described in that plane ; and ify moreover, 
from any fixed point in that line, lines be drawn to the circum- 
ference of the circle : then, 

(1.) The least line is t?uU drawn to the intersection of the acute pro- 
file trace with the circle ; and the greatest, that draum to the inter- 
section of the obtuse profile trace to the circle ; 

(2.) ThcU which meets the circle at a greater eirctUar distance from 
the acute trace is greater than that which meets it eU the less ; 

f 3.^ Only two such lines can be equal to each other ; 

(4.) Tlie less line makes a greater angle with the plane than the greater 
line does. 

Let AB be a line inclined to the plane MN, and GDC any circle 
described in MN about the centre A ; and let the trace of the profile 
plane PQ cut this circle in GC, the acute profile angle being C and 
the obtuse one G : then 

(1.) The least line that can be drawn from B to the circle is BC 
and the greatest is BG. 
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For draw the perpendicular BH in the profile plane to the trace 
GC ; and let D be any other point in the circle ; and join BD, DH. 





Then {Euc, iii. 7, 8) HC is less than HD, and HD less than HG; 
and hence {Prop, xi., Chap, ii.) BD si greater than BC, and BG 
than BD. In like manner, BG is greater than BE : that is, BC is the 
least and BG the greatest line that can be drawn from B to the circle. 

(2.) Let F be more remote from C than E is : then BF will be 
greater than BE. 

For join HF. 

Then {Euc. iii. 7, 8), FH is greater than EH ; and hence {Prop, xi., 
Chap, II.) BF is greater than BE. 

(3.) Make CD equal to CE ; then BD will be equal to BE. 

Forjince HD is equal to HE {Euc, iii. 7, 8), BD is equal to BE 
{Prop, XI., Chap. II.). « 

(4.) The less line BE makes a greater angle with the plane MN 
than the greater BF does. 

For since BF is greater than BE, HF is greater than HE {Prop, xi.. 
Chap. II.). Make HK equal to HE and join BE. 

Then {Prop, xi., Chap, ii.) BK is equal to BE, and the angle BKH 
equal to BEH. But BKH is exterior to BFK, and therefore greater 
than BFK or BFH. Wherefore, also, BEH is greater than BFH. And 
these are the profile angles of the lines BE, BF since the planes BFH, 
BEH are drawn through the common perpendicular BH from the com- 
mon pointB, and are therefore themselves perpendicular to the plane MN. 

Scholium. This proposition might have been enunciated with respect 
to the edges of a cone whose vertex is B and base the circle GDC. 

PROPOSITION IV. 

If a line he inclined to a plane, and a plane revolve about the line to 
meet the plane, and mahe dihedral angles with it : then, 

(1.) .That formed when the trace of the revolving plane is perpendicu- 
lar to the line itself is the least ; 

(2.) As the plane revolves from this position towards coincidence 
{either wai/) with the profile plane, the dihedral angles increase in 
magnitude ; 

(3.) Only two positions of the revolving plane, one on each side of tJie 
profile plane, can make equal dihedral angles with the given plane. 

Let AB be inclined to MN, and let AC be the profile trace of AB 
{Prop, I., SchoL 2) ; and HG perpendicular to it, that is {Prop, xiii., 
vol. ii. n 
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Chap. II.) perpendicular to the line AB itself, and let BAE be any 
other plane through AB : then 




(1.^ The dihedral angle formed by the plane BAGH with MN is 
less than any other as BAE. 

For, from B draw in the profile plane of AB the line BC perpendi- 
cular to AC, and CE perpendicular to AE ; and join BE. 

Then since CEA is a right angle, CAE is less than a right angle ; 
and hence CA is greater than CE. Wherefore also the angle BEC is 
greater than BAC {Prop, iii.) : that is, the angle BAC is the least that 
can be made under the conditions specified. 

But since BC is perpendicular to MN and CA, CE perpendicular 
to lines GH, AE in MN, the lines BA, BE a^e also perpendicular to 
these lines {Prop, xiii., Chap. ii). Whence 1KA.C, BEC are the profile 
angles of the dihedral angles made by the planes BAGH and BAE 
with the plane MN ; and hence the former dihedral angle is less than 
the latter. 

(2.) Let the plane BAF be nearer to the profile plane BAC than 
the plane BAE is : then the dihedral angle made by BAF with MN 
will be greater than that made by BAE. 

For draw CE, CF perpendicular to AE, AF ; and join BE, BF. 
Then E, F are in the ^circumference of a circle whose diameter is 
AC {Euc. III. 31) ; and by hypothesis AF is nearer to AC than AEis. 
Whence AF is greater than AE ; and consequently CF is less than 
CE {Euc. III. 15). Wherefore, again, the angle BEC is less than 
BFC. Also, as in the preceding case, these are the profile angles of 
the dihedral angles made by BAE, BAF with MN. The conclusion 
therefore follows. 

(3.) Let the planes BAD, BAE be such that their traces AD, AE 
with MN make equal angles with AC : then the planes BAD, BAE 
make equal dihedral angles with MN. 

For draw CD, CE perpendicular to AD, AE ; and join BD, BE. 
Then since the angles CD A and CEA are right angles, they are in 
the circle on AC ; and since AD, AE make equal angles with the 
diameter AC {Constr.) they are equal. Whence CD is equal to CE ; 
and hence again the angle BDC is equal to BEC. 

Also, as before, these are the angles of the dihedral angles enun- 
ciated, and the conclusion follows, that two planes can be drawn through 
AB, which shall make equal dihedral angles with MN. 
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Nor can there be a third plane drawn through AB which shall make 
a dihedral angle with MN equal to either of these. 

For any third plane must be either nearer to the profile plane, and 
therefore make a greater dihedral angle with MN, or more remote, 
and therefore make a less, by the preceding ca^^e. 

PROPOSITION V. 

T\oo points are given in a plane^ and likewise a line perpendicular 
to the plane : assign the point in the perpendictdar to which lines 
drawn from the given points shall contain the greatest angle, 

[This is proposed in the form of a problem merely for the sake of 
brevity in the general enunciation. The conditions will be seen in 
the several cases of the specific enunciations to be more easily ex- 
pressible by reference to the figures.] 

(1.) Let AB be perpendicular to the 
plane MN, and C, D two given points 
in MN ; and let the perpendicular AE 
from A upon the line joining CD meet 
CD in a point E not beyond the ex- 
tremities C and D of the line CD : then 
the angle DAC will be greater than 
any other angle DBC hiving its vertex 
in AB. 

For join BE, and then BE is greater 
than AE, since BAE is a right angle. 
Make EB' in EA produced equal to 
EB, and join B'D, B'C. 

Then since B'E, ED are equal to BE, ED each to each, tlie angle 
B'ED equal to BED (both being right angles, Constr. and Prop, xni.. 
Chap, II.) ; the bas;e B'D is equal to the base BD. And in the same 
manner it is proved that B'C is equal BC. 

Whence since CB', B'D are equal to CB, BD and the base CD* 
common, the angle CBT) is equal to CBD {Etic. i. 8). 

But A is within the triangle CB'D ; and hence the angle CAD is 
greater than CB'D ; and therefore, also, greater than CBD. That is 
CAD Ls the greatest angle that can be formed under the conditions. 

In nearly the same way it may be shown that the angles continually 
diminish as the point B recedes from A in either direction of the line 
AB from A. 

If, al^iO, E had fallen at C or D, the same conclusion is deducible 
by a slight modification of the reasoning. 

(2.) The same general conditions as before, except that E falls in 
the prolongation of CD. 

Let AE be the perpendicular on CD produced ; produce AE in- 
definitely, and describe a circle through C, D to touch AE in P'; in 
AB take a point P, so that EP is equal to EP : then the an^le CPD 
is greater than any other angle CBD described under the con<iitions. 

For, make Eli' in EA (produced if necessary) equal to EB ; and 
join B'C, BD. 

Then, as before, the angle PED is a right angle (^Prop, xiii., C/iap. ii.), 
and therefore equal to P'ED. Wlience the two sides and included 

N 2 
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angle of FED are equal to the two sides and included angle of VED ; 
and therefore PD is equal to P'D. In like manner PC is equal to 
FC ; and therefore (Euc. i. 8) the angle CPD is equal to OPT). 




By the same mode of reasoning it is proved that the angle CBD is 
equal to CBT). 

Now EB' is a tangent to the circle CDP' and hence every other 
point B' than P' lies without the circle : whence BD cuts the circle 
in some point H. Join HC. 

Then the angles CP^, CHD are equal, being in the same segment ; 
and CHD is greater than CB'D, being the exterior angle of the tri* 
angle CHB'. Whence CP'D is greater than CB'D : that is, CPD is 
greater than CBD. 

The same reasoning applies if B be taken between A and P. 
Whence the angle CPD thus formed b the greatest possible under the 
conditions on the side of the plane towards B. 

There is a point p, however, on the other side of the plane MN in 
AB, such that CpD is equal to CPD ; viz., at the same distance from 
A, or such that Ap is equal to AP. 

From this we easily learn that the angles formed at points above F 
or below p continually diminish as their vertices recede from those 
points respectively upwards and downwards. 

Also, that as the vertices approach to A from P and p, they also 
continually diminish to the limit CAD, which- is the least angle that 
can be formed between P and p. 

And, lastly, if the point of contact P should fall at A, then CAD, 
instead of being a minimum limit, will become the greatest angle. 
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Scholium. This proposition is of great importance in orthographic 
projection, which will be seen under that head. The first part also is 
the foundation of some of the propositions immediately following this. 
The proposition itself was first distinctly discussed in the '^ Cambridge 
Mathematical Journal," November, 1847. 



CHAPTER IV. 



TBIHXSDBAL AND P0LTHX3>SAL AN0LIS. 



PROPOSITION I. 

Every two plane angles of a. trihedral angle are together greater than 
the thirds and their difference is less than the third angle. 

The conditions that may subsist amongst the three angles are the 
following four : — 

(«.) All three angles equal ; 
'y6.) Two equal, and each greater than the third ; 
7.) Two equal, and each less than the third ; and 
^l.) All unequal. 

Case («.) Let the three plane angles BAG, CAD, DAB of the 
trihedral angle at A be all equal : then 

(I.) Any two of them BAD, DAC toge- 
ther are double of any one of them B AC, and 
therefore greater than BAG. 

(2.) The difference between any two, as 
BAD, DAC is nothing ; and therefore less 
than the third angle BAG. 

Case {fi.) Let DAB, DAG be equal to 
one another, and each greater than the third 
angle BAG : then 

(1.) The sum of the two BAD, DAG is double of one of them ; and 
each of these is greater than BAG : hence they 
are both together greater than BAG. 

Again, the angles DAG and GAB together 
are greater than DAG, and hence greater than 
BAD. 

(2.) The an^es DAB, DAC being equal, 
their difference is nothing ; and hence less than 
the third angle BAG. 

Again, since DAG is greater than GAB, 
make CAH in the plane GAD equal to CAB : 
then the angle DAH is the difference between 
DAG and GAB. This is less than DAC ; and therefore less than the 
third angle BAD. 

Case (7.) Let two angles BAD, DAG be equal, and each less than 
the third BAG : then 
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(1.) The sura of BAD and BAG is greater than BAD ; and there, 
fore greater also than the third angle 

DAC. 

Again, to prove that BAD, DAC are 
together greater than BAG, make BA£ 
in the plane BAG equal to the angle 
BAD, and the line AE to AD; draw 
any line BG through E in the plane ^ 
ABG, to meet AB, AG in B, G ; and join 
BD, GD. 

Then BA, AD are equal to BA, AE and the angle BAD to the 
angle BAE ; hence BD is equal to BE. 

But BD and DG are together greater than BG ; and hence GD is 
greater than GE. Whence DA, AG are equal to EA, AG, but the 
base DG greater than the base EG ; and hence the angle DAG is 
greater than EAG ; and consequently the two BAD and DAG together 
greater than BAE and EAG together, that is thau BAG. 

(2.) The difference of BAD, DAG is nothing, they being equal 
angles ; and hence less than the third angle BAG. 

Again, it has been shown that EAG, the difference between BAG, 
and one of the other equal angles BAD, is less than DAG the third 
angle. 

Gase (h.) Let all three angles BAD, DAG, 
GAB be unequal, and let BAG be the greatest 
of them. 

(1.) Take the most unfavourable case to 
the truth of the proposition, viz., BAD and 
DAG compared with BAG. Make the angle 
BAE in the plane BAG equal to BAD, and 
AE equal to AD ; and complete the construction as in the preceding 
case. 

Then by reasoning exactly similar to that in the preceding ca<e, it 
is shown that BAD and DAG together are greater than BAE and 
EAG together ; that is than BAG. 

If either of the angles BAD, DAG be interchanged with BAG, the 
sum will be greater than before, and the third angle less ; and hence, 
the sum of those two will be greater than the third angle. 

(2.) By similar construction to the preceding, and corresponding 
reasoning, the difference EAG of the angles BAG and BAD is less 
than the third angle DAG. And this is equally the case whether BAD 
be the greater or the less of the two angles BAD, DAG. 




PROPOSITION II. 

If three points be taken in the edges of a trihedral angle equidistant 
from the vertex j and a plane be described through these points : and 
if also a perpendicular to this plane be draum from the summit^ it 
will be the centre of the circle which peases through the three points 
in the edges. 

Let SA, SB, SG be the three edges of a trihedral angle, and these 
distances be all equal; let a plane MN be drawn through ABC, 
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and a perpendicular SD from S to MN 
the circle through A, B, C, in ilie 
plane MN. 

For join AD, BD, CD. 

Then in the triangles SDA, SDB 
the two tides SD, SA are equal to 
the two SD, SB; and the opposite 
angles to SA, SB right angles ; there- 
fore the remaining ludes and angles 
are equal, each to each. That i^, 
DB is equal to DA. In like manner 
DC is equal to DA; aad hence A, 
B, C are equidistant from D, or D 
is the txntie of the circle ABC. 




Cob. 1. Each of the edges makes equal angles witli the plane ABC : 
fur these angles SAD, SBD, SCD are the corresponding angles of 
«qual triangles. 

CoK. 2. Each of the edges makes equal angles with the perpen- 
dicular SD. 

Cob. 3. If AB, BC, CA be joined, and perpendiculars DG, DF, 
DE be drawn from D to each of them, these perpendiculars bisect 
those sides. 

Cob. 4. If SE, SF, SG be drawn, the angles SED, SFD, SGD will 
be the profile angles of the dihedral angles ibrmed by the faces of the 
trihedral angle with the plane MN. 



PKOPOSITION III. 

The plojte angles of every taOeTU pdyhedrai angle are together leg* 
than four right angle*. 

(1.) Let the angle be trihedral, and represented hy the figures of 
the preceding proposition. Make the same construction with respect 
to A, B, C, the plane MN, perpendicular SD, etc. 

Then E, F, G will fall between the extremities of the lines AC, CB, 
BA respectively. Whence (Prop, v., CA*p. in.) ADC is gcyater than 
ASC, CDB than CSB, and BDA than BSA. Wherefore" the three 
angles at S are together less than the three angles at D together. 
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But the three angles at D are together equal to four right angles ;* 
and hence the three angles at S are less than four right angles. 

(2.) Let the angle at S be tetrahedral, having ASB, BSC, CSD, DSA 
for its four faces or plane angles: tiiese 
will together be less than four right angles. 

For, produce two of the •alternate faces 
ASB, CSD to meet in SE. 

Then {Prop, i.) the two angles ASE, 
DSE^re together greater than the angle 
ASD of the trihedral angle S. EDA. 
Wherefore also, the two angles BSE, CSE 
are together gpreater than BSA, ASD, 
DSC ; and hence again the three angles of 
the trihedral angle S. BEC at S are greater 
than the four at S of the tetrahedral angle S. ABCD. 

But the angles of S. BEC are less than four right angles by the pre- 
ceding case ; and hence the four angles at S of the tetrahedral angle 
S. ABCD are together less than four right angles. 

Generally. The pentrahedral angle is reduced in the same manner 
to the tetrahedral, and its plane angles sliown to be less ; and hence 
less than those of the tetrahedral angle, and thence again less than four 
right angles. 

PROPOSITION IV. 

If from any point within a trihedral angle^ perpendiculars be draum 
to the faces, these perpendiculars will be the edges of a new trihedral 
angle, which has the following relcUions to the original one : — 

(1.) Its edges will be perpendicular to tJie faces of the original; 

(2.) Its faces will be perpendicular to the edges of the original; 

(3.) Its plane angles will be the supplements of the opposite prqfile 
angles of the original ; and 

(4.) Its profile angles will be the supplements of the plane angles of 
the original, 

(1.) This is but a repetition of the hypothesis, for the purpose of 
enumerating the connected properties seriatim, 

(2.) Let S. ABC be the original trihedral angle ; and from any 
point s within it let perpendiculars 
sa, sb, sc to the faces BSC, CSA, 
ASB be drawn : the planes bsc, csa, 
cub will be perpendicular to the 
edges SA, SB, SC, respectively. 

For let the plane bsc cut the 
planes BSA, ASC in c A, 6 A. 

Then since sc is perpendicular to 
the plane BSA, the plane bsc 
through it is perpendicular to BSA 
{Prop. XVL, Chap. ii.). In like 
manner the plane bsc through bs is 
perpendicular to the plane ASC. 

Wherefore the plane bsc, being 




*,^'^.^*?.Vt?** "°*^® CDA is equal to two right aogles; and in Fig. 3, ih^ 
angle CDA is the reverse angle. o o i :f , 
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perpendicular to both the planes BSA, ASC, is perpendicular to SA 
their common intellection {Prop, xviii., Chap. ii.). 

The two perpendiculars sb, sc determine, therefore, a plane perpen- 
dicular to the edge. SA ; and in the same manner the other two faces 
of the trihedral angle s» ahc are respectively perpendicular to the other 
two edges of S. ABC ; viz., bsa to SC and cue to SB. 

(3.) Since SA is perpendicular to the plane hsc^ the lines Ah, Ac 
are perpendicular to SA ; and hence & A c is the profile angle of the 
dihedral angle BSAC. Also {Prop, xx., Chap, ii.), the angles hAc, 
hsc are supplementary : that is the plane angle bsc is the supplement of 
the profile angle ^ A c of BSA, ASC. 

In the same manner it may be proved that csa is the supplement of 
the profile angle c B a of CSB, BSA ; and that asb is the supplement 
of the profile angle aQh of ASC, CSB. 

(4.) Since SA, SB, SC drawn from the point S have been proved to 
be perpendicular to the faces of the trihedral angle s, abc, it follows 
from the preceding case, that the plane angles ASB, BSC, CSA are 
the supplements of the profile angles bCa, a "Be, c Abof the dihedral 
angles ASC, CSB, of CSB, BSA, and of CSA, ASB ; or, merely 
changing the order, the profile angles of s. abc are the supplements of 
the opposite plane angles of S. BCA. 

Scholium. The trihedral angles thus related are sometimes called 
conjugate trihedral angles, from their interchangeability : sometimes 
supplementary trihedral angles from their properties here proved. 

It is easily seen that if ^ be taken at S instead of within the trihedral 
angle S. ABC, the new trihedral angle would differ from any other 
formed according to the enunciation of this proposition, it would be in 
all respects equal to S. abc. A direct proof might be made, however, 
of thb fact, from the consideration that the three faces of any two 
trihedral angles thus formed conjugately to S. ABC would be parallel 
each to each. The details are left for the student to supply. 

When S and s are coincident, and a sphere is described about S to cut 
the faces of the two trihedral angles, two spherical triangles are formed, 
the sides and angles of which have an analogous system of relations. 
They have also another relation (for which see p. 210 of the Spherical 
Geometry), which causes them to be generally called polar triangles : 
which relation is of great importance in spherical trigonometry. 

PROPOSITION V. 

The three profile angles of any trihedral angle are together greater 
than two right angles, but less than six. 

(Figure to preceding Proposition.) 

Let S. ABC be any trihedral angle, and take a point s within it, 
and construct the conjugate trihedral angle s. ahc as in the preceding 
proposition. Then c Kb, bCa, aBc are the profile angles of the 
trihedral angle S. ABC, as already there proved. These three angles 
are together greater than two right angles. 

For the three pairs of angles, c Ab and csb, bC a and bsa, and 
aBc and a^c, are together equal to six right angles, each pair being 
equal to two {Prop, xx.. Chap, ii.) 

But the three asb, bsc, csa are together {Prop, lit.) less than four 
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right angles ; and hence the other three aBc^cAbybCa are together 
greater than two right angles. 

Again, the three profile angles are less than six right angles. 

For, since the six angles above enumerated are together equal 
to six right angles, and that the three cub, bsc, csa, are necessarily of 
some magnitude, the other three together a Be, cAbj 6Ca, are 
deficient from six right angles, by that magnitude whatever it be. 



CHAPTER V. 

£QX7AIITT Ain> STBOOrrBT OF TBZHEDBAI. ANGLES. 

In plane triangles an application of one to the other* could generally 
be made, when the conditions of their structure were three parts in 
one triangle equal to three corresponding parts in the other. Tiiis 
was rendered possible by the fact of both sides of a plane being alike, 
so that when supraposition became an efiective step, the plane of one 
triangle might be turned over, and its faces thereby inverted. 

In the case of trihedral angles this advantage is lost, and it becomes 
a necessary condition for supraposition that the three parts of the two 
figures which are to be made coincident shall follow each other in the 
same order. Thus, in the two triangles ABC, DEF, 



A 



/ 



/ 



' \ 





if the sides AB, AC are equal to the sides ED, DF situated in the 
same order, and the included angles equal, the inference of equality i.s 
made by superposition without reversing the plane of the triangle ABC 
{Euc. I. 4.) : but if E'D', D'F', were substituted for ED, DF, where 
the order is inverted, the plane of ABC must be reversed to produce 
coincidence. 




5' 





If, now, there be two trihedral angles V. ABC, and S. DEF ; and 
if the two faces, or plane angles AVB, A VC be equal to DSE, DSF 
and the included dihedral angles equal, they will be capable of coinci- 
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dence by superposition if the three parts of the one follow each other 
in the same order as in the figure. But if they follow in a reversed 
order ^ as when S'. D'E'F is substituted for S. DEF, then equality 
by coincidence can no longer be inferred ; since coincidence itself 
cannot be made by any change of the faces of any one of the planes 
concerned. 

We are then either obliged to have recourse to other methods, or to 
adopt the principle of equality by symmetry. 

In general, symmetry may be defined as similarity of position in 
reversed directions^ estimated from a point, line, or plane. Thus, if 
two points A, A', be situated in a straight line, equi-distant from a 



■ I 



A/ 



point O in that line, and in opposite directions^ A and A' are symme- 
trical with respect to the point O. 

Or, again, if two points A, A' be situated on the opposite sides of a 
line X'X, and that perpendiculars from them meet X'X in the same 



X' 



A' 

point P, and are likewise equal : then A, A' are symmetrical with 
respect to the line X'X. 

Further, if there be two lines AB, AB' drawn from the same point 
A in the line X'X, making equal angles XAB, XAB', above and 
below X'X; these lines are symmetrically situated with respect to 
X'X. 



./ 
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The same holds If for lines we substitute 
planes : thus, if AA' meet the plane MN at 
right angles in P, and AP, AT be equal: 
then A and A' are symmetrically situated 
with respect to MN. 

Other instances wiU occur to the student's 
mind which it will not be necessary to g^ve 
formally here. It only remains to show the 
application of the principle to trihedral 
angles. 
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(I.) Symmetry with respect to the vertex. 

Let S. ABC and s.abcbe two trihedral angles whose corresponding 
equal parts lie in contrary directions, or circulate in contrary order. 
Produce AS, BS, CS, and make SA', SB', SC equal respectively to *o, 
sb, 9c ; and join A'B', B'C, C'A'. 




Then the trihedral angle S. A'B'C will be equal to *. abc, in all 
respects, if the three fixing conditions of equality be correctly given. 
It is the business of the investigator to ascertain that this is the case ; 
and to show that the other parts will be equal in magnitude in the two 
trihedrals whose common vertex is S. 

(2.) Symmetry with respect to an edge. 

Let S. ABC and s. abc be the two trihedral angles which have their 
pairs of equal magnitudes ranged in reverse order. Make the edges 





SA, sa coincide, and let also the plane a*6 coincide with the <wi<m««». 
Um of the plane ASB : then the pkne a*c will coincide with the co»- 
Hnuatim of ASC. The two trihedral angles are then syinmetru^l 
with one another ; and the fixing conditions being correctly given, the 
parts of the one can be proved to be equal to the correspondmg parts 
of the other. 

(3.) Symmetry with respect to a face. . * *u • ♦ 

In this case the faces ASC, asc are placed m contact, the pomt a 
coinciding with A, or taking the pkce of A' in the symmetrical posi- 
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tion ; and c taking the place C or C. Then B and B' (that is b trans- 

AA' a 




posed) is as in the figure ; and the fixing conditions of equality being 
correctly given, it is to be shown that the remaining parts are equal 
each to each. 

Other forms of symmetry might be given : but these will be sufiBcient 
for all the ordinary investigations respecting trihedral angles. 

PROPOSITION I. 

If two trihedral emgles have two faces of the one equal two faces of the 
other y and their included dihedral angles equals the remaining face 
of the one will be equal to the remaining face of the other , ana the 
remaining dihedral angles will be equals each to each, namely, those 
to which the equal faces are opposite. 

Case 1. Let the two trihedral angles S. ABC, s. abc have the two 




feces BSC, CSA equal to the two bscy csa, each to each, and the dihe- 
dral angle (CSB, CSA) equal to (csb, csa) ; and let the equals succeed 
each other in the same order ; then the faces ASB, cub, will be equal ; 
and the dihedral angles (CBS, BSA) and (cbs, bsd) will be equal, and 
likewise the angles (CSA, ASB) and (csa, asb). 

For, let the trihedral angle s, abc be applied to S. ABC, so that s 
shall coincide with S, the line bs shall coincide with BS, and the plane 
csb with the plane CSB. Then, since the angle bsc is equal to BSC, 
es will coincide with CS. 

Again, since the dihedral angle {csb, csa) is equal to (CSB, CSA) 
the plane cas will coincide with the plane CAS. Also, since the angle 
csa is equal to CSA, the line as will coincide with AS, and the plane 
asb with the plane ASB. 

Whence, as, sb coinciding with AS, SB, the angle asb is equal to the 
angle ASB. 

Also, since the planes asb, asc coincide with ASB, ASC, thev con- 
tain equal dihedral angles ; and similarly the dihedral angles (aso, bsc) 
and (ASB, BSC) are equal. 
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Case 2. Let the trihedral angles S. ABC, s, abc have the same parts 
equal as before, but situated in contrary order. 




Produce the planes ASC, BSC ; their intersection SC will be in the 
prolongation of SC. In these planes respectively produce BS and AS, 
to B' and A', so that SA', SB', SC may be equal to me, sb^ sc. 

Then, since OS and BS are produced, the angle B'SC is equal to 
BSC ; and this latter by hypothesis, to bsc. Whence B'SC is equal to 
bsc. In the same way A'SC is equal to asc. 

Again, the dihedral angle (A'SC, B'SC) is made by the same planes 
as the angle (ASC, BSC) they being opposite dihedral angles : whence 
they are equal. Also (ASC, BSC) is equal to (cwc, bsc) by iiypothesis ; 
and hence (A'SC, B'SC) is equal to the dihedral angle (ascy bsc), ' 

Again, since ASB, A'SB' make opposite dihedral angles with the 
other two faces, those angles are respectively equal each to each ; viz., 
(ASB, CSB) to (A'SBS CSB') and (ASB, ASC) to (ASB', A'SC) ; 
and the third face ASB is equal to the third A'SB', since they are op- 
posite plane angles. All the parts of S. A^B'C are, therefore, equal 
to the corresponding parts of S. ABC. 

But the parts of the trihedral angle S. A'B'C follow in the same 
order as those of s, abc ; and by the first case are respectively equal to 
them. Wherefore, also, the several remaining parts of S. ABC are 
equal to the corresponding ones of s. ahc. That is to say : — 

The third face ASB is equal to the third face asb ; the dihedral 
angle (ASB, BSC) to {asb, bsc) ; and the dihedral angle (BSA, ASC) 
to {bsa, asc)» 

"The test of equality laid down by Euclid as the primary one of equa- 
lity, is capability of coincidence, Tliis latter test by symmetry is equally 
valid ; and it may be stated generally that, under the circumstances, 
the two trihedral angles are equal. 

The analogous proposition in plafio is JBuoIid i. 4 ; and the species of 
symmetry employed in the proof is tlie first uf those enumerated. 

PROPOSITION II. 

If two trihedral angles have two dihedral angles of the one equal to two 
dihedral angles of the other ^ and likewise their vicluded faces equal: 
then the remaining dihedral angle of the one will be equal to that of 
the other ; afid the remaining faces of the one to those of the other ^ 
each to each; viz., those to which the equal dihedral angles are 
opposite. 

Case 1. Ltt the face ASB be equal to the face asb ; the diheriral 
angle (ASB, ASC) to {ash, asc) ; and the dihedral angle (BSA, BSC) 
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to {bsa^ bsc) the order of succession being the same in both : then will 

A 




Gs 




the faces ASC, BSC be equal to the faces asc^ bsc ; and the dihedral 
angle (ASC, BSC) to the dihedral angle {asc^ bsc). 

For, place the point S upon s, the line SA upon sa, and the plane 
BSA upon bsa. Then, since tiie angles ASB, cisb are equal, SB will 
coinci(^e with sb. 

Again, since the dihedral angle (BSA, ASC) is equal to (bsa, <^c\ 
and the edge SA coincides with the edge sa^ and the plane BSA with 
bsa^ the plane ASC coincides with asc ; and, similarly, the plane BSC 
coincides with bsc. Wherefore their intersections SC, sc coincide ; 
and the trihedral angles wholly coincide. Their corresponding parts, 
therefore, as detailed above, are equal, each to each. ' 

Case 2. Let the eqtial parts follow in a contrary order, the letter- 
ing of the figures remaining as before. 





In the plane ASB produce the lines SA, SB in a symmetrical direc- 
tion, and likewise produce the planes ASC, BSC ; and let SC be their 
intersection. - 

Tliis will be in the prolongation of SC. Also the angle A'SB' is 
equal to its opposite ASB, and therefore to asb. 

Again the dihedral angle (A'SB', B'SC) is opposite to (ASB, BSC), 
and therefore equal to it; and consequently to {asb,bsc). Similarly, 
the dihedral angle (A'SB', A'SC ) is equal to {asb. asc). 

Whence, by tlie preceding case the trihedral angle s. abc is equal in 
all respects to S. A'B'C. 

But the dihedral angle (A'SC, B'SC) is opposite to (ASC, BSC), 
and hence equal to it ; whence also (ASC, BSC) is equal to (asc, 
bsc), that is the remaining dihedral angle of the one to the remaining 
dihedral angle of the other. 

And finally, the faces ASC, BSC are equal to A'SC, B'SC ; that 
is, to the faces asc, bsc respectively. 
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PROPOSITION III. 

If the three faces of one trihedral angle be equal to the three faces of 
another, each to each : then the dihedral angles of the former will be 
equal to those of the latter j each to each ; viz.j those to which the 
equal faces are opposite. 

Case 1. Let the equal parts of the two figures lie in the same order 




in the two trihedral angles S. ABC, s. ahc. Make SA, SB, SC, sa^ 
sb, SC, all equal to one another; and draw the planes ABC, ahc. 
Through S and s draw perpendiculars SP, sp to those planes ; and join 
AP, PB, op, pb. 

Then, since AS, SB, are equal to a«, sb^ ( Constr.) and the angle 
ASB to asb{ffj^,), the base AB is equal to cib. In a similar manner 
BC is equal to be, and CA to ca» Wherefore the two triangles ABC 
abc are in all respects equal. 

Then {Prop, ii., Chap, iv.) P and p are the centres of the circles 
which circumscribe ABC, abc; and, therefore, their radii AP, PB, 
apy pb are equal ; and the triangle APB is in all respects equal to apb. 

Let, now, the triangle ABC be applied to (xbc, so that AB, BC 
coincide with ab, be: then the triangle ABC will coincide entirely 
with abc, and the point P with p (the bases AB, ab coinciding, and the 
sides being equal each to each). The perpendicular PS, therefore, 
will coincide with the perpendicular ps ; and the vertex S will be in 
the linejp^. 

If it be denied that S coincides with s, let it be at some other point 
s' in the peq^endicular />* ; and join as', bs', cs\ 

Then since the two sides cs', bs', are equal to CS, BS, and these 
again to cs, bs ; the two triangles csb^ cs'b have the two sides cs, bs^ 
equal to tlie two cs', bs, and the base be common. Whence the angle 
cs'b is equal to the angle csb. 

But p being the centre of the circle about ahc, the perpendicular 
from/) falls between b and c; and hence {Prop, v., Chap, iii.) the 
angle cs'b is greater or less than csb, according as s' is inps, or in its 
prolongation. 

These two conclusions are contradictory ; and hence the non-coin- 
cidence of S and s impossible. Whence S coincides with s, and the 
trihedral angles having their parts coincident, those parts are equal 
each to each ; viz., the dihedral angles opposite to the equal faces. 

Ca^e 2. Let the equal parts be ranged in reverse order in the two 
trihedral angles. Produce the three faces of S. ABC : their intersec- 
tions SA', SB', SC will be in continuous lines with SA, SB, SC ; and 
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hsace the angles A'SB', B'SC, C'SA' being opposite to ASB, BSC 





CSA, are respectively equal to them. Whence the faces of S. A'B'C 
are also respectively ^ual to those of s, abc; and by the former case, 
the dihedral angles of S. A'B'C are equal to those of s, ahc^ each to 
each, respectively. 

But the dihedral angle (A'SB', B'SC) is opposite to (ASB, BSC), 
and therefore equal to it ; and hence the dihedral angle (ASB, BSC) 
is equal to {asbj bsc). In the same manner the other dihedral angles 
are proved to be equal. 



CHAPTER VI. 
VOLUMES OP SOLIDS. 



This Chapter is the foundation of the ^* Mensuration of Solids," and 
has scarcely any other direct application in mathematics. 

The general history of the method is this, as far as regards poly- 
hedrons : — 

(1.) To investigate the conditions of equality of two parallelopipeds, 
or their proportionality to other data. 

(2.) To extend the same to triangular prisms — sometimes even to 
include these amongst the former. 

(3.) To divide every polyhedron into parallelopipeds or prisms 
(most commonly the latter), and then assign a rectangular parallelo- 
piped equal to the sum of them all. 

Of the curved solids, notice will be taken hereafter. 

It will conduce to convenience of expression to make an unusual de- 
finitional distinction here, between a right parallelopiped and a rectan- 
gular one. 

Def. 1. A rectangular parallelopiped is one which has all its angles 
right angles and all its faces rectangles. 

Def. 2. A right parallelopiped has for one pair of opposite &ces 
any pair of equal parallelograms; but the other four faces rectangles. 

This is in reality considering them as right prisms upon rectangular 
bases, and upon parallelogram bases respectively. The view is only 
changed from its somewhat simplifying the language of the expo- 
sition. 

VOL. II. o 
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There is one important principle to be noticed here, in regard to the 
equality of solids bounded by plane surfaces. It came before us par- 
tially in the last Chapter, but it takes a prominent place in this. 

It has been already shown that two trihedral angles may have all the 
component parts of the one equal to all the corresponding ones of the 
other, each to each : but that, except these parts succeed each other, in 
the same order of rotcUion, the two trihedral angles do not admit of 
supraposition. When they succeed in a reversed order of rotation, they 
have been called , as already explained, symmetrical trihedral angles. We 
can hardly deny the equality of two things, all the separate elements of 
which are the same, each in each ; merely because their order of suc- 
xession is from right to left instead of from left to right. It was not, 
however, necessary to insist upon this in the discussion of solid angles^ 
as the terms '' equal " and *^ symmetrical " met the two cases, without 
any further inference being drawn. Here, however, where the volume 
of the space enclosed is concerned, the case is otherwise. We are 
compell^ either to prove or assume that the volumes of space com- 
prehended by the boundaries of two symmetrical parallelepipeds or 
triangular prisms are equal. 

1 have never seen a satisfactory proof of this, without the adoption 
of considerations extraneous to those formally or virtually admitted by 
Euclid. Neither, though I have long ^thought about it, have I been 
more successful than my predecessors. 

We have, then, no alternative but to assume as an axiom : — 

'^ If the same triangular prism be equal to one triangular prism and 
symmetrical to another, these latter prisms contain equal volumes of 
space." 

The case of the parallelepiped can be proved from this, or rather it 
is a mere corollary. Indeed we are entitled to lay down as a working 
form of this axiom that : — 

Symmetrical triangular prisms and symmetrical paraUelopipeds 
contain equal volumes ofspace^ each to each. 

It is deemed proper to draw the student's especial attention to this, 
rather than by passing it over, to leave him under the belief that his 
demonstration by supraposition of the equality of symmetrical figures 
was more rigidly complete than it actually was. 

It may be remarked that the reason of this difficulty (that suprapo- 
tion should be universally applicable in the case of plane rectilineal 
figures, and not in solids bounded by planes) is thus explained. The 
uniformity of the plane renders a rectilineal figure capable of being 
turned over, so as to enable the figures traced on it to be applied one to 
the other in the same order though originally given in a reversed one. 
All the parts of both figures being in the coincident planes, there is no 
part of the one which may not coincide with a correspondent part of 
the other. The same, indeed, may be done with any face of the one of 
two symmetrical prisms and the corresponding face of the other ; but 
this gives the prisms themselves on opposite sides of that common 
plane, and consequently not in a state of coincidence or supraposition. 

Further, if Ve conceive the figures compared to be successively 
fitted in a hollow or matrix, it might simplify the conception of this 
solid supraposition or substitution. 
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PROPOSITION T. 

If two triangular prums have one solid angle of the one equal or 
symmetrical to one solid angle of the other, and the three contiguous 
edges equaly they will have equal volumes* 





(1.) Let the triangular prisms ABCDEF and A'B'C'D'E'F have 
the three plane angles at A equal to the three plane angles at A^ and 
in the same order ; and let the three edges at A be equal to the three 
edges at A' : then these prisms will contain equal volumes. 

For if A' be placed on A, A'B' on AB and the pLuie A'B'C on 
ABC, the side A'C will coincide with AC and the point C with the 
point C, since the angle B'A'C is equal to BAC, and the side A'C to 
the side AC. 

Also because the trihedral angle at A' is equal to that at A, the line 
AD' will coincide with AD ; and because A'D' is equal to AD tlie 
point D' will coincide with D. 

Again, since D'A' and A'C coincide with DA and AC, and ADEB, 
A'D'E'B' are equiangular parallelograms, the lines D'E', E'B' will 
coineide with DE, EB, and the point E' with the point £. 

In the same manner the faees F'D'A'C and FDAC will coincide. 

Whence also the &oe F'D'E' will coincide with FDE, and F'CB'E' 
with FCBE. 

The boundaries of the two prisms therefore coinciding, they <' fill' 
the same space," and are therefore equal. 

(2.) Let the two prisms be symmetrical : then by the axiom, they 
are of equal volume. We give the figure for illustration. 




♦ Whatever three conditions are given for defining the equality of the solid 
angles, the equality of those angles justifies our assumption of any other three uat 
may be more convenient for immediate use. We shall avail ourselves of this net 
to avoid circomlocation in the details of oar demonstrations. 

2 
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In these the angle B'A'C is turned from the side A'B' in a reversed 
order to that in which BAG is turned from AB. If the £ioe A'D'E'B' 
were made to coincide with ADEB, the prisms would lie on opposite 
sides of the plane of the paper (a plane common to both prisms), and 
coincidence would not take place. 
The line A'D' would not generally 
coincide with AD ; indeed only 
when the planes D'A'B', DAB 
were perpendicular to the planes 
B'A'C, BAG respectively, or 
(which implies the same thing) 
when the angles DAB, DAG, 
D'A'B', D'A'G' were all equal. 

If the base A'B'G' be reversed 
so as to apply altogether to ABG, 
the prisms fall on opposite sides 
of that base ; and hence equality 
by coincidence cannot be inferred. 
The axiom alone can justify the 
inference of equality of volumes. 

Or again, if the planes of the 
bases be made continuous, sym- 
metry of the figures results, but 
no coincidence. 

The same conclusions follow in 
whatever way we dispose of the 
figures for the purpose of com- 
parison. 

PROPOSITION II. 

Two parallelopipedf which have one trihedral angle of the one equal 
or symmetrical to that of another angle in the other ; and the edges 
uniting in those angles equals each to each corresponding onCj will 
be of equal volume. 

The proof is so similar to that in the preceding proposition, that the 
student ought to draw it up for himself. 

PROPOSITION III. 

A plane drawn through two opposite edges of a parallelopiped divides 
its volume into two equal parts. 

For it is easily to be shown (by the student) that the parallelopiped 
is thereby divided into two symmetrical triangular pyramids; and 
hence the inference by means of the axiom. 

PROPOSITION IV. 

Any plane drawn through the centre of a parallelopiped divides it into 
two parts which are of equal volume. 

This is a slig-ht extension of the preceding one, and it is left for the 
student to prove that the parts ore symmetricalj and hence of equal 
volume. 
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PROPOSITION V. 

ParaUelopipeds on the same base and between the same parallel 
planes^ haoe equal volumes. 

M' O' H 





(1.) Let the parallelopipeds AG, AG' be upon the same base AC, 
and between the same parallel planes ; and first let £F and HG be in 
the same straight lines with £'F' and H'G'. 

The student must now prove that the triangular pyramid having 
HDH' and E'AE for its opposite triangular faces is equal to the trian- 
gular prism having G'GC and F'FB for its opposite faces. 

The remaining step is analogous to J3uc, i. 35, and the conclusidn 
is attained. 




(2.) Let the parallelopipeds be denoted, in the second place, by the 
same letters as before, but not have EF and GH coincident with E'F' 
and G'H', nor yet the other pairs of sides coincident. 

Produce the sides H'E', F'G', HG, FE to meet. They will form a 
parallelogram PQKS, having its sides parallel and equal to those of the 
base ABCD ; as the student must prove. Whence drawing AP, BQ, 
OR, and DS, these will be the edges of another parallelopiped on the 
base ABCD, and between the same parallel planes as the other two. 

Now by the former case, the parallelopiped AG is equal to AR, by 
reason of PQ, RS being in the same lines with EF, GH. 

And, similarly, the parallelopiped AG' is equal to AR by reason of 
PS, QR being in the same lines with H'E', F'G'. 

The parallelopipeds AG, AG' tlierefore being each equal to AR, 
they are equal to one another. 
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PROPOSITION VI. 

Triangular prisms which have one face common j and the edges oppo* 
site situate in a plane parallel to that face ^ have equal volumes. 




Let A'PSRB'Q and APSBBQ be tiro prisms which have the face 
PQRS common, and the edges AB, A'B' opposite to PB in a plane 
parallel to PR. 

Complete the parallelopipeds SO, 80' on the face PR. 

Then it is to be shown that the &ces AC, A'C are in that plane, and 
hence that the parallelopipeds are equal. 

The application of Prop, iii. will then establish the equality of the 
prisms. 

PROPOSITION vn. 

Prisms upon equcd polygonal hoses and between the same parallel planes 
are equal to one another in volume, 

(1.) Every prism may be transformed into a parallelopiped. 

For, let ABODE, A'B'C'D'E' be corresponding portions of the 
opposite ends of a prism on the poly- 
gonal base. Join BD, B'D', and 
through C, C draw CO, CO' parallel 
to them ; produce AB, A'B' to meet 
CO, C'G' in G and G' ; and join 
GG'. 

Then show that B'G' is equal to 
BG, and thence infer that GG' is 
parallel to BB', and therefore also 
to CC 

The next step is to show that the 
plane GCC'G' is parallel to the com- 
mon face BDD'B' ; and hence (Prop, 
Yi.) that the prism on the triangular 
base BGD is equal to that on BCD. 

Wherefore, exchanging the former for the latter, the original prism 
on the polygonal base ABODE is transformed into one on the base 
AGDE, having one side less than the original base ; and consequently 
the new prism whilst it is equal in volume to the original one, has one 
face less. 
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We may proceed thus till the base is reduced to a quadrilateral, or 
to a triangle ; and whichever we choose we can make a parallelogram 
equal to it ; and consequently the process enables us to form a paral- 
lelopiped equal in volume to a given polygonal prism. We may, more- 
over, make the base of this parallelopiped similar to any specified 
parallelogram. 

(2.) If a second polygonal prism be given, so that their bases have 
equal areas and the prisms are between the same parallel planes, then 
the same process may be pursued with the second one, and the bases of 
both are ultimately reduced to parallelograms equal in all respects. 

(3.^ We have hitherto supposed the prisms to retain the original 
parallelism of their edges. We might now suppose one base placed 
upon the other, and show that the opposite faces are in one plane ; and 
thence infer this equality, and consequently the equality of the original 
prbms, by means of Prop. v. The following, however, is equally 
simple and more usual, being Euclid's own way, and analogous to his 
treatment of i. 36. ; 




Let ABCDEFGH and A'B'C'D'ET'GH' be the two transformed 
parallelopipeds between the same parallel planes ; and ABCD, A'B'C'D' 
the bases equal in all respects, and having the equal sides parallel each 
to each. Join AE', BF', CG', DH' : then the figure ABCDET'G'H' is 
to be shown to be a parallelopiped. And by the application of Prop, vi., 
it is to be proved equal to each of the parallelopipeds AG, A'G' ; and 
thence the inference drawn. 

Scholium. As the parallelism of the edges may be under any angle 
whatever with the base of a prism, the edges are for the purposes of 
caiculation generally taken perpendicular to the base. This perpen- 
dicular is generally called the dUitude of the prism. When in a pro- 
blem the conditions are not so given in a direct form, the preliminary 
step most frequently is, to reduce it to this state from the given rela- 
tions ; and, moreover, to reduce the base of the prism to an equivalent 
rectangle : in other words, reducing the prism to its equivalent rectan- 
gular parallelopiped. 

Nor are we obliged to confine this process to the mere practice of 
calculation ; for from what has already appeared, we are equally en- 
titled to do so in our theoretical investigations. The generality of our 
conclusions is not affected by this restriction, since the preceding 
theorem reduces (when it may be deemed advantae^eous) every prism 
whatever to a rectangular parallelopiped. It will be occasionally 
adopted here, not to eyade any difficulties in the reasoning, but from 
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its fioiplifying the verbal enunciatioiu of some of the theorems ; and 
from its being at the same time in strict accordance with the ordinary 
language and notions of practical mensuratioa. 

PROPOSITION vm. 

Pritmt ofequai altitude are to one another at their batet ; andpritau 
having eguat baKt are to one another at their altittidet. 



/A/J 
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(I.) Let tlie parallelopipeds KC, AG- be taken, so that KB, AF 
their bases be equiangular, and the side AB of the ba^ee and the &ce 
AC be common to both ; and let them have the same altitude, namely, 
AD or BC the distance between the two planes KF, NO. Then mil 
the panJldopiped KC be to AG as the base KB is to Ibe base AF. 

Take any number of segments in the line AF produced, viz., EU, 
UW, WX, etc., each equal to AE ; from the poinU TJ, W, X, etc., 
draw parallels to EF, meeting BF (in points not lettered), and complete 
Ilie parallelopipeds ET, UV, WT, etc. 

IWeed similarly by Ubing KQ, QS, etc., each equal to AK, and 
completing the parallelopipeds QM, SP, etc. 

To complete the demonstration, show ; — 

(a.) That each of the parallelopipeds ET, UV, WT, etc., is equal 

to AG ; and each of the parallelopipeds QM, 8P, etc., is equal to EC. 

((.) That whatever multiple AX isof AE, the same multiple ia the 

baae BX of the base BE, and the para) lei opiped CX of the parallelo- 

piped CE ; and similarly for the parallelopipeds AU and AR. 

(c.) That if AX be greater than AS, ihe bare BX is greater than 
the base BS, and the parallelopiped AY than AR ; but if equal, equal, 
and If less, less. 

(d.) Apply Euc. T. Def. 5, which will „ 

establish 

par*. AG : par*. AM : : AE: AK 
: : base AF : base AL. 

(2.) Let the prisms be reduced to rect- 
anguhtr parallelopipeds ; as in the figure, 
where AG and AG' are the rectangular pa- 
rallelepipeds equivalent to the two prisms. 

In this it is to be shown : — 

(a.) That the construction is possible. 

(i.) That the parallelopipeds AG, AG' 
being viewed as standing on the bases BG and 
BG', they are to one another as BF to BF', 

(e.) To modify the expression of this co 
elusion to agree with the enunciation. 
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PROPOSITION IX. 

All prisms are to one another in a ratio compounded of the ratio of 
their bases and the ratio of their altitudes* 

This is easily deduced from the preceding, and the composition of 
proponions. It is left for the exercise of the student, as are likewise 
the two following. 

PROPOSITION X. 

Parallelopipeds having one trihedral angle of the one either equal or 
symmetrical to a trihedral angle of the other.y are to one another in 
a ratio compounded of the ratios of the homologous edges terminating 
in those angles, 

PROPOSITION XL 

Similar parallelopipeds are to one another as the cubes of their like 
linear dimensions ; 

Or again. 

As the cubes of any homologous lines of the two figures. 

PROPOSITION XII. 

Triangular pyramids on equal bases and between thesame parallel planes 
have equal volumes. 

The demonstration of this proposition has never been effected in a 
manner analogous to the preccKling ones : namely, by supraposition, the 
addition and subtraction of figures previously proved to be equal, or the 
comparison of each with some subsidiary figure. Several forms of 
proof have been published ; but they all involve the same principle. 
We have, therefore, only to select that which 
appears to be must simple in detail; though 
even this is sufficiently complicated. We shall 
break it up as fiir as possible into distinct steps ; 
dwelling, however, only on those which seem to 
require more than casual remark to an attentive 
and intelligent student. 

(a) Innumerable prisms may be constituted on 
the base of a given pyramid^ having their op- 
posite ends in a plane through the vertex of 
thepyramidj anaparaUel to the base. 

Let S be the vertex, and ABC the base of the 
pyramid ; take any point R within the base ABC, 
and join RS : then the edges of the prism AA', 
BB', CC being drawn parallel to RS, the prism 
ABC A'B'C itself will wholly enclose the pyra- 
mid ABCS.* 

* The same thing will occur if B, instead of being taken within the base, be 
taken tJi one of the tides, or at an angvlar point, the junction of two sides. In 
complex figures this is 'sometimes conTenient ; and in the former case to take 
the nice upon which BS falls for the plane of one fiice of the prism, and in (he o^er 
edge with which BS coincides for one of the edges of the pnsm. 
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(b) If two pyramids upon equal bases and between the same parallel 
vlanes be cut by a third plane parallel to the two former j the sections 
will be equal to one another. 





Thus, if ABCS and A'B'C'S' be upon equal bases and between the 
same parallel planes (that is, having ABC, A'B'C in one plane, lemd 
the vertices S, S' in a plane parallel to it), and a6c, a'bW be the sec- 
tions made in these pyramids by a plane parallel to ABC, A^B'C, they 
will have equal areas. 

(c) If the parallel sections abc^ aVc' be made by different planes ^ 
their areas will be in the duplicate ratio of their respective distances 
from the vertices S and S', reohoned on any convenient parallel lines. 

That is, for example, 

area abc : area a'ft V : : So': S'a'*. 

(d) If two pyramids upon equal bases and between the same parallel 
planes be cut by two other planes also parallel to those planes; and 
on the sections most remote from the vertices of the prisms as bases 
prisms be described limited by the other cutting plane ; then these 
prisms will be equal. 





Thus if (P) and (P') be the bases, ABC, A'B'C and DEF, D'E'F' 
be the two other planes, the prisms upon the bases ABC, A'B'C 
between the same two planes parallel to the bases (P) (P') will be 

equal.* 

___^^^^^^^^^^_^___^_^^^__ . II — _^-^^.^^^-^--^^ 

* In the figures the edges of the prisms are taken coincident with, and parallel 
to, the edges SA, S'A' of Sie pyramids, as described in the note on (a) preceding. 
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(e) If a pyramid between parallel pkmes be cut by another plane 
parallel to and equidistant from them, and prisms be erected on 
the base of the pyramid, and on the section, ea^h limited by the ad- 
jacent planes : these two prisms will be less than that erected on the 
base of the pyramid, and limited by the extreme planes. 

Let SA6C be the pyramid, ABC its base, DSE a plane parallel to 
ABC through the vertex S, and D'E'c a 
plane cquidktant from these two; and let 
ABCDES be the prism on the base ABC 
limited by the extreme planes, and ABCD'E'c, 
iUnxleS the other two, limited each by the 
plane adjacent to its base: then these two 
together will be less than the first prism limited 
by the extreme planes. 

Note.— The prisms ABCDES and abcdeS 
are similar, and the side of the former is 
double that of the latter. Their volumes are 
therefore as 2" : 1' or as 8 : 1 ; or the smaller 
one is one-eighth of the larger. Also, the 
prism ABCD'E'c is one-half of the larger one 
ABCDES. 

Both together, then, are 

115 

- + -:=- of the larger prism. This ratio is constantly the same from 

ib O O 

step to step, if we successively bisect as in the next paragraph. 

{f) If two pyramids between the same parallel planes, and upon equal 
bcues be cut by planes parallel to these, however numerous and close 
to each other ; and if prisms be constituted on each of these in suc- 
cession, each prism terminating in the adjacent cutting plane : then 
the whole of the prisms about one of the pyramids are equal to the 
whole of those about the other, both separately and collectively. 

This is only a generalized statement of the preceding. It is clear 
that as we increase the number, and consequently the minuteness of the 
divisions, these series of prisms will collectively become less and less 
different in volume from the two pyramids ; and it is easy to infer that 
we may, by the multiplicity of our divisions, render that difference as 
small as we please. The equality remains the same throughout ; and 
there is no limit that can be set to the closeness of our approximation 
of the volume in this system of prisms to the volume of tlie two 
pyramids. 

Here, however, the equality of the pyramids and their systems of 
dependent prisms is, after all, only approximate and not exact for any 
^nite number of deviating planes. We are, therefore, here obliged to 
introduce a new principle : 

*' Every property which is true up to the limit is true at the limit." 

The proposition is true of the prisms up to their limiting pyramids ; 
and therefore, true of the pyramids, which are the limits of the systems 
of prisms. 

This is precisely the mode in which all such inquiries are conducted, 
differing only in formal details, in all that relates to figures which do 
not admit of comparison by superposition, transpositions, or ratios. See 
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several parts of the Mensuration in the first volume of this course^ 
pp. 271, 277. 

If the successive divisions be those of continual bisection of the dis- 
tances of the original planes, it will furnish an interesting exercise of 
calculation to ascertain the ratio between the prbm on the original base 
and the sums of the successive series of those which result from sub- 
division. It will be found that they converge towards the ratio of 
3:1, closer and closer at each successive step; but that they never 
in any stage actually attain to that ratio exactly. The bisection is 
only chosen for the ease of calculation ; any other mode would have 
given the same tendent ratio 3:1, but the fractions would have been 
difierent. 

PBOPOSITION xin. 

Every pyramid is cne-third of the volume of a prism of ike same hose 

and altitude. 

Let ABCDEF be a prism ; draw AE, DC, EC and let planes pass 
through these lines two and two ; thus dividing the 
prism into three triangular pyramids, whose bases 
are AEB, AED and DFE having the common 
vertex C. These are to be shown equal to one 
another, and hence each of them one-third of the 
prism itself. 

(a) Since the face ABED of the prism is a 
parallelogram, the triangle ABE is equal to the 
triangle ADE ; and hence {Prop, xii^ the pyramid ' 
ABEC is equal to the pyramid AD EC. 

(6) Since ABC b equal to DEF, and the planes 
are parallel, the pyramid ABCE on the base ACB 
and vertex E, is equal to the pyramid DEFC on the 
base DEF and vertex C ; they being on equal bases 
and between the same parallel planes. 

(e) Hence the three pyramids, each of the other two being equal to 
ABCE, are all equal ; and therefore each equal to one-third of the 
prism of the same base ABC and between the parallels, viz., the 
altitude or distance of the planes ABC and DEF. 

{d) What has been proved in reference to the figures in this and the 
preceding Proposition to figures which are sketched for simplicity as 
trianguliu* pyramids and prisms, is equally true whatever rectilinear 
figures constitute their bases; for all prisms can ather be trans* 
formed to triangular ones as in {Prop, vii.) or divided into a series of 
triangular ones, and reasoned upon collectively. 

[In a manner somewhat analogous, but also involving the principle 
that the circle is the limit of its circumscribing polygons made by suc- 
cessively doubling the number of its sides, the relative volumes of 
cones, cylinders, and spheres are investigated. Thus, are deduced 
such theorems as the following : — 

(a) Cylinders upon equal bases and between the same (or equi^ 
distant pairs of) parallel planes are equal in volume. 

(b) Conesy the same, 

(c) If a cone and cylinder hate equal bases and be between the 
same {or equidistant pairs of) parallel plafies, the volume of the 
cone is one- third of the volume of the cylinder » 
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(d) Similar canesj similar cylinders^ and spheres have their 
surfaces as the squares Qf their homologous lines; and their 
volumes as the cubes of those lines. In the spheres the diameters 
are usually tahen, but not qf necessity y as the homologous lines, 

{e) The volumes of two cylinders^ or of two cones are in the 
ratio compounded of the ratio of their bases and the ratio of their 
altitudes, 

(/) The surface of the sphere is equal to four times the area of 
its great circle. 

(g) Every sphere is in volume equal to two-thirds of its cir- 
eumscribing cylinder. 

Hence arises the property of the one, sphere, and cylinder, attri- 
buted* to Archimedes, and said to have been 
modelled on his tomb. 

Let AKBCLD be a right cylinder whose 
height AD is equal to the diameter AB of 
its base; let also E6FHM be its inscribed 
sphere, and AKB£ a cone on the same base 
AKB having its vertex in E the centre of 
the end DLC of the cylinder; then the 
volume of the cone and sphere together is 
equal to the volume of the cylinder. For 
other properties see the Treatise of Archi- 
medes himself in an edition of his works.] 




CHAPTER VII. 
THE CONE, CYLINDER, AND SPHERE. 



PROPOSITION L 
Every section of a sphere made by a plane is a circle. 

1. Let the plane pass through the centre O of the sphere: then all 
lines drawn from the centre in this plane 
to the line of intersection being radii of 
the sphere, they are equal; and hence 
{Euc. I. 2)ef. 15) the line of intersection 
is a circle, of which O is the centre. 

2. Let the plane not pass through the 
centre, but cut the sphere in the figure 
ABC : then ABC will be a circle. 

For from O draw OP perpendicular to 
the plane ABC, and join PA, PB, PC, 
etc., and likewise OA, OB, OC, etc. 

Then in the right-angled triangles OPA, 

* We say ** attributed," .because, though Archimedes is the earliest writer in 
whose works these properties are found, it does not necessarily follow that he was 
the discoverer of every proposition in his Treatise on the Cone and ^linder, any 
more than that Euclid was the discoverer of every proposition in his Elements. 
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OPB, tlie two sides OA, OB are equal, and OP common ; and hence, 
also, AP, BP are equal. In the same manner PC« etc., are each 
equal to AP. Whence ABC is a circle, of which P is the centre 
(^Euc. I. 2>jf. 15). 

Cob. 1. If a right cone have its vertex at the centre of a sphere, the 
sections of the cone and sphere will be circles. 

Cob. 2. If a cone have its base coincident with a plane section of 
the sphere, and its vertex at the centre, it will be a right cone. 

PROPOSITION II. 

Jf a line &r plane be drawn through a point in the sphere j perpendi' 
ctUar to the radius of that point j it will touch the sphere, 

1. Let OA be a radius of the sphere, and BC any line perpendicular 
to OA drawn through A : then AB will 
touch the sphere. 

For let the plane AOBC be drawn, and 
any other line OP in this plane to meet AB 
in P, and the circular section made by that 
plane in G. 

Then (as in Euc, in. 17.) P is without 
the circle AGH, and hence AB is a tangent 
to it. 

But AB is in the plane AGH, and hence a^ 
if it meet the sphere in any other point it 
must be in this plane ; which has been shown 
to be impossible. 

2. Let the plane CEDB be perpendiculor to OA and pass through 
A : it will touch the sphere. 

For since the line OA is perpendicular to the plane CEDB, it is 
perpendicular to every straight line in it through A ; and it has been 
shown that these straight lines toucit the sphere. The plane, therefore, 
which contains them touches the sphere, since there is no point in that 
plane through which one of these straight lines does not pass. 

PROPOSITION III. 

If two spheres intersect each othevy their intersection will he a circle 
the centre of which is in the lijie joining the centres of the spheres ^ 
and whose plane is perpendicular to that line. 

Let A, B be the centres of two spheres which cut one another ; then 
the section CDH is a circle. For, draw any two planes throi^h AB 
to cut the spheres in the circles ECNG, MCLG, and KDNH, 
MHLD. Join CG meeting AB in E ; and join AC, CB, AG, GB, 
AD, DB, AH, HB, DE, EH. 

Then, since CA, CB, are equal to AD, DB, and AB common to the 
two triangles ACB, ADB, the angles ACB, ADB, are equal ; as are 
likewise the angles CAB, DAB, and the angles CBA, DBA. 

Again, since the sides CA, AE are equal to the sides DA, AE, 
and the included angles equal, the angle DEA is equal to the angle 
CEA, and the side D£ to the side C£. 
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But the line AB bisects the lina CG at right angle* in E ; and 
hence the angle DEA is a right angle. 



la the same manner, eveiy other line drawn correspond ingljr to 
ED ig perpendicular to AK The;^ are all, theiefore, in one plane 
perpendicular to AB. 

Also, in the same manner, all these lines are equal to EC ; and 
hence their extremities are in the circumference of a circle, whose 
centre E is in AB, and whose plane is perpendicular to AB. 

PROPOSITION IV. 
nrouffh any point mtkout a gphere innumerabk straight line*, and 
li/uwue innumerable planet, may be drawn to touch the tphere ; the 
linear tangettti wiil be all equal; and the points of eontaet of the 
Hnet and of the planet with the tphere toUl be a circle. 

1. Let O be the centre of the ^here, P a point without it, PA, PB, 
etc., talents to the circles CAH, 
CBH made by planes through PO, 
and A, B, etc.: then AP, BP, etc., 
will all be tangents to the sphere. 

2. For PA, PB, etc., are perpendi- 
cular, to the radii AG, BO, etc ; and 
hence are tangents to the sphere ititelf ; 
and as the planes that may be drawn 
through PO are innumerable, the points 
A, B, etc., in them are innumerable. ■ 

3. Through each of the points A, B, / 
etc., a plane may be drawn perpendi- [ 
cular to AO, BO, etc These will be \ 
tangent planes to the sphere. 

Moreover, the lines AP, BP, etc., 
being perpendicular to AO, BO, etc., 
they will respectively be contained in 
the tangent planes at those points. 
But P is in each of the»e lines, and 
hence in each of the planes which conta 
planes pass through P, and are innumerable. 

4. Since the right-angled triangles PAO, PBO, etc., have two 
pides, PO, OA equal to the two PO, OB, the third sides, AP, BP are 




all the tangent 
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equal. Whence all the linear tangents from P to the sphere are 
equal. 

Draw AD perpendicular to PO, and join BD. 

Then in the right-angled triangles PAO, PBO, the sides AO, OP 
are equal to BO, OP, the remaining angles are equal, viz., APO to 
BPO, and AOP to BOP. 

YThence, since AP, PD are equal to BP, PD, and the included 
angles are equal, the bases AD, BD are equal, and the remaining 
angles to the remaining are equal. The angle PDB b, therefore, 
equal to PDA ; that is, PDB is a right angle. 

Wherefore, AD, BD, etc., are in one plane perpendicular to PD 

iProp, III. Chap, II.), and being all equal, they are in the circum- 
erence of a circle whose centre is D in the line PO, and whose plane 
is perpendicular to PO. 

Cor. To a given sphere a tangent cone can be drawn having its 
vertex at any given point without the sphere; and such cone will 
always be a right cone. 

PROPOSITION V. 

If an oblique cone be described on a circular base, then there is another 
plane parallel to which all the sections are circles.* 

Let AGB be the base, and Y the vertex of the cone ; and let the 
plane through the axis perpendicular to the 
base cut the cone in AY, BY, and the 
base in AB. Draw in the plane AYB a 
line A'B', making the angle YA'B' equal 
to YAB, meeting AB in D ; and through 
A'B' draw a plane perpendicular to the 
plane AYB. The section of the cone by 
this plane will be a circle. 

Now the angles YAB, YA'B' being 
equal, the points B\ A, A', B, are in the 
same segment of a circle; and hence 
AD.DB = A'D.DB'. 

Again, the planes through AB, A'B' 
being both perpendicular to the plane AYB, their intersection EG is 
also perpendicular to that plane, and hence to the lines AB, A'B' 
themselves. 

But by hypothesis and construction, AEB is a semicircle; and 
hence 

DE« = AD.DB = AD.DB'; 

whence DE bein? perpendicular to A'B', and having DE" = A'D.DB', 
the curve A'EB is also a semicircle. 




* This secondary series of circles are called sub-contrary or aniiparalUl to the 
fbrmer : the former name is most freqaently u8ed,-«^the latter the more oonYenient. 
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CHAPTER VIII. 
GEOMETRY OF THE SPHERICAL SURFACE. 



DEFINITIONS. 

1. A sphere is that figure every point of the surface of which Is 
equally distant from a certain point within it, and that point is the 
centre of the sphere. 

2. The distance of any point on the sur&ce from the centre is called 
a radius of the sphere. 

3. The diameter of the sphere is any line drawn through the centre, 
and terminated both ways by the sur&ce. 

4. A diametral plane is any plane drawn through the centre ; and 
its intersection with the surfiu^ of the sphere is a ^reat circle of the 
sphere, 

5. An eccentric plane is any plane which cuts the sphere, but does 
not pass through its centre ; and the intersection of the surface of the 
sphere by an eccentric plane is called a less circle of the sphere. 

6. A tangent plane to a sphere is a plane which meets the surface 
of the sphere in one point, and which being produced in all directions, 
does not cut it. 

7. If a perpendicular be drawn through the centre of the sphere to 
a diametral plane, it intersects the surface in two points, which are 
called the poles of the great circle made by the diametral plane. 

8. If a perpendicular be drawn through the centre to an eccentric 
plane, it cuts the sphere in two points, which are called the poles of the 
less circle. 

9. The poles of a less circle are called the contiguous and the remote 
poles respectively, according as the pole b in the less or in the greater 
3^;ment of the spherical surface made by the plane. 

10. When two great circles of the sphere intersect each other, they 
divide the sur&ce into four portions* oalled spherical tunes ; and the 
enclosed volumes made by the cutting planes and the intercepted 
surfaces are called spherical wedges, 

11. When three great circles intersect each other two and two, the 
porti(»i of the sfurface enclosed by- three con- 
tiguous segments of them is called a spherical 
triangle, as ABC in the fig^e. 

12. As the three g^eat circles intersect each 
other two and two a second time on the opposite 
sides of the sphere at A', B', C\ there will be eight 
spherical triangles formed by the arcs of the 
three circles, viz., ABC, A'BC, AB'C, ABC, 
and A'B'C, AB'C, A'BC, A'B'C. The first 
four and the second four sets are called respec- 
tively the primary and the symmetrical asso- 
ciated systems of spherical triangles. The primary system is such as 
to have either AB, BC, or C A in each triangle ; and the symmetrical 
as to have either A'B', B'C, or CA' in each of the triangles which 
compose the system. 

VOL. II. p 
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13. Whichever of these triangles be first traced, the entire and com- 
pleted system will be the same ; and hence, any one of them may be 
taken as the original triangle of the system. It has been usual to con- 
sider the central one as the original ; but we may readily change the 
system, as may be easily seen, so that any other of the three shall be 
the original one. We shall in our investigations, however, consider, 
except otherwise specially stated, the central one ABC to be the fia^ 
damenJUd triangle of the associcUed system. The sides of the other 
three are either equal to these or supplementary to them : and hence 
the remaining three triangles will be spoken of as the supplementary 
triangles of the associated system. If we wish to specify which of the 
supplemental triangles we speak of, it will be conveniently done by 
mentioning the side of the fundamental triangle which is common to 
the two : thus, BA'C is supplemental with respect to a, AB'C with 
respect to 6, and BC'A with respect to c, 

14. If with the angular points A, B, C, as poles, three other great 
circles be described, their intersections a, 6, c, a 

will be the angular points of another spherical 
triangle abc, which is called the polar triangle 
with respect to ABC, the original triangle being 
called with respect to the polar one, the primary 
triangle. 

15. If both the primary and polar system of 
associated triangles be completed, the systems are 
called the primary associated and the polar asso^ •^""^^^^..^^ ^^-^-^"^^ 
dated systems. 

16. The arcs AB, BC, CA, are called the sides of the triangle 
ABC. 

17. By a spherical angle is meant the dihedral engle contained by 
the planes of the circles whose arcs form the boundaries of the lunes on 
the surface of the sphere. 

18. Great circles passing through the poles of a great circle are 
called secondaries to that circle, and the great circle itself is called the 
primary with respect to the secondaries. 

19. The spherical excess of a triangle Is the excess of the three angles 
of that triangle above two right angles. 

20. When two sides or two angles of a spherical triangle are both 
greater than i t, or both less than i t, they are said to be of the same 
affection ; and when one (either side or angle) is greater and the other 
less than i t, they are said to be of different affections^ or of unlike 
affection. 

21. A qtuuirantal triangle has one of its sides a quadrant. It is 
conveniently called a H-qwidrantal and a tri-quadrantal triangle^ when 
two sides or three sides, respectively, are quadrants. 

PROPOSITION I. 

The plane of a great circle is cut by the planes of any two of its 
secondaries in lines which contain an angle equal to the spherical 
angle formed by those secondaries. 

Let CDE be the primary great circle, and ACB, ADB any two of 
its secondaries {Def. 18), cutting the plane CDE in CE, DF: then 
the angle DOC is equal to the spherical angle DAO. 
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For, since ACB, ADB are Mcondaries, their line of section AB 
is perpendicular to tiie plane CDE {Defs, 7, 18) ; 
and hence the planes AOD^ AOC cut CDE in 
lines CO, DO, which are perpendicular to OA 
{^PU. emd Sols., Chap, ii., Prop. xvi.). Wherefore 
the ang^e DOC is the measure of the indinatiob 
of the planes of the secondaries ; and hence again, 
equal to the spherical angle CAD {Def. 17). 

CoB« 1. If two great semicircles ACB, ADB, 
be bisected in C and D, the arc CD of a great circle jmning them, 
is the measure of the spherical angle CAD. 

Cob. 2. The pole of a great circle is at the distance of a quadrant 
from every point of that circle : for since AC, AD, subtend the right 
angles AOC, AOD, they are quadrants. 

Cor. 3. All the secondaries of a great circle are perpendicular to 
it, for their planes pass through OA, which is perpendicular to its 
plane ; and hence the measure of the angle formed by the circle and 
its secondary is a quadrant. 

Cor. 4. Every great circle perpendicular to another is secondary 
to it. 

Cor. 5. The poles of all the secondaries are situated in the primary. 



PROPOSITION n. 

J%e distoMce of the poles of any two circles is the measure of the 
spherical angle contained hy these, 

(See the last Fig.) 

Let ACB, ADB be any two circles intersecting in A, B ; and let 
P, Q be their poles respectively : then the hxc PQ is the measure of 
the angle CAD. 

For let the circle PQ be drawn to meet the circles ADB, ACB in 
D and C : then sinoe P is the pole of ACB, PC is at right angles to 
ACB, and equal to a quadrant {Prop, i., Cor. 2, 3) ; and for the same 
reason QD is at right angles to ADB, and equal to a quadrant. 
Hence to the secondaries ACB, ADB, CDPQ is the primary ; and 
since CP is equal to DQ, each being a quadrant, we have PQ equal to 
CD. But since AC, AD are secondaries to CD, the arc CD is the 
measure of the spherical angle CAD {Prop, i., Cor. 1) ; and hence, 
also, PQ is the measure of that angle. 

Scholium. It is essential to remark, that in this demonstration, the 
poles are taken in continuation of the circle CD in the same direction^ 
viz., both in the direction from C towards or beyond D, as P and Q 
of the figure, or from D towards or beyond C, as Q' and P'. When 
the poles are taken contrarily, as P, Q', or P', Q, their distances mea* 
sure the supplementary angles DAE, and FAC. } 

The two cases may be distinguished by the terms same direction and 
cross direction. 
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PROPOSITION in. 

If with the angular points of a spherical triangle a^ poles ^ three circles 
be described in cross direction to mutually intersect^ a new triangle 
will be formed such that — 

] . The two triangles shall be mutually polar to each other ; and 
2> ITie sides of each triangle shall be supplementary to the angles 
of the other, 

1. "With poles A, B, C describe great circles in cross direction with 
respect to the sides AB, BC, CA of the tri- 
angle ABC, mutually intersecting in a, &, c ; 
then ABC, ahc will be mutually polar to 
each other. 

Since A is the pole of bc^ the distances A6, 
Ac are each a quadrant ; and similarly Ba, 
Be, Ca, C6, are also each of them a f|uadraiit. ^i 
Hence, arranging the order of them differently, 
aB and aC are each of them a quadrant ; and therefore a is the pole 
of BC. Similarly b is the pole of AC, and c that of BA. 

2. Since B and C are the poles of oo, ab^ taken in cross direction, 
BC is the measure of the supplement of the angle bac, formed by ab, 
ac {Prop. II. SchoL), or the side BC is supplementary to the angle 
bac. In the same manner CA and AB are supplementary to the 
angles abc and acb. 

Again, since the triangle ABC is polar to abc, the same reasoning 
will show that be is supplementary to BAC, ca to ABC» and ab to 
ACB. 

Scholium. This theorem was discovered by Philip Lansbei^, and 
has since his time been extensively employed in trigonometri<»d re- 
search. It is to be recollected, in the enunciation of this theorem, 
that by a spherical angle is meant its measure^ viz., th& circular arc 
intercepted by its sides upon the circle to which they are both second- 
aries. It must also be carefully remembered that this supplementary 
property only holds in the two triangles when they are taken in cross 
directions* 

PROPOSITION IV. 

Any two sides of a spherical triangle are together greater than the 
thirds and the difference of any two is less than the third* 

X For, let O be the centre of the sphere upon which the spherical 
triangle ABC is described, and join OA, OB, OC. 

Then AOB, BOC, COA, are the plane andes 
which contain the solid angle at O. Then of these 
angles the sum of any two is greater than the third, 
and the difference of any two is less than the third, 
(Pis. and Sols.y Chap, iv., Prep. i.). Also, these 
angles are measured by the arcs of the circles which 
form the spherical triangle ABC ; and hence the 
proposition is true of these arcs, that is, of the sides 
of the triangle. 
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PROPOSITION V. 

In a spherical triangle^ the three sides are together less than an entire 
circumference^ and each side is less than a semicircle, 

(See Fig. Prop, iv.). 

!• For the three angles at O are together less than four right angles 
{Pis. and Sols,j Chap, iv., Pr(^» iii.), and hence their measures AB, 
BC} CA are together less thaa four quadrants: that is^ than an entire 
circumference. 

2. Since any two sides AB, BC, are together greater than the third 
AC) it is obvious that one side. AC, must be less than half the sum of 
all the three sides AB, BC, C A ; that is, by the preceding case, less 
than a semicircle 

PROPOSITION VI. 

In a spherical triangle^ if two of the angles be equals the sides cppo- 
site to them are equal, and conversely, if two sides be equal, the 
angles opposite to them are equal. 

1. Let the angles CAB, CBA^ be equal; then shall BC be equal 
toCA. 

For, draw CD perpendicular to the plane AOB 
and in the same plane draw DE, DF^ perpendi- 
cular to OA, OB, and join EC, FC. 

Then {Pis. and Sols., Chap, ii.. Prop, xiii.) 
C£ and CF are perpendicular to OA and OB ; and 
hence the angles CED, CFD are equal to the 
spherical angles at A and B. But {by hypothesis) 
these are equal ; and hence in the right-angled 
plane triangles CDE, CDF we have the angles 
CED, CFD, equal, and the side CD common; 
wherefore also EC is equal to CF. 

Again, in the right-angled triangles CEO, CFO, 
we have EC equal to CF and CO common ; hence 
the angles COE COF, are also equal, and their measures AC, CB, 
also equal. 

2. Let the sides AC, CB be equal, then the angles at A and B will 
also be equal. 

For, make the same construction: then, since ihc sides AC, CB 
are equal, the angles AOC,* COB are equal ; and since OC is common 
to the two right-angled triangles CEO, CFO, we have EC equal to 
FC. Wherefore, in the right-angled triangles CED, CFD, we have 
EC, CD, equal to FC, CD each to each ; and therefore the angles 
CED, CFD also equal : and these are equal to the spherical angles at 
A and B. 

Cor. In every spherical triangle, the g^reater side and greater angle 
are opposite. 

For, let AC be greater than CB ; then the angle COA is greater 
than. COB, and therefore EC greater than CF: wherefore pursuing a 
train of reasoning analogous to that in the proposition, we have CD 
common to the triangles CDE, CDF, but EC greater than CF, and 
hence the angle CFD greater than CED, that is, B is greater tlian A. 




214 GEOMETBT OF PLANES AND SOLIDS. 



PROPOSITION VII. 

Every angle of a spherical triangle is less than two right angles^ and 
all three together less than six right angles, 

1. For every dihedral angle is less than two right angles, and hence 
every spherical angle which has the same measure is less than two 
right angles. 

2. Hence, the three together are less than three times two right 
angles ; that is, less than six right angles. 

CoR. Hence, contrary to what takes place in plane triangles, there 
may be two, or even three, of the angles of a spherical triangle either 
right angles or obtuse angles. 

PROPOSITION vm. 

The three angles of any spherical triangle are together greater than 
two right angles^ 

For, let ABC be any spherical triangle, and ahc its cross-polar : 
and draw the arcs Aft, Ao, Ba, Be, Ca, C6. 

Then since A is the pole of ftc, the angle 
ftAc is measured by he ; and since BAC and 
be are supplementary, the angles BAC and 
bXc are together equal to two right angles. 
In like manner ABC and dBc are together 
equal to two right angles, and likewise BCA 
and bCa are together equal to two right 
angles. Hence the six angles ABC, BCA, 
CAB, aBc, ftCa, and cAb are together equal to six right angles. 

But the angles hKc^ cBa, aOh are measured by the sides of the 
triangle abcy and these are together less than an entire circumference, 
and the angles themselves, therefore, less than four right angles. 
Wherefore, the remaining three angles ABC, BCA, and CAB of the 
spherical triangle ABC are greater than two right angles. 

PROPOSITION IX. 

If two triangles have three sides of the one equal to three sides of the 
other, each to each, the angles will be equal which are opposite to the 
equal sides ; and conversely ^ if the three angles of one be equal to 
the three angles of the other, the sides, opposite to the equal angles 
will be equal, 

1. Suppose the sides to follow in the same order, and let the tri- 
angles be abc, A'B'C Then, as in a plane, the sides ab, be, ae, will 
be capable of coincidence respectively with A'B', B'C, C'A', and the 
conclusion will follow. 

2. Suppose them not in the same order, as abc, ABC. Then pro- 
duce the edges OA, OB, OC, to A', B', C, and let the planes of each 
two cut the spherical surfiwse in B'C, C'A', A'B'. Then these are 
equal to BC, CA, AB, respectively, and hence also to he, ca, ah 
respectively. 
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Bat the dihedral angles at OA', OB', OC, are equal to those at 

.A 





O A,.OB, OC, smce they are vertical to them ; and the dihedral angles 
at oa, obf oc, are also equal to those at OA', OB', OC, since they are 
contained by equal plane angles, or those measured by equal arcs. 
Whence the dihedral angles, that is, the sphericd angles of the triangles 
ABC, ahc are equal, each to each. 

In like manner, by a mere contra-position of the terms of the argu- 
ment, the converse case may be proved. 

Scholium. By methods correspondent to these, the equalities ana- 
logous to those where different combinations of the parts of plane 
triangles are concerned, may be established. 

PROPOSITION X. 

Let two greeU semicircles cut at right angles, then from any point in 
one of them innumerable pairs of circles may he drawn y so that 
each pair shall make equal angles with the other semicircle'. 

Let RPR', RQR' be two semicircles intersecting at right angles ; 
then through any point P in the former^ innumerable circles may be 
drawn in pairs, as PA, PB, which shall make, with the latter, angles 
PAR, PBR equal to one another. 




9 Q' 




Bisect the semicircle RQR' in Q ; take any two equal arcs AQ, BQ, 
in RQR' and draw the circles AP, PB. These will make the angles 
RBP, RAP equal to one another. 

• For, produce the circles AP, BP, and draw QP to meet the com- 
pletion of the circle RQR', in A', B', Q'. Then we have 

BR + RA = (RQ ~ QB) -f- (RQ -f QA) = 2RQ = RQR' = » 
= ARA' = AR -h RA'. Wherefore, A'R = RB, and consequently 
also, RBP = RA'P = RAP. Whence, taking AQ,QB, of any mat,- 
nitude, but equal to each other, the angles formed by PA, PB with 
^QR' will be equal ; which establishes the proposition. 
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Cor. 1. If the point P lie (as in the first figure) between B and the 
pole O of the circle BQQ' the angles PAR, PBB will be acute^ and 
have as their greatest limit the right angles PRQ', PR'Q : but if it be 
beyond O estimated from B (as in the second fi^i^ure), the angles PAB, 
PBB will be obtuse, and have for their least limit the same right 
angles PBQ', PB'Q. 

CoR. 2. On the hypothesis of the last corollary, PQB will be the 
least in the former figure, and the greatest in the latter, of all the 
angles that can be made by circles passing through P and cutting the 
circle BQB'. 

For, draw OEF perpendicular to PA, the one of the circles that 
passes between PB' and PQ meeting it in E, and BQB' in F. Then, 
since the angle BTA is acute, it is less than 0£P (Fig. 1), and there- 
fore also OE is less than OP ; and as QB = OF =^ ^ t, we have £F 
g^reater than PB* But AA' is bisected in £, or A£ is a quadrant, and 
at right angles to EF ; wherefore A is the pole of EF, and the angle 
EAF or PAB is measured by EF. Also PQB is measured by PB ; 
wherefore PQB is less than PAB. 

In the second figure we may reason similarly ; but it will be more 
simple to deduce the conclusion from the supplements of the angles. 
Thus, since B'QP (Fig. 2) is less tlian B'AP, it follows that P<^ is 
greater than PAB. 

CoR. 3. The circles PA, PB make equal angles with the circle OP 
or BB', as is at once obvious. 

CoR. 4. If from any point P on thesur&ce of a hemisphere bounded 
by the circle B'QBQ' circles PB, PB, PQ, PA, PB', etc., be drawn to 
meet tliat circle ; then the greatest is that which passes through the 
pole, and the least is that constituting the remainder of the scniL- 
circle ; those which pass, one on each side of the greatest, at equal dis- 
tances from the pole (or which make equal angles on opposite sides 
with the greatest), are equal, etc., to correspond with Euc, iiu 7, 8. 



PBOPOSITION XL 

Two sides of a triangle and the angle opposite to one of them being 
giveuy it is required to investigate the number of solutions ofwhidi 
a triangle constructed with these data admits. 

Let A be the given angle, BC the given side opposite to A, and 
AC the other given side : ^ is re- 
quired to find when the point B 
can have two positions, and when 
only one, compatible with the given 
ma^itudes A, a, 6. 

pn Fig. 1, A is acute, and in 
Fig. 2, A is obtuse!] 

Produce AB, AC to meet in A', 
and from C draw CD perpendicu- 
lar to ABA'. With pole C, and 
spherical radius equal to any given 
^ value of the side a, describe circles 
to cut ADA', which each will do, 
as for instance, in two points b, b\ 
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Now, whilst a is less than CD, there will be no intersection, and 
hence no solution at all ; and when a ^ CD, there will be one solution, 
the triangle being right angled* 

When a is less (in Fig. 1) or greater (in Fig. 2) than either CA or 
CA' (but greater than CD), there will be two intersections b and b' 
{Prop. X., Cor. 4), and hence two triangles AbC and A6'C, which have 
all the data, and therefore two solutions. 

When a is equal to, or greater than the less of the two CA, CA^ 
but less tlian the other, there will be only one solution as A)8C, or 
ABC. 

When a is greater than both CA and CA', the triangle that will 
be formed will not have the given angle A, but its supplement in the 
one case ; and though formed with A in the other case, one of its 
sides will be greater than a semicircle, contrary to Prtw. y. 

Whilst, therefore, the side a lies between b and t — ^ in value, there 
will be only one solution : but in all other cases, either two or none. 

Cob. The side b and its opposite angle B, in the case of the solution 
being unique, are of the same affection ; as is evident from Prop, x.. 
Cor. 2. 

PBOPOsiTiON xn. 

Two angles of a triangle and the side opposite to one of them being 
given^ it is required to investigate the number of solutions of which 
a triangle constructed with these data admits. 

Let B be the given angle to which the given side BC is adjacent, 
and A the other given angle : it is required to find when two solutions, 
and when only one, will be compatible with the data. 




[In Fig. 1, B is acute^ and in Fig, 2, B is obtuse."] 

Draw CR perpendicular to the side AB, and CQ perpendicular to 
CR : produce BC, BA, to meet again in B', make Qjd = QB', and 
draw the great circle Cd. 

Then, since CQ, RQ are perpendicular to CR, Q is the pole of CR, 
and QR is a quadrant ; wherefore (Prop, x.^ CdR == CB'R = CBK. 
There will hence for any value of the angle A between CdR and CQR 
be two solutions, as a BC and aBC ; but for any value which shall 
give to A a position between d and B in Fig. 1, and between d and B' 
in Fig. 2, there is only one solution as ABC. 

Now the limit to the value of A on the right being CdR, when 
A = B, and the limit on the left being CBR' when A = t — B : 
and the progress from the one to the other being continuous, the condi- 
tion of the solution being single, is, that A lies between B and t — B. 
When it is either less in Fig. 1, or greater in Fig. 2, than CQR, there is 
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DO solution ; and when between the limits B and Q, there will be two 
solutions. Whilst, therefore, the value of the angle A is between B 
and T — B, there will be but one solution : but in all other cases, 
either two or none. 

CoR. The side b and its opposite angle B, in case of one solution, 
will be of the same affection, as is evident from Prop, z., Car. 4. 




PROPOSITION XIII. 

Spherical lunes and spherical wedges (J^ef. 10) are to one another^ as 
ike spherical angles farmed at the surface of the sphere by the 
enclosing arcs af great circles. 

Let the planes meeting in the diameter AA' of the sphere cut the 
surface in ACA', ABA^ ADA'. Then the 
lune contained by ACA', ABA', will be to 
that contained by ABA', ABA', as the angle 
CAB to the angle BAD. 

For, let the plane CBD pass through tlie 
centre perpendicular to the diameter AA', cut- 
ting the planes which form the lunes in C, B, D. 
Take in this the arcs CE, EF, FG, etc., each 
equal to BC, and the arcs DH, HK, etc., each 
equal to BD ; and through the axis AA', and 
the several points E, F, G, etc., and H, K, etc., 
draw planes cutting the surface of the sphere in the great circles AEA', 
AFA', AGA', etc., AHA', AKA', etc. 

Then it may be proved by super-position that tlie lunes BACA', 
CAEA', EAFA', FAGA', etc., are all equal; and likewise that 
BAD A', DAHA', HAKA', etc., are all equal. Moreover, that the 
angles CAB, CAE, EAF, FAG, etc., which are equal to COB, 
COE, EOF, FOG, etc., and which are subtended by the equal arcs 
BC, CE, EF, FG, etc., are all equal ; as likewise the angles BAD, 
DAH, HAK, etc., are all equal. 

Then reasoning precisely as in Pis. and Sols., Chap, ii., Prop, x., 
the asserted conclusion follows at once. 

In the same manner it may be proved that the wedges are propor- 
tional to the angles at A. 

Cob. 1. The area of any lune is to the surface of the sphere as A to 
2ir, A being the angle of the lune. 

CoR. 2. Also, since the area of the spherical surface is represented 
by 4 f^Wj we have the expression of the area of the lune to A, 

A A 

lune A = 5- . 4 r'ci = — . 2 r'cj. 

Of particular cases, notice should be taken of A = ^ t and A = r ; 
in which cases we have, severally, 

lune 90<=» = r*cT, and lune 180*^ = 2 r*fsx. 

It will be advantageous to write the mark ) for the word lune ; in 
which case, the expressions above will be briefly expressed as follows : — 

A^' 
A°J = 9Qo.»-"cj; 90°^ « rHsTj and 180^ J ^ 2r^iff. 
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PROPOSITION XIV. 

The area of a spherical triangle is' to the surface of the hemisphere 
as the excess of its three angles ^above two right angles is to four 
right angles. 

Let ABC be the spherical triangle, and complete the great circles 
which constitute its containing sides. Then ^ 

the triangle A'B'C is equal in all respects to 
ABC {Prop, IX.), and the hemisphere is equal 
to the four triangles A'BC, AB'C, A'B'C, 
and ABC or A'B'C. But we have 

Zi A'BC = AJ - A ABC 

A AB'C = B; - A ABC 

A A'B'C = CJ - A ABC, or A'B'C 

A ABC = A ABC, 

Whence by addition we have at once 

hemisphere = v) = A) + B) + C) -- 2 A ABC ; or 

2 A ABC = A^ + BJ + C; - ». 
But, 

a; = ~ . 2 cr r«, BJ = f . 2 1ST r% C; = 5 . 2 w r«, tJ r= ^ . 2 i!T r»; 
and hence, substituting and dividing by 2, we get 

which is identical in signification with the verbal enunciation of the 
theorem. 

Cor. 1. Since the only variable quantity in the expression for the area 
of the spherical triangle is the spherical excess, E = A + B-|-C — », 
the excess is a correct representation of the area in terms of the unit 




Cor. 2. A polygon of n sides being divisible into ti — 2 triangles, 
and the area of each triangle being expressible by 
means of the spherical excess, we shall have, If £ 
signify the sum of all the angles of the polygon. 

El + E, + • E«^, 
polygon = 



2ir 

2_-^(» --2) T 
2~v 



.2t!ir* 



. 2 tsr r*. 




Cor. 3. If on the surface of the sphere there be 
described P, polygons, one of which has n^ sides, 
and so on to that which contains n^ sides, (any two or more of these 
number of sides, however, may be equal) ; and if 2i, Tg, .... 2,, 
be the sums of the angles of the several polygons, Pj, Pj, . . . P, : 

Then. 

2, - {n, - 2) T 



P. = 



2i "• («i - 2). V 
2t~~ ' 



. 2 «T r«, P, =» 



2t 



. 2 tsy r% etc. 
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And by addition we have P, + P, + . • • P, 

2, + 2, + ... 1,1 - («, + nt -f . . . Wy - 2/?) r 

— . — . ^ tj r . 

2v 

Cor. 4. If the polygons P|, Pc, . • • Pp^ together entirely and ex< 
actly cover the sphere, we shall have 

2, + 2t + .. > 2,. - (»» + «i H n,^2p )T 

^ tor r = —————— — ^ . ^ fsrr • 



EXEBCISES ON THE CoNE, SpHEEE, AND CtLINDEB. 

1 . Equal circular sections are equally distant from the centre of the 
sphere ; and those which are equally distant are equal. 

2. The greatest section of the sphere is made by a plane through 
the centre ; and that section which is nearer to the centre is greater 
than the more remote. And conversely. 

3. If two spheres touch each other, the line joining their centres 
will pass through the point of contact. 

4. Two spheres cannot touch one another in more than one point. 

' 5. Through any point on the sur&ce of a cone one tangent plane, 
and only one, can be drawn : and through any point without the sur- 
face, two. 

6. If a sphere and right cone touch in two points, they touch in an 
entire circle. 

7. Through any point on the surface of a right cone, innumerable 
tangent spheres may be described : but only one of them can touch it 
in more points than one, and this touches in a circle whose centre is in 
the axis of the cone. 

8. If a plane cut a right cone and be not parallel to a tangent plane, 
then two spheres can be found (one on each side of the plane) which 
shall touch the plane in points and the cone in circles. 

9. If two unequal spheres lie each wholly without the other, two right 
cones can be described which shall be tangential to the spheres; if 
the spheres cut each other, only one such cone can be described ; and 
if one sphere lie wholly within the other, no such cone c:iii exist. 

10. Planes may be described to touch three spheres, each of which 
lies wholly without the other two : — how many ? Also, investigate 
the circumstances of any of the spheres cutting or lying within 
another. 

11. Four unequal spheres lie each wholly without the others, and 
coDunon cones are described to envelope each two : the vertices of tiiese 
cones are situated in threes upon straight lines, and in sixes in four 
planes. 



[ 221 ] 



CHAPTER IX. 
THE CONIC SECTIONS. 

The first volume of this coarse contains a short discussion on the conic 
sections by coordinates. So far as the investigation of properties is 
concerned, the coordinate method is by far the most simple and direct* 
The elements of the subject are then limited to the equations of the 
curves, and the equations of their tangents, normals, and diameters. 
In establishing that method, however, a geometrical property of the' 
conic sections is assumed without proof. It is proposed, therefore, in 
this chapter, to show how those curves are formed on the sur&ce of a 
cone, and thence to deduce by geometry some of their most important 
properties. This course will then contain the elements of the conic sec* 
tions, both by geometry and analysis. 

DEFINITIONS. 

1. A cmic section is the figure formed by the intersection of a plane 
with the surface of a right cone.* The cone is supposed to admit of 
indefinite extension, both below the circular base and beyond the vertex, 
so that the complete conical system is composed of two opposite cones, 
or two opposite sheets of the same cone. 

2. A pkine drawn through the vertex of the cone parallel to the 
cutting or sectional plane is called the directing plane, 

3. The section receives different names, acconiing to the position of 
tlie directing plane. When this plane touches the cone along one of 
Its edges, the section made by the cutting plane is called the parabola. 
When the directing plane cuts both sheets of the cone, the figure is 
called the hyperbola. In this case there are tioo parts of the curve, 
which are often called opposite hyperbolas. In the investigation of 
properties, however, those parts are treated only as two branches of the 
same curve. When the directing plane cuts one sheet only of the 
complete cone, the figure is called the ellipse.^ 

4. The plane which passes through the axis of the cone, and is per- 
pendicular to the sectional plane, is called the transverse plane, 

5. The intersection of the transverse and sectional planes is called 
the transverse axis of the conic section. When this line meets the 
section in two points (as it evidently does in the ellipse and hyperbola), 
the portion of it intercepted between these points is called the transverse 
diameter $ and when the transverse axis meets the section in one point 

* The sections made hj a plane with the obliqut oone, the ellipsoid, and some 
other surfaces^ are also conic sections ; bat it will be sufficient for the objects of 
this coarse to consider only the sections made with the right cone. 

f As varieties of these carves, the circle is a case of the ellipse, and is formed 
when the catting plane is parallel to the base of the cone {Pis, i. 24). The point 
is also another case when the catting and directing planes coincide ; also when Uie 
directing plane of the hyperbolic section coincides with the sectional plane, the 
section becomes two straight lines. 
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only (as in the parabola), tlie portion of it within the curve is called 
the principal diameter or axis of the parabola. 

6. The middle of the transverse diameter of the ellipse or hyperbola 
is called the centre of the curve, and a line drawn through the centre 
at right angles to that diameter is the conjugate diameter. 

7. Any line drawn through the centre of a conic section, and limited 
by the curve, is called a diameter of the conic section. In the case of 
the parabola, the centre is infinitely distant, and therefore all its dia- 
meters are parallel to the principal diameter. 

8. The points of section of the diameters with the curve are called 
the vertices of those diameters. 

9. A tangent to a conic section is a straight line which meets the 
» curve, but being produced, does not cut it. 

10. If a tangent and a diameter of a conic section pass through the 
same point, they are said to be conjugate to one another ; and any lines 
drawn parallel to these are said to be conjugate to one another. Of two 
lines drawn in this way, if both pass through the centre of a conic 
section, they are said to be conjugate diameters ; and if one be a dia- 
meter, and the other a chord of a conic section, the chord is called an 
ordinate of that diameter. Also the part of the diameter between the 
vertex and ordinate is called the abscissa ; and the abscissa and ordinate, 
when spoken of together, are called coordinates of the point or points. 

11. The subtangent is that portion of the principal diameter of a 
conic section intercepted between the tangent and the ordinate drawn 
from the same point in the curve. 

12. The normal is that portion of the perpendicular drawn to the 
tangent from the point of contact, which is intercepted between that 
point and the transverse axis ; and the sidmormal is the portion of the 
transverse axis intercepted between the normal and the ordinate at the 
same point. 

13. The parameter, or (as it is sometimes called) the lotus rectum 
of any diameter, is the third proportional to that diameter and its con- 
jugate in the ellipse and hyperbola, and to any abscissa and its ordinate 
in the parabola. 

[This is not a mere arbitrary definition, as might be supposed, but a 
term suggested by a property of the curve. Its demonstration is given 
in a subsequent part. By the term parameter in general is meant, some 
constant quantity of the curve. In the case of the circle, for instance, 
the radius may be considered as the parameter]. 

1 4. The Jbcus of a conic section is that point in the transverse diameter 
at which the double ordinate is equal to the parameter of tlie transveise 
diameter ; and the distance between the centre and focus is called the 
eccentricity, 

15. If a third proportional (estimated from the centre in the ellipse 
and hyperbola upon the transverse axis) be taken to the eccentricity, 
and the semi-transverse diameter, then tiie perpendicular to the trans- 
verse axis drawn through the extremity of the third proportional is 
called the directrix. In the parabola, the directrix is at the same 
distance from the vertex that the focus is« 

[It will be seen, when we come to the investigation of properties, 
that the directrix iias a remarkable relation to each curve. For instance, 
the distance of any point in the curve from this line has a constant ratio 
to the distance of the same point from the focus. This property of the 
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conie sections is made the foundation of the coordinate method given 
in the first volume. The constant ratio has been named the deter^ 
mining ratio.'] 

THE PABABOLA. 




PROPOSITION I. 

In the parahola, the abscissas are to one another as the squares of 
their ordinates. 

Let MVN be the transverse plane, t AI the parabolic sectional plane, 
AH the transverse axis, KGL, MIN two 
sections of the cone perpendicular to its 
axis. Also let KL, MN be the intersec- 
tions of EGL, MIN with the transverse 
plane, and 6F^, IHt those with the sec- 
tional plane. Then because KGL, MIN 
are sections perpendicular to the axis of 
the right cone, they are circles {Pis. i. 
24) ; and since the transverse plane passes 
through the axis of the cone, it passes '^a 
through the centres of these circles, and / 
therefore the lines KL, MN are diameters 
of the circles KGL, MIN. 

Again, because the plane MYN passes through the axis of the cone, 
it is perpendicular to the base, and each of its parallel sections KGL, 
MIN {Pis. II. 16). It is also perpendicular to the sectional plane 
lAt {l)ef. 4) ; hence the two planes KGL, lAi being each perpen- 
dicular to the plane MVN, their common section G^ is perpendicular 
to the same plane {Pis, ii. 18), and consequently to every line in it, 
as AH, KL. In a similar way it is shown that It is perpendicular 
to AH and MN. 

Also, since KL is a diameter of the circle KGL, and G^ is perpen- 
dicular to this diameter, G^ is bisected in F. Similarly It is bisected 
inH. 

Now by the similar triangles FAL, HAN, and the equal lines KF, 
MH (AH being parallel to VM by Def, 3), we have 

AF : AH : : FL : HN : : KF . FL : HM . HN. 

But by a property of the circle {Euc. iii. 85), 

KF . FL = FG», and MH . HN = HP; 
wherefore AF : AH : : FG» : HP. 

And as AF, AH are obviously the abscissas, and FG, IH the ordi- 
nates.of the poiuts G and I in the curve, the property is consequently 
established. 

Cob. 1. Let B and P be any two points in the parabola PAP', and 
BF, PM their semi-ordinates ; then by the proposition, 

AF:AM::BF»:PAP, 
or AF:BF«::AM:PM*. 

Hence, if we denote the third proportional to AF and BF^ or to 
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AM and PM, by jo, it will be obvions that p will be consttmi for every 
point in the curve ; and therefore we 
have at any point Q, 

NQ»=:/i.AN; 

that is, if we call/) the parameter of 
the principal diameter, the rectangle 
under the abscissa of any point in the 
parabola and the parameter of the axis 
is equal to the square of the semiordi- 
note of that point. 

This is one of the properties to 
which reference is made in t>ef 13. 

Cor. 2. Let AF be of such magnitude that BF — ^p; then by 
Cor, 1, AF = i/>. Whence {Def 14), the abscissa of the ordinate 
which passes through the focus of a parabola is equal to one-fourth of 
the parameter of the axis. 

Cob. 8. Let £Z be the directrix of the parabola PAP' ; then 
(Def 15), FA = AE = {Cor. 2) ip. Wherefore, the distance 
between the focus and directrix of a parabola is equal to one^hcdf the 
parameter of the axis. 

CoR. 4. Let QQ' be any other ordinate to the axis of the parabola, 
and PC a line parallel to the axis, meeting the curve in P and the or- 
dinate QQ' in C. Then by the proposition, o . AN - » . AM = NQ« - 
MP" = (NQ + MP) (NQ - MP) = Q'C.QC; or;>.PC =Q'C.QC. 

Hence, if a double ordinate of the parabola be divided into two seg- 
ments by a line parallel to the axis, the rectangle under the two seg- 
ments is equal to the rectangle under the dividing line and the parameter 
of the axis J the dividing line being limited by the ordinate and curves 

PROPOSITION IL 

In the parabola^ the line drawn from the focus to any point in the 
curve^ is equal to the perpendicular drawn from the same point to 
the directrix. 

(See last Figure.) 

Let P be any point in the curve, PX a perpendicular on the directrix, 
and F tlie focus, of a parabola ; then PF = PX« For PM being a 
perpendicular on the axis AM, we have {Euc. ii. 4), 

PX» = EM* = EF» + FM* -f 2EF.FM 

= 2EF (4 EF + FM) + FM». 

But by Def. 15, and Prop, i., Cor, 3, EF = i p = 2 AF, and also 
(Prop, I.), p AM = MP«. Whence PX* = p (AF + FM) + FM* 
= p AM + FM* = PM* +FM* = PF*; 

orPX = PF. 

CoR. A line drawn from the vertex A perpendicular to the (txis^ is 
a tangent at the vertex. 

For any point in this perpendicular is evidently at a greater distance 
from the focus F than A is, and therefore it is at a greater distance 
from the.focus than from the directrix. Consequently by the proposition , 
this perpendicular does not meet the curve again ; and hence {Def. 9) 
it is a tangent to it. 
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Scholium 1. The property established in this proposition suggeists 
the following Fimple method of constructing a parabola whose principal 
parameter is given : — 

Make AF =: AE =» one-fourth of the parameter {Prop, i., Car. 2), 
and in EAF produced, take any point M ; with F as centre and radius 
£M, describe a circle, intersecting a perpendicular PMP' to EAF 
produced, in P and P' ; then will P and P' be two points in the curve. 
Other points are found in a similar way. 

Scholium 2. The property itself is the determining or constant 
ratio f for the parabola^ to which reference is made in De/. 15. 




PROPOSITION III. 

If a line be drawn to bisect the angle made by ttoo lines^ one of which 
is drawn from a point in the parabola to the fociu^ and the other 
from the same poitit perpendicular to the directrix^ that line will be 
a tangent to the parabola at that point. 

Let P be a point in the parabola, F 
the focus, EX the directrix, perpen- 
dicular to which PX is drawn ; then 
the line PT drawn to bisect the angle 
FPX, will be a tangent at P. 

For since P is a point in the curve, 
TP meets the curve ; and if it be not 
a tangent, it will meet the curve again 
in some other point K. Then, also, K 
is a point in the parabola. Join KF, 
and dniw KL perpendicular to the 
directrix, and join XK. 

Then because K is a point in the 
curve, and KL is perpendicular to 
the directrix, KF = KL {Prop, ii.) ; and since by the same Prop.^ 
XP = PF, and by hypothesis the angle XPK = FPK, and KP 
common to the triangles XPK, FPK, the base FK, therefore, is equal 
to KX. But it has been shown that FK = KL, and therefore KL = 
KX, tiic less to the greater, which is impossible. Whence the point 
K is not in the parabola. And in the same way it may be shown that 
no otlier point of PT is in the parabola except P. Hence {Def. 9) 
PT is a tangent to the panibola. 

Con. 1. Since the line XP is parallel to FT, the angle XPT = 
PTF ; but by hypothesw, XPT = FPT. Hence FTP = FPT, and 
FT = FP ; that is, the point of contact of a tangent to a parabola and 
the point of intersection of the tangent and axis produced, are equally 
distant from the focus. 

Cob. 2. Draw the ordinate PM ; then AF + AT = FT = FP 
= PX = EM = EA + AM = AF + AM. Hence AT = AM ; 
that is, the subtangent of a parabola is bisected in the vertex {Def. 1 1). 

Cor. 3. Draw the normal PN. Then {Def. 12), TPN is a right 
angle, and therefore {Euc. vi. 8), TM : MP : : MP : MN, or 
TM . MN = MP«. But {Prop, i.. Cor. 1), p . AM = MP" ; hence 
p . AM = TM . MN. And since by last Cor.^ TM = 2 AM, conse- 
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quently MN = ^ p. ; that is, in the parabola^ the subnormal is equal 
to half ' the parameter of the axis. 

Cor. 4. From the focus F draw FH perpendicular to the tangent 
PT, and join A and H. Then because FT - FP {Cor. 1), and MA 
=:AT {Cor. 2), the triangles PTM and HAT are similar, since the 
perpendicular FH evidently bisects PT. Wherefore AH is the tangent 
at the vertex A. Hence, a perpendicular from the focus ofaparahola 
on any tangent intersects that tangent in the tangent from the vertex. 

Cob 5. Also by Euc. vi. 8, FT : FH : : FH : FA ; tliat is, if a 
straight line be drawn from the focus of a parabola perpendicular to 
the tangent at any pointy it will be a mean proportioned between the 
distances of the focus from the vertex and the intersection of the tangent 
and axis. 

Scholium 1. From the property of tangents to the parabola eifta- 
blished in this proposition, the term focus is given to the point F. For 
by a property of optics, rays of light which proceed parallel to the axis 
of a parabola and fall on a polished surface whose figure is that produced 
by the revolution of the parabola about its axis, are reflected to this 
point. 

Scholium 2. It would be easy to extend this series of properties of 
the parabola if the limits of this course admitted of such extension. 
All those properties relative to the principal axis and its coordinates 
hold for any diameter and its coordinates. The following is one of 
the most important of these. 

PROPOSITION IV. 

The abscissas of any diameter of a parabola are to one another as the 
squares of their ordinates. 

Let EH be any ordinate to the diameter CV, so that it is parallel 
to the tangent CT at the point C ; 
CM the corresponding abscissa; AI 
the axis ; and F the focus of a pa- 
rabola. From £ and C draw EG, 
CD perpendicular to the axis, and 
from the focus F draw FY per- 
pendicular to the tangent CT ; also 
join FC, and produce EG to meet 
CV in S. 

Then it will be obvious by Prop. "^ 
III., Cor. 4, that the triangles FCY, ESM, are equiangular ; hence 

EM":ES*::FC":FY». 

But {Prop. III., Cor, 5), since FT = FC, 

FC : FY : : FY :FA, or FC :FA : : FC* : FY*. 

Wherefore, EM«:ES«:; FC: FA (1). 

Again, by the similar triangles CTD, ESM, 

ES:SM:2CD:DT::CD«:CD . DT. 
And since {Prop, i., Cors. 1, 2), CD« = 4 AF. AD, and {Prop. 
III., Cor. 2), DT = 2 AD ; we have ^ 

ES:SM::4AF. AD:2CD.AD::4AF:2CD, 
or,4AF.SM = 2CD.ES • • . (2). 
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But (Prop. I., Cor. 4), 

4 AF . CS = CD» - EG« = (CD + EG) (CD - EG) 

= (CD+EG) ES (3) 

Wherefore, taking the difference of (2) and (3), we get 

(CD - EG) ES = 4 AF.MC, orES« = 4 AF.MC. 

Consequently the proportion (1) becomes 

EM«:4AF.MC::FC:FA, 
or, EM« = 4 FC . MC. 

In a similar way it is shown that 

MIP = 4 FC . MC. 

Hence for the same diameter of a parabola, any two abscissas are to 
one anotlier, as the squares of the corresponding ordinates. 
This is the general case of the theorem established in Prop. t. 
Cob. An^ diameter of a parabola bisects all its own ordinates, 
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PROPOSITION I. 

The squares of the ordinates of the transverse diameter of an ellipse 
are to one another as the rectangles of their abscissas, 

Ajb in the parabola, let AYB be the transverse plane, AGIB th3 
sectional plane ; AB the transverse axis, which in 
this case (Def. 5) meets the cone in two points A 
and B ; KGL, MIN, any two sections of the cone 
perpendicular to its axis. Also let KL, MN, be 
the intersections of KGL, MIN, with the trans- 
verse plane, and GF^, IIIi, those with the sectional 
plane. 

Then as in the case of the parabola {Prop, i.), 
EL, MN are diameters of the circles EGL, MIN, 
and the transverse diameter AB bisects G^, li, 
perpendicularly in F and H. Hence by the similar ^f 
triangles AFL, AHN, and EFB, MHB, 

AF : AH : : FL : HN, and FB: HB: : EF : MH. 
Whence AF.FB: AH. HB::FL.EF:HN.MH. 

Bot by a property of the circle, 

FL. EF = FG«, and HN.MH = HP. 
ConsequenUy, AF . FB : AH . HB : : FG« : HP ; 

that is, the squares of the ordinates FG, HI, are to one another as the 
rectangles of their corresponding abseissas. 

It will be obvious that the ellipse is composed of one single and 
eoAtinQoiis carve, and that the transverse diameter divides it into two 
equal bianches, symmetrically situated on each side of this aiis. 
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PROPOSITION II. 

If any point he taken in an ellipse^ the rectangle of the ahscisscu hehng* 
ing to that point is to the square of the corresponding ordinate cu 
the square of the transverse diameter is to the square of its con-- 
jugate. 

Let E be any point in the ellipse 
AaB6, A6 the transverse diameter, 
and ab its conjugate (^J^ef 6) ; then if 
ED be drawn perpendicular to AB, the 
rectangle under AD, DB will be to the 
square of the ordinate ED as the square 
of AB is to the square of ab. 

For by Prop, i., 
AD . DB: AC .CB : : DE«: aC*. 

But because C is the centre, AC = CB 

f jy^f, 6^ * hence 
AD.W:AC«::DE«:aC«,orAD.DB:DE«::AC*:aC"::AB':o^*. 

CoR. 1. Take p a third proportional to AB and a^; so that 
AB lahxiabipj then by tlie property of duplicate ratio, AB ip : : 
AB» : aW. But by the propa««ition, AB" : a^* : : AD • DB : DE«- • 

Hence AB : j»:: AD . DB : DE« ; and similarly for any other pomt 
m the curve. This is the property relative to the ellipse, to which 
reference is made in Def. 13. The quantity ;i is constant when AB 
and ab are giv?n, and is called the parameter of the transverse. 
AVhenoe tliis property, the transverse diameter of an ellipse is to its 
parameter as the rectangle under the abscissas of any point in the 
curve is to the square of the ordinate of that point. 

Cor. 2. Produce the ordinate DE to meet the circle described on the 
axis AB of the ellipse in F. Then by Euc. in. 35, AD.DB = DF*. 
Hence by the proposition, DF* : DE* : : AC* : aC% or DF : DE : : AC : 
cC. A similar property is easily shown to belong to the circle de- 
scribed on a6 as a diameter. Hence, if two circles be described^ one 
on each principal diameter of an ellipse^ an ordinate in either circle 
is to the corresponding ordinate of the ellipse as the diameter to which 
this ordinate is drawn is to the other diameter, 

CoR. 3. Ordinates to either conjugate diameter which intercept equal 
segments of that diameter from the centre are equod to one another j 
and conversely^ equal ordincUes intercept equal segments of the diameter 
from the centre. 

Scholium 1. By Def. 14, the focus of the ellipse is that point in 
the transverse diameter at which tlie double ordinate is equal to tlie 
parameter p {Cor, 1) of that diameter ; and as two such points are 
evidently on each side of the centre, it will be obvious that in the 
ellipse there are two foci at equal distances from the centre. For a 
similar reason, there will be two directrices {Def , 15). 

Scholium 2. By means of the property in Cor, 2, the curve of an 
ellipse whose transverse axes are given, may be constructed by points. 
For if on AB, one of the axes, a circle be described, and in it any ordi- 
nate *DF be drawn ; then since AC : aC : : DF : DE, a point £ can be 
found in the ellipse ; and similarly for other points. 
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PROPOSITION IIL 

In the ellipse^ the square of the distance of the focus from the centre is 
equal to the differerwe of the squares of the semi-axes* 

Let AB be the transverse diameter of an ellipse, ab its conjugate, F 
and / the foci, C the centre, and £F 
an ordinate at the focus F. Then by 
Prop, n. and Euc, ii. 5, CA" : Ca* : : 
AF . FB : EF« : : CA« - CP : EP. 
But because F is the focus, EF = ^ p 
{Def 14), and therefore by Def 13 
AC* : aC« : : aC* : i ;j^ or EF«. 
Hence, CA« - CF» = aC*, or CF« 
=! CA" — aC*; that is, the square of 
CF, the distance between the centre and focus F, is equal to the dif- 
ference of the squares of the semi-axes AC, aC. And similarly for the 
distance C/I 

Cor. 1. By the proposition CF« = CA" - Ca", or CF" + Ca" = 
CA". But CF" + Ca" = Fa" ; hence CA" = Fa", or CA = Fa. 
Wherefore, the distance of either extremity of the conjugate diameter 
from the focus is equal to the semi-transverse diameter. 

Cob. 2. Since Ca" = C A" - CF" = AF. FB ; hence, the rectangle 
under the segments of the transverse diameter made hy one of the foci 
is equal to the square of the semi -conjugate axis, 

PROPOSITION IV. 

If in the ellipse a fourth proportional be taken to the semi-transverse 
axisy the eccentricity, and the distance of an ordinate to any point 
in the curve (all estimated from the centre along the transverse 
axis) ; tlien the extremity of this fourth proportional will divide the 
transverse axis into ttco parts which are equal respectively to the 
focal distances of that point, 

(See the Fig. of last Prop.) 

Let D be any point in the ellipse Aa B&, F and /the foci, and CPa 
fourth proportional to CA, CF and CM (DM being the ordinate to the 
point l3) ; then the segments AP, BP of the axis AH will be respectively 
equal to the focal distances FD, /D, drawn from the foci to the 
paint D. 

For by construction, 
CA" : CF" : : CM" : CP" ; hence since {Prop, in.), CA" - CP = Ca", 

CA" : Ca" : : CM" : CM" - CP". 
But {Prop. II.), CA" : Ca" : : CA" - CM" : MD". 

Whence, CM" : CA" ^ CM" : : CM" - CP" : MD". 
From this we readily get, 

CA" : CM" : : CM" - CP" + MD" : CM" - CP", 
or CA" : CM" - CP" + MD" : : CM" : CM" - CP" 

: : CA" : Ca". 

Hence Ca" = CM" - CP" + MD" = CD" - CP" ; that is, 

CD" = Ca" + CP" = Pa", 
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Now {Euc. II. 12) 

FD* = FC» + CD" - 2 FC. CM; 
but as has been shown, 
CD« = Pa« = PC* + Co* ; also {Constr.), CA : CF ; : CM : CF, 

or FC . CM - CA . CP, and {Prop, iii.), FC« - CA« - Ca\ 
Wherefore FD« = (CA - PC)«, or FD « CA - CP « AP. 
In a similar way it is shown that BP » / D. 

CoR. 1. Since FD = AP, and/D = BP; hence FD + /D « 
AB ; that is, the sum of the two lines draumfrom the foci to any point 
in the ellipse is equal to the transverse diameter. 

Cob. 2. With F as centre and / D radius, describe a circle to inter- 
sect the ellipse in D', below AB ; then it follows from the proposition 
that the distance of D' from f is equal to FD. Wherefore if the points 
F, D' and /, D' be joined, the figure FD/*D' will be a parallelogram ; 
and, therefore, since the diagonals of a parallelogram bisect one another, 
DD' passes through C the middle of F/; that is, DD' is a diameter 
{Def, 7), hence all diameters of the ellipse are bisected in the centre. 

^HOLiuM. From this proposition is deduced a very simple method 
of tracing an ellipse by points. For in the transverse axis AB, take 
the foci F, /, and any point P ; with both centres F, / and radii AP, 
BP, describe circles ; these will intersect in four point«, which are 
evidently four points in the curve. Proceed similarly with another 
point talcen in AB, and get four other points in the curvci and so on 
to any extent. 



PROPOSITION V. 

The distance of the directrix from any point in the ellipse has to the 
distance of the focus from the same point a constant ratio. 

Let NL be the directrix with respect to the focus F, and NX' that 
with respect to /; then the ratio 
of FD to DL, or the ratio of /D 
to DL', is equal to the constant 
ratio of CF to CA (C being the 
centre), wherever the point D is 
taken in the curve. 

Take, in the axis produced, CF 
: CA : : CA ! CN, and draw 
NL perpendicular to CN; then 
NL is the directrix {Dcf. 15). 
Also take, as in Prop, iv., CP a fourth proportional to CA, CF, and 
CM, the distance of the ordinate DM from the centre. Then we have 
CF : CA : : CA : CN, and CF : CA : : CP : CM. 

Hence, CA : CN : : CP : CM, or CA : CP : : CN : CM. 

Wherefore we readily get by composition, 

AP : CA : : MN : CN, or since AP = FD, by Prop, iv., and 

MN = DL ; FD : DL : : CA : CN : : CF : CA. 

Similarly, /D : DL' : : CF : CA. 

ScHOLiOM. The constant ratio investigated in this proposition is the 
property referred to in Def. 15, with respect to the ellipse. 
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PROPOSITION VL 

The straight line which bisects tlie angle adjacent to that which is coH" 
tained by two straight lines drawnfrom any point in the ellipse to 
the foci is a tangent to the curve at that point. 

To E any point in the ellipse, let the straight lines FE, /E, be 
drawn from the foci ; then the straight 
line EP which bisects the angle /EG 
which is adjacent to F£/*, is a tangent 
to the curve. 

Take T any other point in PE pro- 
duced ; and make EG - 'Ef, and join 
Tf, TG, and /G, meeting EP in P. 
Because E/* = EG, and EP is common 
to the triangles E/P, EGP, and the 
angles /EP, GEP are equal, these 
triangles are equal, and /P = PG ; 
and hence /T = TG. Wherefore 
FT + /T = FT + TG ; but FT + TG is greater than FG. 
that is, greater than FE + E/, or AB. Consequently FT -f/T is 
greater than AB. But if T be a point in the curve, FT H-/T = AB 
(Prop. IT., Cor, 1), which is impossible; and therefore T is not in 
the curve. In the same way it may be shown that no otiier point in 
PET but E is in the curve ; that is, PET is a tangent at the point E. 

Cor. 1. Since the angle /EP = GEP, it must also be equal to 
FET which is the vertical angle of GEP. Hence a tangent to the 
ellipse makes equal angles with the straight lines drawnfrom the point 
of contact to the foci. 

Cor. 2. Produce EC to meet the curve again in E', and draw the tan- 
gent HE' ; then EE' is a diameter {Def 7), and it is bisected {Prop. 
IV., Car. 2), in C. The line F/is also bisected in C ; hence FE/B 
is a parallelogram, and the angle FE/ = FE/. Now {Cor. 1) since 
the angle TEF = PE/ each of these angles is half the supplement of 
FE/; and for the same reason the angle HE/ is half the supplement 
of FE/; and since FE/ = FE/, the angle TEF = HE/. Also, 
because EF is parallel to E/, the angle FEC = C^?/; consequently 
the whole angle TEE' = HE'E, and therefore PET is parallel to 
HE' ; that is, the tangents at the opposite extremities of any diameter 
are parallel to one another. The convex of this is also true, viz., that 
parallel tangents are at the extremities of the same diameter. 

Cor. 3. IietfT be a perpendicular from the focus /on the tangent at 
the point E ; and let PG = P/ as before, so that FEG is a straight 
line equal to AB; join CP. Then because FC =/C, and/P = 
PG, the triangles FG/, CP/, are similar. Whence FG : CP : : F/: 
C/ : : 2 : 1 ; hence CP = * FG = * AB = CB. Wherefore the point 
P is in a circle described on AB as a diameter. Similarly, the perpen- 
dicular F/> on the same tangent meets that tangent in the circle on 
AB. Consequently, the perpendiculars drawn from the foci on any 
tangent to the ellipse meet that tangent in a circle described on the 
transverse diameter. 

Cor. 4. Since the tangent at E' {Cor, 2) is parallel to that at E, 
the perpendicular from /on tiie tangent at E' will m^et that tangent 
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in its point of intersection H with the circle on AB, so that/P,/H» 
are in the same straight line. Wherefore (Ew, iii. 35), A/./B = 
P/./H. But the triangles FpE,/H E^ are evidently equal in all 
respects, and therefore /H =Fp; consequently A/./B = P/.F/>. 
Whence, since tiie rectangle under A/and/B {Prop, in., Cor. 2) 
is equal to the square of the semi -conjugate diameter, the rectangle 
under the perpendictdars from the foci of an ellipse upon any tangent 
is equal to the square of the semi-conjugate diameter. 

Cor. 5. A perpendicular to the transverse axis at either of its ex- 
tremities is a tangent to the ellipse ; also a perpendicular to the conju*. 
gate axis at either of its extremities is a tangent to the curve, 

PROPOSITION VII. 

If a tangent and an ordincUe be drawn from any point in the ellipse 
to meet the transverse axis, the semi-transverse axis will be a mean 
proportional between the distances of the two intersections from the 
centre. 

For let ET be a tangent to tlie 
ellipse AEB at the point E, and 
ED an ordinate at the same point 
to the transverse diameter AB; 
then because ET {Prop, vi.) bi-^ 
sects the angle/ EG, 

FT:T/: :FE:E/; 

hence FT + T/: FT - T/: : FE + E/: FE - E/, 

or, 2CT:F/:: 2CB:FE-E/ (I). 

. But FE» - E /« = FD« -/D*, or (FE + E /") (FE - E/) = 
(FD -f /D) (FD -/D) ; that is, since FE + E/.= 2 BC, F D + 
^D = F/, and FD -/D = 2 CD, 

F/:FE-E/::2BC:2CD . . . (2), 
Wherefore we readily get from (1) and (2), 

2 CT : 2 CB : : 2 CB : 2 CD, or CT : CB :: CB : CD ; 

that is, the semi-transverse CB is a mean proportional between CT 
and CD. 

PROPOSITION VIII, 

The straight line drawn from either focus of an ellipse to the intersec- 
tion of two tangents to the curve mahes equal angles with the straight 
lines drawn from ilie same focus to the points of contact. 

Let TD, TE, tangents to an ellipse at the points D and E, intersect 
in T; draw to tlie focus F the lines DF, EF, TF; also draw FG, 
FH perpendicular to the tangents DT, ET, to meet the lines /D,/E, 
drawn from tlie other focus in K and L ; and join TK, TL. 

Then because the angle FDG = KDG {Prop, vi.), and Uie anglis 
at G right angles, the triangles KGD, FGD, are equal, and therefore 
KD = DF. Wherefore K/ = KD + D/ = FD + D/ = AB ; and 
similarly, Lf = AB. Whence K/ = L/. The triangles FGT, 
KGT, are also evidently equal in all respects, and therefore KT =» 
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TF. For the same reason, LT = TF ; whence LT = TK. It will 




hence be obvious that the triangles TK/and TL/are equal in all 
respects, and therefore the angle D/T = L/T. Also if perpendi- 
culars be di-awn from /on the tangents produced, it may be shown in a 
similar way that the angle TFD = TFE. Consequently, the straid^ht 
line FT drawn from the focus F makes equal angles with the lines 
FD, FE, drawn from F to the points of contact D and £ ; and also 
/T makes equal angles with /D, /E, the corresponding lines aiid 
angles with respect to the other focus/ 

Cor. 1. It is shown in the proposition that TK = TL ; and in a 
similar way it might be shown that perpendiculars from T on FD, FE, 
are equal ; wherefore, perpendiculars drawn from the interseciion 
of two tangents to an ellipse on the lines drawn from either focus 
through the points of contact are equal. 

Cor. 2. Let the other lines be drawn as in the figure. Then be- 
cause FH = HL, and FC = /C (C being the centre), the triangles 
TEF, TCF, ECF, are respectively equal to TEL, TCY, EC/ 
Wherefore the triangle TEC is one-half of the triangle Tif For 
the same reason TCD is one-half of TK/*. But it has been shown in 
tlie proposition, that TL/ = TK/; therefore TEC = TDC. WJience 
the perpendiculars from D and E on TC are equal (the perpen- 
diculars are not ffiven in the fig.), and therefore DM = ME ; that is, 
the line drawn from the intersection rf two ta?f gents to an ellipse to the 
centre bisects the line which joins the points of contact. 

PROPOSITION IX. 
Ant/ diameter of an ellipse bisects all its otrn ordinates. 

Let WS be a tangent to an ellipse at the point Y ; YA a diameter 
through the same point ; and ED 
any ordinate parallel to WS {JDef 
10) ; then the diameter YA bisects 
ED in the point M. 

For let C be the centre of the 
ellipse, and W, S, the points in 
the tangent at Y, in which tan- 
gents at D an<l E meet the tangent 
WS. Join SC, WC, cutting the 
chords DY, EV, in G, H, and the 
chord DE in Q and R. Draw 
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also through the centre C the line LK parallel to DE, and from Y, 
VN parallel to CS. 

Now because the lines WS, D£, LK are parallel, the triangles 
VWG, SVH, are respectively similar to DGQ, R£H ; and since 
{Prop, VIII., Car. 2), VG = GD, and VH = HE, those triangles are 
respectively equal in all respects. Hence VW = I)Q, and SV = ER. 

Again, by the similar triangles LCS, RES, CL : RE : : CS : SR. 

Also by the similar triangles CWK, QWD, CW : WQ : : CK : QD. 

But CS : SR : : CW : WQ. Hence CL : RE : : CK : QD. 

Now, by Prop, vui., Cor. 2, the line which passes through C, the 
centre, and the intersection of the tangents DK, EL (we do not know 
yet that this point of intersection is in VA), bisects the line DE, 
which joins the points of contact. Hence because LK is parallel to 
the line DE, LK is bisected in C, and therefore LC = CK. Where- 
fore by the last proportion, RE = QD. But it has been shown that 
RE = SV, and QD = VW ; whence SV = VW. Consequently, 
RM = MQ, and therefore EM = MD ; that is, the diameter VA 
bisects any of its ordinates ED in the point M. 

CoR. I. It was proved in Prop, viii.. Cor. 2, that C the centre, M 
the middle of ED, and the intersection of the tangents, were in the 
same straight line ; and it has now been shown that C, M, V are in 
the same straight line. Wherefore the tangents at the extremities of 
any chord of an ellipse meet in the diameter ^ that chard. 

Cob. 2. Since SH is parallel to NV {CanstrX and EH = HV, 
therefore ES = SN. But by the parallels NV, SC, and SV, EM, we 
have 

CV : CT : : SN : ST, and SE : ST : : MV : VT ; 

and since 'ES = SN, we have 

CV:CT::MV: VT. 

This gives, by alteration and division, 

CM : CV : : CV : CT. 

Hence, if a tangent and ordinate be drawn to meet any diameter of 
an ellipse y the semi- diameter will be a mean proportional between the 
distances of the two intersections from the centre. 

This generalizes the property established in Prop, vii. 

Cob. 3. All the ordinates to the same diameter of an ellipse are 
parallel to one arwther. 

Cob. 4. A straight line which bisects two parallel chords of an 
ellipse y and terminates in the ^curve, is a diameter, 

PROPOSITION X. 

27ie square of any diameter has to the square of Us conjugate the same 
ratio that the rectangle under the abscissas of any point 1ms to the 
square of the corresponding ordinate. 

Let DE, GH be two conjugate diameters (Def. 10), and PQ an or- 
dinate to the former, corresponding to the point P in the curve. Also 
let the tangent at P meet the conjugate diameters in S and T. 

Then by Cor. 2 of last Prop., and the property of duplicate ratio, 

CQ : CD : : CD : CS, or CQ« : CD« : : CQ : CS. 
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Hence, by division and similar triangles, remembering that QP 
RC, we have 

CD« - CQ« : CD« : : Q8 : CS : : RC : CT. 




But by Prep, ix., Cor, 2, and duplicate ratio^ 

RC : Cr : : RC« : CH« ; wherefore 
CD* - CQ« : CD« : : RC« : Cff. 

Now because C is the middle of ED, CD* - CQ* « EQ . QD ; 
consequently EQ . QD : QP* : : CD* : CH* : : ED* : HG* ; that is, the 
square of the diameter CD is to the square of its conjugate HG as 
the recUngle under the abscissas EQ, QD, b to the square of the 
ordinate PQ. 

This is the general case of the property established in Prop. ii. 
Cor. 1. Tfe rectangles of the abscissas of any diameter are as the 
squares of the corresponding ordinates. 



THE HTPISBBOLA. 



PROPOSITION I. 

2%« squares of the ordinates of the transverse diameter are to one 
another as the rectangles of their abscissas. 

As in the parabola and ellipse, let AVB be the transverse plane ; 
AGIB the hyperbolic sectional plane which 
meets both sheets of the cone {Def 3) ; AB 
the transverse axis which meets the two sheets 
of the cone in A and B ; KGL, MIN, any 
two sections of the cone perpendicular to its 
axis. Also, let KL, MN, be the intersections 
of KGL, MIN, with the transverse plane, 
and GF^, IHt those with the sectional plane. 

Then it may be shown, as in the parabola 
{Prop, i^, that KL, MN are diameters of the 
circles KGL, MIN, and that the transverse 
diameter AB bisects G^, Ii, perpendicularly 
in F and H. Hence by (he similar triangles 
AFL, AHN, and KFB, MHB, 

AF : AH : : FL : HN, and FB : HB : : KF : MH. 

Whence AF . FB : AH . HB : : FL . KF : HN . HM. 
But by Euc. iii. 35, 

FL . KF = FG* ; and HN . HM = HI*. 
Wherefore, AF • FB : AH . HB : : FG* : HP ; that is, the squares 
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of the ordinates FG, HI, are to one another as the rectangles of their 
corresponding abscissasv 

The complete hyperbola, therefore, is situated on both sheets of the 
cone, and is composed of two separate and infinitely extended branches 
{^Def. 1). Those branches, moreover, are divided by the transverse 
diameter into two parts, which are symmetrical with respect to that 
diameter. 

PROPOSITION n. 

The rectangle under tlie ahsdsscu of any poirit in the hyperbola is 
to the square of the corresponding ordinate as the square of the 
transverse diameter is to the square of its conjugate. 

(See the Fig. of last Prop.) 

Let a circular section of the cone meet the middle of the diameter 
AB in C ; and let Ca be a tangent from C to this circle. Then Ca is 
the conjugate axis to AB. 

Let WT be the diameter of this circular section ; then by the simi- 
lar triangles AFL, ATC, and FBK, BWC, we have 

AF : AC : : FL : TC, and FB : BC : : FK : WC. 

Hence, AF . FB : AC . CB : : FL . FK: TC . WC. 

But since AC = CB, AC . CB = AC", also {Buc. in. 35, 36) 
FL . FK = FG ■ and TC . WC = Ca\ Wherefore 

AC« : Ca* : : AF . FB : FG«, 
or AB« : 4Ca« : : AF . FB : FG«; 

that is, the square of tlie transverse diameter is to the square of it^ 
conjugate as the rectangle under the abscissas of the point G is to the 
square of the ordinate of the same point. 

CoR. Take p, a third proportional to AB and 2Ca ; then by the 
property of duplicate ratio, AB : p : : AB* : 4Ca'. But by the 
proposition AB« : 4Ca* : : AF . FB : FG*. Wiierefore, AB : j» ; : 
AF . FB : FG*. The quantity p which remains constant for difi'eiont 
points in the curve is the parameter of tlie transverse diameter AB 
(I^ef 13). Wherefore the transverse diameter of the hyperbola is to 
its parameter as tJie rectangle under the abscissas of any point is to 
the square of the corresponding ordinate, 

PROPOSITION IIL 

In the hyperbola, the square of the distance of either focus frcm the 
centre is equal to the sum of the squares of the semi-aiameters. 

Let AB be tlie transverse diameter of the hyperbola, ab its conju- 
gate, F and/ the foci, C the centre, and GF an ordinate at the focus 

F, Then by Prop. 2 and Euc. ii. 6, 

CA* : Ca* : : AF . FB : GF* : : CF* - CA* : GP. 

But F being the focus, GF = ip {Def 14), and therefore by Def. 13 
AC* : Ca* : : Ca* : i ;>* or Gi «. 

Hence CP - OA* = Ca*, or CP « CA* + Ca*. 
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Cob, Join Aa ; then, by Eac. i. 47, and the Prop.,, Aa" = AC* + 
Co" = CF* ; hence the distance of either vertex of the conjugate dia- 
meter from either vertex of the transverse is equal to the focal distance 
of the centre, 

PROPOSITION IV. 

If in the hyperbola a fourth proportional be taken to the semi'trans* 
verse diameter^ the eccentricity ^ and the distance of an ordinate to 
any point in the curve {all estimated from the centre along the 
transverse axis)j then the parts of the transverse axis intercepted 
between the extremity of the fourth proportional and the extremities 
of the transverse are respectively equal to the focal distances of that 
point, 

(See the Fig. of last Prop.) 

Let E be any point in the hyperbola, F and f the foci, and CP 
a fourth proportional to CB, Cf and CD ; then the segments AP, BP, 
of the transverse axis, intercepted between P and the extremities A 
and B of the transverse diameter, will be respectively equal to EF, 
Ef the focal distances of the point E. 

For by construction, 

CB* : C/« : : CD> : CP«; hence since (Prop, iii.) Cf* - CB« = Co", 
CB« : Co* : : CD* : CP* - CD". But (Prop, ii.), 

CB« : Ca« : : AD . DB : DE* 
or CB« : Co* : : CD* - BC* : DE«. 

Wherefore, CD* : CD* - BC* : : CP* - CD* : DE*. 
Proceeding with this proportion as in the analogous case of the ellipse 
{Prop* IV.) we get 

EF == AP, and E/ = BP. 

Cor. The difference of the lines drawn from the foei to any point 
in the hyperbola is equal to the transverse diameter. 



PROPOSITION V. 

The distance of the directrix from any point in the hyperbola has id 
the distance of the focus from the same point a constant ratio. 

Let NL be the directrix with respect to the focus F, and NX'^that 
with respect to the other focus/; then E being any point in the curve^ 
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the ratio of FE to EL, or of /E to £L' is eqoal to Hie oonstaiit ratio 
of OF to CA (C being the centre). 




For take in the transverse axis AB, OF : CA : : CA : CN, and draw 
NL perpendicular to the axis ; then NL is the directrix with respect 
to the focus F {Def. 15). Also, as in the hut Prop.^ take CP a 
fourth proportional to CA, CF, and CD. 
Then we have 

CF : CA : : CA : CN, and CF : CA : : CP : CD. 
Hence 

CA : CN : : CP : CD, or CA : CP : : CN : CD. 
Wherefore, by divi«ion, 

AP : CA : : DN : CN ; or since AP = EF {Prop, iv.), 
and DN = EL, EF : EL : : CA : CN : : CF : CA. 

And if NX' be the directrix with respect to the otlier focus/, it 
niay be shown in a similar way, that 

ly : EL' : : CF : CA. 

PROPOSITION VL 

The straight line which bisects the angle adjacent to that which is con^ 
tained by two straight lines drawn from any point in the hyperbola 
to the foctf is a tangent to the curve at that point. 

The demonstration of this, which is exactly similar to the analogous 
case for the ellipse {Prop, vi.), is left for the student's exercise. 



The Asymptotes. 

Def. 16. If through A, one of the vertices of the transverse dia* 
meter of the hyparbola, a straight 
line KAN be drawn, equal and 
parallel to a 6 the conjugate dia- 
meter, and bisected in A by the 
transverse diameter ; the straight 
lines CK, CN drawn through the 
centre, and the extremities of that 
parallel, are called asymptotes to 
the hyperbola. The asymptotes 
-also of two opposite hyperbolas are common to both. 
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There are many remarkable properties connected with the asymp- 
totes to the hyperbola ; but the limits of this course do not admit of 
our entering upon them. It may be stated, however, thiU the hyperbola 
and its asymptotes^ when producedy continually approach to each other, 
but meet only at an if^niie distance. {See Vol. I., p. 306). 

Conjugate Htfebbolas. 

Def. 17. If ab be taken for the transverse diameter, and AB for 
its conjugate, of other two hyperbolas in the spaces KCL, MCN (a 
and b being the vertices of those diameters) ; then those two other 
hyperbolas are said to be conjugate to the former. When all four are 
mentioned, they are called conjugate hyperbolas. 

Additional Problems and Theorems for Exercises. 

1. Prove that if any two diameters of a parabola be produced to 
meet a tangent to the curve ; the segments of the diameters between 
their vertices and the tangent are to one another as the squares of the 
segments of the tangent intercepted between each diameter and the 
point of contact. 

2. A parabola is given in position, to find its directrix and focus. 

3. If any chord be drawn parallel to the tangent of a parabola, to 
meet the curve in two points ; and if from its extremities and from the 
point of contact ordinates be drawn to the axis, then double the ordi- 
nate of the point of contact will be equal to the sum or difference of 
the other two, according as they are situated on the same or different 
sides of the axis. 

4. If from the point of contact C of a tangent to a parabola, any 
chord CL be drawn, and another line parallel to the axis to meet the 
chord, curve, and tangent, in K, £, I ; then I£ : £K : : CK : KL. 

5. If from the point of contact of a tangent to a parabola, two 
lines be drawn to the vertices of any two diameters, each to intersect 
the other diameter ; then the line joining the two points of intersection 
will be parallel to the tangent. 

6. If the chord of contact of two tangents to a parabola pass through 
the ibcus, the tangents will intersect at right angles to one another in 
the directrix. 

7. Let TP, Ijp, be tangents to a parabola at the points P and />, and 
PM, pnif ordinates on the axis from the same points ; then 

1) tan TPM : tan tpm : : PM : pm ; 
[2) tan TPM - tan (p»i = 2 tan;? PM. 

8. Show how to draw a tangent and normal to a given parabola 
from a given point without the curve. 

9. Prove that any chord of an ellipse drawn through the focus is 
so divided in that point that four times the rectangle contained by its 
segments is equal to the rectangle contained by the chord and the 
parameter of the transverse diameter. 

10. Let a tangent to an ellipse intercept the four perpendiculars on 
the axis, from the centre, the two extremities of the axis, and the 
point of contact ; then will those intercepted perpendiculars be pro- 
portionals. 
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11. Prove that if a right cylinder be cut by a plane obliquely the 
section will be an ellipse. 

12. Show how to draw a tangent to a given ellipse from a given 
point without the curve. 

13. Prove that chords drawn through the foci of an ellipse or 
hyperbola are proportional to the squares of their parallel diameters. 

14. Prove that the ttegment of the normal, intercepted by the prin- 
cipal diameter of the ellipse or hyperbola, is equal to tlie distance'of 
the focus from the centre. - 



PROJECTION. 

BXaPXMXTXONS AND FIRST PRXKCIPLES. 

1. (a) If lines be drawn from every point of an object on the 
opposite side of a pane of glass to tlie eye (representing the rays of 
litj^ht passing from the points of tlie object), and if the points in which 
these lines cut the pane be marked upon it, we have the picture or 
projection of the object. This projection is tlie perspective of the 
object. 

{h) If any opaque figure be interposed between a light and a screen, 
the shadow of the figure upon the screen b the projection of the figure. 
This is the radial projection of the object. 

(c) Although there is a physical difference in the circumstances of 
these two projections, yet geometrically, the difference is so slight and 
subordinate as to not justify a separate general discussion or explanation 
of the two cases. They are therefore usually considered as one. 

(d) When the projecting point (the eye in the first case and the 
luminous body in the second) is brought nearer to the body, the pro- 
jection is enlarged; and when taken more distant, the projection is 
diminished. For as the point approaches the body, the bounding rays 
become angularly more and more expanded ; and as the point is re- 
moved from the body, they approach nearer and nearer to parallelism. 
Each case, however, is subject to limitations which will be pointed out 
hereafter. The general fact is sufficient for our present purpose. 

(«) The general idea of projection as a branch of geometry has been 
obtained from the considerations above, by ideally generalizing the 
objects — ^by abstracting all considerations of the materiality of light, 
the figure which by interrupting the light causes the shadow, and of 
the surface upon which the shadow is cast ; and thus retaining only 
the purely geometrical idea of direction in the raysy of the dining 
conditions of the intercepting or projected figure, and likewise those of 
the surfiice upon which it is projected. 

2. The only two cases in which the idea thus generalised is appli- 
cable directly and immediately, as fieir as regards the positions of the 
rays, are : — 

(a) That they shall be parallel to a given line ; . 
(6) That they shall all emanate from a given point. 
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3. The figure to be projected may either be : — a point, a straight 
line, a curve line, a definitely bounded plane figure, or a curve surface. 
This is called simply ihib figure. 

4. The surfiice upon which the shadow is hypothetically cast, is 
called the figure (plane, sphere, cone, etc.) of prqfecHon. Most fre- 
quently and for the most useful applications of the method of pro- 
jection, this is a plane, and called the plane of prcjecHon. Sometimes, 
however, projections are made upon 8pheri<»d, conical, or cylindrical 
surfiices. 

5. The hypothetical shadow itself is called the projection of the 
figure ; and the lines which are drawn from each point of the figure to 
the corresponding one of its projection, are called the projeciors. 

6. When the projectors emanate from, or converge towards the 
same point, the method is called polar profecium^ and comprehends 
both the cases supposed in (la and lb) ; when they are parallel, it is 
called parallel projection ; and when they are perpendicular to the 
plane of projection, it constitutes the orthographic projection.* 

7* The point in which any given line cuts the plane of projection is 
called the trace of that line ; and the line in which any given plane 
cuts the plane of projection is called the trace of that plane. The 
same term is also applied to the intersections of any g^ven curves or 
surfaces with the plane of projection. 

It is manifest that the trace of every line in a given plane upon the 
plane of projection is situated in the trace of that plane upon the plane 
of projection. 

Moreover, when the traces of two lines which are known to be situated 
in a plane are given, the trace of that plane is given ; and it is the in- 
definite line drawn in the plane of projection through these two traces. 

8. Any geometical figure is said to be given when it is fixed by 
.adequate conditions, by conditions which do not allow it to undergo any 

change without a previous change in one or more of those conditions. 

9. By the term inclination^ applied to lines or planes, is meant the 
ordinary geometrical idea attached to them by writers on planes and 
solids : but it is to be kept in view, that we shall here always consider 
the inclination to be from one specified side of the point about which a 
line may revolve or one specified side of the line about which the plane 
revolves, to form its inclination with the plane of projection. Thus : — 




rici. 




If, in Fig. 1 , D'AD be the line from which the inclination of AB to 
the plane MN is to be estimated, it is to be predetermined whether it 

* This, and the case of the polar projection, which relates to perspectire, are the 
only ones that were studied in this country till a very recent period. 
VOL II. S 



242 FBOJscnoNS. 

sball be with the branch AD or AD' : and, aimilaiiy, if, in Fig. 2, AP 
be the traoe of the plane PQ upon MN, it must be predetermined 
whetlier the inclination is to be estimated from the portion of the phina 
to the right of AP or from that to the left — ^in other words, whether 
AB is to be compared with AD or AD' in defining the inclination of 
PQ to MN. In speaking of the inclination as '< given," this is always, 
then, understood as an element in the conditions by which it is given, 
whether so expressed or not 

10. The simplest form in reference to one plane of projection in 
which a plane can be given is by means of its trace and incUnaiion ; 
and in this way, when nothing to the contrary is expcessed, it is to be 
understood as given in the following pages. 

It may, however, be otherwise given ; as by means of two lines in 
it ; of a point and line in it ; of three points in it ; of being drawn 
through a given point parallel to a gpven plane } or through a g^ven 
Une parallel to another given line. 

11. A line is given in the following ways^— 

(a) By its position in a g^ven plane in reference to the trace of 
that plane ; 

{b) By its trace, inclination, and the line in the plane of pro- 
jection to which its inclination is referred. This line, it will be 
presently seen, is the projection of the eiven line. 

{e) By giving two points through which it passes^ either in the 
ways designated by (a) or (6), or by any others. 

Many other methods of exhibiting the data of a line occur in prac- 
tice, of which examples will hereiiter occur ; but for use, they are 
almost invariably reduced to one or other of these. 

12. A point is most simply given by means of its projection, and the 
magnitude and direction of its projector. The direction of the pro- 
jector is usually given by means of a pattern-projector ; or, in other 
words, by giving one line to which the projectors are all parallel, or 
a point through which they all pass. In the ortkogrc^hic projection^ 
this line being always perpendicular to the plane of projection, need 
not be further specified \ and when the projector is said to be given, its 
magnitude alone is meant, as the projection itself being in this case given, 
the direction of the projector becomes fixed without further intimation. 

A point, however, is often most conveniently given in practice, by 
giving its position on a given plane in reference to the trace of that • 
plane on the plane of projection. It occurs in this shape in almost 
every class of actual problems. 

Often, indeed, it is given by both methods simultaneously ; viz., by 
its projection and projector in reference to a plane which is itself given 
by means of its trace and inclination to the plane of projection. In 
this way almost all polyhedral solids are g^ven, the plane in question 
to which the angular points are referred being one of the &ces of the 
figure, and the trace of that plane on the plane of projection serving as 
the common trace for reference to the entire system. 

A point, however, may be (and often is) gpiven as the intersection of j 

two given lines ; as the intersection of three given planes ; and in other 
ways ; but for the most part these require subsidiary constructions to 
reduce the data to the simpler forms above enunciated. 

13. All plane figures whatever (as angles, polygons, circles, or 
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plane curves) are given by giving them as a line was given, by stating 
them in reference to the trace of that plane upon the plane of pro- 
jection, and giving that plane by means of its trace and inclination. 

14. In every case of the projection of a point upon a plane, the pro- 
jection is a single point. 

For through that point only one line can be drawn either parallel to 
a given line, or to emanate from a given fixed point ; and this line can 
cut the *plane of projection in only one point : that is, the projection 
of a point is a single point. 

15. In every case of the projection of a straight line upon a plane, 
the projection is a single straight line. 

For, since all the projectors are parallel to one another, or they all 
converge to a given point, they are all in one plane (the projecting 
plane) with the given line ; and the trace of this plane on the plane of 
projection will {Art. 7) contain the projections of all the points of the 
given line. Moreover, this projecting plane can only cut the plane of 
projection in one line ; and hence the projection of die g^ven line is a 
single line. 

16. In every case, if a given line be parallel to the plane of pro- 
jection, its projection will be parallel to itself; and if the given line- 
meet the plane of projection, its projection will always pass through its 
trace upon that plane. 

For, in the first place, the line is projected by a plane, upon a plane 
parallel to that line, and hence {Pis. and SoU.y Chap, i., Prop, ii.) 
the projection of the line itself is parallel to the original. 

And in the second, the trace of the line being in the plane of pro- 
jection, the projector of that point also meets the plane of projection 
in the same point that the line itself does ; that is, the trace is one or 
the points in the projection of the line. 

17- The parallel projections of parallel lines are parallel; and 
theoT polar projections meet in a point. 

For, let MN be the plane of projection^ and AB^ ab two parallel 
lines which are to be projected by 
lines parallel to a given line : then, if 
two lines AC, ac be drawn parallel to 
the projecting pattern (12) to cut MN 
in C and c, the lines BC, be will be the 
projections of AB, tUf. But, since 
AB, AC are parallel to ba^ ac, the 
projecting planes ABC, abc are pa- 
rallel ; and hence their sections BC, be 
with MN are parallel. ' '^ "'"^"ii 

Again, let C be the projecting point, and AB, ab two parallel 
lines : draw CD to meet MN in D pa- 
rallel to AB, ab. Then the project- 
ing planes for AB, ab pass through CD, 
and hence through D, in which they 
intersect MN. Whence also the polar 
projections of AB, ab pass through D. 

18. The traces of parallel planes are 
parallel ; which is only another enun- 
ciation of Prop. I., Chap. I., Planes and 
Solids. 

b2 
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PROPOSITION L 



OBTHOGBAPHIO PBOJEOTZON. 

Given a point in a given figure plane to construct its projection. €md 
the magnitude of its project/or. 

Let ZaX (first Fig.) be the figure plane, and YaX the plane of 
projection ; and let A be the given point in it, whose projection on 
Xa Y is required to be found by a construction in a plane. 





. Now, the point A being given in the given plane XaZ, the line Aa 
perpendicular to its trace aX is given in magnitude and position. 
From a draw aY in the plane XaY perpendicular to aX. Then aA 
and aY being perpendicular to aX, the plane AaY is perpendicular 
to aX, and therefore, to each of the planes XaY, XaZ passing through 
it {Pis. II. 18) ; and YaZ is the inclination, which, by the problem, 
is given. Lastly, since A is in the plane YaZ, and this plane is 
perpendicular to the plane of projection, the projector Aa^ of the point 
A is in this plane ; and since the hypothenuse Aa of the right-angled 
triangle Aaa^, and the angle Aoa^ are given, the sides aa^ and a^A 
are ailso given. 

Let us now turn the plane XaZ about aX, and the plane YaZ about 
aY till they coalesce with the plane of projection : then aZ will coin- 
cide with aY (either actually if brought forward, or in extension if 
revolved backwards), and A'a^, that is Aa^ will still be perpendicular 
to aY, and the perpendicular A'a^ will pass through the projection 
of A, and be eqiuLl to the projector Aa^. 

By a little consideration of the indications of the figure in its present 
state, we shall see that the proposed conditions will enable us to con- 
struct it by means of operations performed wholly in one plane. 

For, the point A being given with respect to the trace, the point A 
and perpendicular Aa are given, and can be laid down on the plan. 
Produce this perpendicular to Y (Fig. 2) : then the projection of A is 
in aY. Also the inclination YaZ' is given, and the line aA'Z' being 
drawn to make that anole with aY, and A'a being set off equal to aA, 
and finally, the perpendicular A'a^ being drawn to aY, we obtain the 
point a^— which is the required projection of A viewed as in its original 
position. 
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ScnouuM 1. It will be readily seen from the preceding propodtiony 
that the only use that has been made of the first figure was to enable 
us to investigate the properties of the realfigure^ so as to deduce rela- 
tions which should enable us to dispense with its actual use in the 
construction itself. The student is urged to keep thb distinctly in his 
mind as the essential spirit of all projective methods, which have a 
practical object in view ; and he will find that throughout this entire 
work the same fundamental characteristic is readily distinguishable. 
The figure which represents the lines, etc., in space is used for reason- 
inffonly — ^never used or implied in construction. 

This distinction has not been brought prominently forward in the 
previous branches of geometry. lu plane geometry, the data, the con- 
struction of the problem, and the subsidiary lines employed in analysis 
and demonstration, are all in one plane ; and hence there is no necessity 
for paying the least attention to the circumstances under which those 
lines were supposed to have been introduced, except as fiir as their re- 
lated properties are concerned. In the consideration of properties of 
lines, plaiies, or other figures in space, the properties were absolutely 
deduced and the hypothetical constructions were performed, without 
the restriction to special means ; and hence the system required no 
such restrictions in the manner of performing the assigned operations. 

ScHOUuM 2. — ^In the case which we have exemplified, the point A 
is above the plane of projection, and the fig^ure plane u turned to the 
apposite side of the trace from that on which the projection is situated. 
£ather of these circumstances might have been reversed, or even both 
of them together. 

The figures ordinarily g^ven in works on projection suppose the figure 
plane to be turned tqxm the region that contains the projection : but 
the mixture of the lines which are involved in delineating a figure 
and its projection, render the separation generally more convenient in 
complex cases. We shall, however, sometimes employ one and some- 
times the other mode, for the sake of rendering every combination 
familiftr to the mind and eye of the student. 

ScHOifiuM 3. — When several points 
in the figure plane are to be ortho- 
graphically projected, the same pro- 
cess which has been applied to one 
may be, obviously, applied to each of 
the others in succession : but in prac- 
tice, the work may be in a slight de- 
gree abridged, and the number of lines 
to be actually drawn, somewhat less* 
ened. 

Let, for instance, A, B, C, be pro- 
jected, each according to the method 
and independently of each other, as in 
the first figure : and produce B'^^, Ce^ 
to meet oA' in fi and y : then bfi and 
ey are parallelograms, and afi s bW s 
bBf and ay = ^' b cC. Whence, if 
we take upon one of the lines making 
the g^ven inclination with the profile 
trace, as aA.' (Fig. 2), and set off upon 
it the distances afi^ 07, aA' equal to 
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B6, Cc, Aa, and dniw parallels fib^^ ye^, 
A'a to the tracer meetuig B6, Cc, Aa 
(prodiMsed if necessary) in b^y c,, «,, 
these poiiits will be the prajections 
required. 

It is very common, for preserving the 
uniformity of the figure to take instead 
of a line through one of the points 
o, b, Cf concerned in the problem, one 
altogether unconnected with the in- 
qniry, as in Fig. 3 ; the import of which 
will be at once apparent without verbal explanation. ' 

Scholium 4. — A slight modification of the primasy constmction is 
sometimes employed ; and it will appear obvious fit>m the fi^lowing 
tnnsformation of the fieure. 

Suppose the profile plane Aaa, of the system (Fig. 1 of the Prop,) 
to be turned about Aa lill it coincides vdth s 

XaZ, and then the compound plane figure 
A'aX to be made to coincide with the plane 
ef projection. Then the projector will take 
the position Ace peipendicular to aA'y as in 
the annexed diagram ; and aa will be the 
distance of the projection a^ from the trace 
>€iX. Setting off this distance upon Aa, or 
«pon aYy will give the projection sought, 
on the upper or lower side of the trace aX 
respectively. 

That this gives the same point as the 
former construction is thus made evident. Make a A' = aA, and join 
A'a^. Then the triangles Aoa, A'a^a have two sides equal each to 
each, A'a = a A, era = osa^, and the angle at a common : and hence, 
the bases are equal, and the remaining angles are equal, each to ettch. 
Whence A'a.a = Aaa ; and this last is a right angle. The point a, is, 
therefore, the same as would have been found by we first process. 

Also Am is the orthographic projector of the point A, as is 
obvious. 

Scholium 5. — The converse problem is sometimes required in con- 
ducting a course of consecutive and dependent constructions ; and like- 
wise in projecting upon '' oblique sites** which is often employed in 
military works. It is, — 

Given the prelection of a point situated in a given figure plane^ to Jin 
the point itself. 

In this case a^ is given (Fig. 2 of the Prop.) ; construct off as 
before, and draw a^A' perpendicular to aY : then aA' being set off 
above or below a upon ZY, gives A the original point. 

PROPOSITION II. 

Given the trace and inclination of the figure plane ^ and the position qf 
a given line in that plane j to project orthographicaHy the iine^ and to 
eonstrtict the inclination of the line to the pUme of projection. 

(a.) It is obvious that, if by the preceding proposition we pro- 
ject two points of the given line, then the line through these will 
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be the piojeelioa of tlie given line. Whence foUowv a fini, em- 
sirueium. 

Make Ifi ^ 6B, and la = aA, the angle at I being the inclination 
as in the finmier problem; and 
find b^j a, the prcjectiotts of B, A ; 
and the line a, b^ is the projection 
sought. 

To find the inclination of the 
line AB to the plane of projec- 
tion, if we draw in the projecting 
plane of AB the line BC parallel to 
the plane of pitgectiony this will 
ibnn with AB the same angle that 
afi^ forms with it, and consequently 
that AB forms with the plane of 
projection. Now, in this rig^t- 
angled triangle we have AB the 
given line, BC the equal of b^a^ 
wliich is already found, and GA 
the difference of the orthographic 
projectors of A and B which aiie 

exhibited as fifi^y aa^ in the figure. 

Whence, if we make afi' perpendicular to ajb^ and dther make a,G^ 

equal to c^ the difference of oece^ and fifi^y or make bfi' equal to AB, 

we shall have a triangle equal in all respects to that just verbally 

described, and afi^Q' is the inclination of AB to the plane of pro- 
jection. 

This method, though capable of application in all possible eases, 

is often superseded in practice by more fiicile processes, of which two 

are given here. 

{b.) When the figure line can be produced to meet the trace of the 

figure plane within the limits of the drawing, ^ following method 

is that most frequently employed in practice. 
Let AB be the figure-line, produced to meet the trace in B : find, as 

before, the projection a^, of one point A, 

and join a^B. This is the projection 

sought. 

For a^ is one point by construction ; 

and B is a point also in the projection by 

Art. 16. 

Again, make a^C'at right angles to a^B, 

and equal to a^A^ and join BC': the angle 

a^BC is the inclination of AB to the plane k 

of projection. 

For it is obvious that a^CB is but the 

triangle a^AB turned about afi on the 

plane of projection, and hence that the angles a^BC'and a^BA are 

equal, whilst the latter of these is the inclination itself. 

(r.) The following method also possesses advantages in practice 

which will often be recognised. 

Let A, B be points in the line, and take any otfa^ point C in the 

figure plane that may appear convenient, and draw CA, CB to 
' meet the trace in D, £: find the projection c^ of C; draw Dc,, 
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'Ec, which will be the projections 
of CD, CE ; and dmw Aoa,, Bbb, 
parallel to Cc, meeting Dc,, Ec, 
in a^ and 6^. Then afi. is the 
orthographic projection of AB. 

For, always after the figure 
plane is turned round on the plane 
of projection, the point and its 
projection are in one line perpen- 
dicular to the trace ; as Aa, is 
perpendicular to D£. Also, the 
projection of A b in Dc^y and 
hence a^ the intersection of Aa 
and De^j is the projection of A. 
In like manner for b,. 

The inclination is found as in the first construction, the altitudes or 
projectors being (xa'j fifi' found by drawing parallels from a^ and b^ to 
the trace. 

(d.) When the given line is parallel to the trace, it will be parallel 
to the plane of projection. It will in 
that case be sufficient to construct the 
projection of one point A, and draw 
through a,, a parallel afi, to the trace 
aX. 

The* inclination is zero; and since 
for all the points the projectors are of 
the same length, the same result is ob- 
tained by construction as by our previ- 
ous reasoning we were led to deduce. 

{e.) If the given line AB be perpendicular to the trace, only one 
point will be necessary to be found. 

For find the projector a, of A in it as before ; and then a itself wUl 
be the projection of the trace of the line. 

The inclination of the line AB is in this case 
the same as the inclination of the figure-plane 
itself; and is therefore given. 

(/.) If the figure-plaiie be perpendicular to 
the plane of projection, the projections of 
every line in it will be upon the trace. 

The constructions will terminate in the 
trace, and the inclinations of the lines U} the 
plane will be the same as their inclinations to 
the trace. 

Scholium. The converse case often occurs in a series of consecutive 
constructions, viz. : — 

Given the projection of a line with the trace and indination of t/ie 
fHanCy iojina the original line. 

The requisite operations follow so readily from the construction of 
the direct problem, as to scarcely call for special remade : yet we shall 
give one example on account of its frequency of use. 

Let aB be the trace of the given plane, and AaA' its inclination ; 
and let a'B be the projection of the line in the given plane. On AB 
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describe a semicircle and join Aa ; it will pass through a* the pro- 
jection of A, and a'B will be the length of the projection of AB. 
Make, therefore, Ba = Ba' and draw Aa, Then AaB is the project- 
ing triangle, and aBA the angle of inclination of the line. 

PROPOSITION III. 

Given any rectilineal figure in a given figure plane to construct its 
projection. 

(a.) We may project the angular points (as in Prop. I.) and draw 
lines to join thm. Thus in the triangle ABC we should have the 
figure as follows, according as we keep the figure after revolution, and 
the projection in the same or different sides of the trace of the figure 
plane. 
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(b,) We may project the sides of the g^ven figure, viewed as indefi- 
nitely extended lines (as in Prep, ii.): these projections by their 
mutual intersections g^ve the limited projection of the figure. To 
render this method useful, and avoid a great deal of unnecessary labour, 
and the consequent complexity of the figure, some d^^ree of discretion 
is necessary. Take, for example, a triangle ABC, and let the sides 
AB, BC, CA be projected by taking points D, E, F arbitrarily in 
these respective sides, as those which with the traces are to define the 
positions of the sides of ABC. Then the figure would resemble the 
following : — 




The complexity of such a figure is sufficiently discouraging in prac- 
tical operations ; and evidently, this complexity becomes greater with 
every new line of the figure to be projected. This complexity is, 
however, in a great degree evaded by taking, instead of D, E, F, some 
specific points either in the ^guTe^ or having known relations of position 
with respect to it. It is impossible to give any general rule for this 
choice : but the nearest approach to generality is to select an intersec- 
tion of a line with an adjacent one — in fact an angular point of the 
figure — as the constructive one. The same triangle so constructed in 
projection would have its delineation as follows : but, on the whole, 
the method itself is not the most facile, and is only dwelt upon here for 
the sake of completeness of discussion. 




(c.) In a practical point of view, the greatest fecility is afibrded in 
construction by the following process. As the method is precisely the 
same how numerous soever the lines may be, we shall give it in detail 
for the irregular hexagon ABCDEF. 

Produce some two adjacent edges AB, AF to meet the trace a X of 
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the figvire plane in fi, 4,, and project the point A in a, by Prop. 1. ; 
draw A.C, AD, AE to meet the trace in y, i, s, and then draw jSa„ 
ya,, Sa,, ta,, 0a,. These will be the projectiona of A^, A.y, . . . 
A0 I and bence the projections of B, C, . . . F in them will be in >ia,, 
ya,, . . . ia^. But ihese projecliona are also in lines B6, Cc, . . . F/ 
perpendicuJar to the trace; and hence at their respectiTe intersections 
b,, c,, rf,, e^,fj. We are, therefore, only required fo draw these two 
sets of lines $a, and B&, ... to obtain tbe angular points of the pro- 
jection ; and these being joined in the same order as the original points, 
the projection is complete. 

{d.) It will sometimes happen that no two adjacent sides are well 
adapted for the application of this method. In such case any arbitrary 
but more convenient point ma^ be assumed as that to be projected ; 
and the other poiuts found by drawing lines through the given angular 
points to the trace, as was done in the preceding construction. Very 
often such a point may be conveniently found by producing two alter- 
nate sides, or indeed any two sides of the figure to meet ; but in all 
cases the selected pohit sboold be such as to thrcnr all the lines from it 
to the given angular pcdnts in such poritions as to cat the trace within 
the limits of the drawing. 

For esample, if in the preceding figure the pentagon BODEF hsd 
been given, no two a^acent sutes of it would have been well fitted for 
the operation ; but by taking the point A arbitrarily as in tbe figure, 
■we shonld have found fi, e, d^ e,/, as already shown with much feciHty. 

(e.) It will sometimes happen that where one or more pairs or sets 
of parallels enter into the'\^onipositim of the figure, the wmi may be 
mill further simplified by the application of the principle that the pro- 
jeetiont of parallel lines are parallel. 

Let there be given, for instance, the parallelogram ABCD, having a 
line drawn through E parallel to AD or BC, and lines from F and G 
parallel to AB or CD ; then of two adjacent sides AB, AD, as before, 
find the projections of A, E, B, F, G, D ; and draw parallels from 
e„ b„/„ ff,, a, : these will constitute the projection retjuired. 
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Scholium. Having given the trace and inclination of the figure 
plane, we can always by the reversal of the processes find the original 
figure which corresponds to any given projection. 

PROPOSITION IV. 
A circle is given in a given plane to eanstruei its projection, 
(a.) Draw diameters AC, BD perpendicular and parallel to the 




trace : these will be projected into aV, b'd\ the minor and major prin- 
cipal diameters of the ellipse which represents the circle in projection. 
The ellipse* may then be traced by any of the methods usiuJiy given 
for that purpose. 

(6.) If the curve is to be traced by hand, it will be better to take 
eight or twelve points, or if large and very great accuracy is required, 
sixteen ; and find the projections of these, as so many true points in 
the projection. 

Scholium. This simple problem is given apart from the more general 
problems on the circle and conic sections, solely on account of its 
frequent use in practice. The method (h) will obviously apply to any 
figure whatever; and it is, in &ct, the process commonly used by 
draughtsmen in all cases that occur of curve lines, including the circle. 
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PROPOSITION V. 

(1.) Given the projections emd projectors of two points to find the trace 

and inclination of the line through them : 
(2.) Given the projections and projectors of three points to find the 

trace and inclination of the plane through them, 

(1.) Let Aa, Bb be the two projectoTs, and AB be the line itself: 




then the plane through Aa, Bft, will be the projecting plane of AB, 
and AB, ab will meet in C the trace of AB. But we have here given 
the points o, by and the magnitudes of Aa, Bb at right angles to 
the plane, and therefore to the line a^. If now we turn the plane 
Ao^B about ab on the plane of projection, Aa, Bb will still be per- 
pendicular to a, 6, as in the diagram. Whence we have this plane 
construction : — 

Join abj and draw aA, bB at right angles to it, and equal to the 
given projectors : then AB, ab meet in C the required trace $ and C is 
the inclination of the line to the plane of projection. 

We may remark, that the point C would have been found by drawing 
the projectors aa and bfi parallel to 
each other in any direction soever, so 
as to make an angle with ab^ precisely 
as when their positions were perpen- 
dicular to ab. When the trace only is 
required, this method is effective, but it 
does not give the inclination of the line i 
without a separate and supplementary 

process. 

Also, if the points be on different 
sides of the plane, the parallels must 
be taken in opposite directions to find C. 

(2.) Let a, ft, c be the given projections of the three points A, B, C 
(Fig. 3) ; draw the projections of any two of them oc, bc^ and in any 
direction parallel to each other 
draw flo, ft^S, C7, equal to the 
three gfiven projectors: then 
07, ac meet in one point D, 
and bcj fiy in another point E, 
which (by the preceding) are 
the traces of AC, BC. The 
line DE is the trace of the 
plane through them, and the 

trace of AB will also be in ^ ^ ^ K^n 

the same line. Whence we have found the trace of the plane AUU. 
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Again, from any one of the given projections, as a, draw aF 
perpendicular to the trace DE, and aA! parallel to DE and equal to 
the projector aa^ and join AT : then ATa is the inclination of the 
plane ABC. 

r For, evidently, aFA' is the triangle aFA, when turned on the 
plane of projection, of which the angle at F is the inclination of the 
plane to the plane of projection. 

It may also be remarked, that the construction is a little abbreviated 
by making FH ^ oce, and drawing oH ; for the triangles aA'F and 
HFa are in all respects equal, and therefore the angles ATa, HaF 
are equal. 



PROPOSITION VI. 

Given the traces cmd inclinations of two planes^ to find the projection 
and ificlination of their line of intersection. 

If we take any point B in the line AB (first Fig.) of intersection of 






the two planes, and draw the perpendicular B5^ on the plane of projec- 
tion : then, if b^A be drawn to the intersection A of the traces AC, 
AD of the two planes, b^A will be the projection required ; and the 
result will be the same wherever in the intersection AB the point B be 
taken. 

Conceive that through Bb, planes Bb^ C, B^^ D be drawn perpen- 
dicular to AC, AD : then BC6,, BDb, are the inclinations, and there- 
fore given by the problem. liVlience, for any assumed value of B6^, 
the magnitudes of bfij bj) perpendicular to AC, AD are giyeD. 
Whence b^ is in the intersection of two lines parallel to AC, AD, and 
whose dbtances from those lines, for any assumed value of Bb^ are giv^i. 
Whence we have the following construction : — 

Let C (second Fig.) be a right angle taken in any convenient position 
on the paper, and B' any point in B'C: make the angles CD'B', 
C'E'B' equal to the given inclinations of the planes, thus giving CD', 
C'E' : at these distances {H, and 77^) from the traces draw parallela 
(third Fig.) to the traces, meeting in b, : then b^A is the projection of 
the line AB in which the planes intersect. 

To find the inclination of the line AB, we have only to recollect that 
B'C is the length of the projector of the point B ; and that b,A ia 
the projection of AB. If, then, perpendicular to b,A we make 
b^K = B'C, and join KA, the angle KA^^ is the inclination, turned 
on the plane of projection. 
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When one of the planes is at right angles 
to the plane of projection, the construction 
becomes simplified. For then the projec- 
tion of the Hne of intersection falls upon 
the trace of that plane, as b^A. 

Also, for the inclination, take any point 
C in the other trace AC, and draw the 
perpendicular C6^, and the parallel b^H 
to AC ; and make bfiB. equal to the incli- 
nation of that plane whose trace is AC. It 
cuts off ft^H the projector of the point B' 
la the line of intersection. Whence we 
have only to take bfi' perpendicular to 
b^A and equal to b,U, and join B'A, 
giving the angle B'A6^ as the inclination 
of the line of interseetioo* 




PROPOSITION vn. 

Tojind the prcjecHm and prqjeeior of the intenectim of a given line 
with a giffen plane. 

Let AX be the trace, and b,fifi, the inclination of the given plane, 
and let AG ,be the projection, G 
the trace, and HGA the inclina- 
tion of the given line, it being 
turned with its projecting plane 
upon the plane of projection about 
its own projection AG. 

Then it is clear that the given 
plane and projecting plane are in 
precisely the same relation as in 
the second case of the preceding 
problem; and that AB' is the 
line of their intersection after re- 
volution. Whence C is the point 
of intersection of that line with the given line GH. Wherefore, c^ is 
the projection, and Cc, the projector of the point of intersection of the 
given line and ^iven plane. 

PROPOSITION vm. 

Ihoo lines being given by means of their projections y traces^ and incli- 
nations to ascertain whether they be in the same plane or not, 

(a.) Let the projections be parallel, as Ac;, Bd, : then if the inclina- 
tions be equal, the lines themselves are parallel, «% 
and in one plane. If the angles of inclination "^ 
be not equal, they are not in one plane. 

(b,) Let llie projections intersect, as at <?^, 
and let A,B be their traces, and e^AC, <?,BC" 
their inclinations: then drawing cfi' and cfi" 
perpendicular to Ac,, BC, respectively, if 
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C'c, 3= C"c, they are in one plane ; and if not, they are not in the same 
plane. ^ 




PROPOSITION IX. 

If a straight line be perpendicular to a plane^ then : — 

(1.) The trace of the plane and orthographic prafecHan of the line 
are at right angles to each other ; 

(2.) The projecting plane cuts the given plane in a line at right 
angles to the trace ; 

(3.) The intersections <^ the given plane and plane of projection by 
the projecting plane contain the angle of inclination of the given 
plane; and 

(4.) The inclinations of the given plane and line are complemeniarg. 

Let MN be the plane of projection, MP any other plane whose trace 
is MD, and ABC a line perpendicular to q 
MP : then the projection CD of AC 
upon MN will be perpendicular to the 
trace MD. 

For, let QR be the projecting plane of 
AC: then since it passes through AC 
perpendicular to MP, it is perpendicular 
to MP {Pis. Sf Sols,y Chap. ii. 16) ; and 
it is by hypothesis perpendicular to MN. 
Whence it is perpendicular to their common section MD (Pis. Sf Sols,, 
Chap. II. 18). Hence, the angles MDC, MDB are right angles, 
which establish the first and second parts of the proposition. 

Again, since from D in the common section of MN, MP, the lines 
DC, DB are drawn perpendicular, one in each plane, the angle CDB 
is the inclination of MP to MN {Pis. ^ &/*., Def. 4). This is the 
third property specified above. 

Lastly, since CD is the projection of AC, the angle ACD is the 
inclination of AC ; and, as AC is perpendicular to the plane MP, 
the angle DBC is a right angle, and the remaining angles BDC, BCD 
(which are the inclinations of the plane and line) are equal to one right 
angle, or are complementary of each other. 

PROPOSITION X. 

A point is given in reference to a plane by means of its projection and 
prqjectorf to find its projection and projector in reference to another 
given plane. 

Let aZ be the plane to which the given point A is referred, and 
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given by menus of its projection a and projector Aa ; and let YXZ be 




ce 




a' 


\ .. 


\/* 


*\ 



the inclination, and aX the trace of the new plane upon which A is 
to be projected. 

Since Aa is perpendicular to ceZ, its projection on aY is perpendi- 
cular to the trace aX (Pis. ii. 18), and hence the projections of the 
points A, a, in it are in a line perpendicular to aX. 

Whence, since a is given in the given plane aZ, its projection a, on 
eeXY can be found by a former construction {Prop, i.), and the line 
Gia in which the projection of A upon crXY is situated is known. 

Also since Aa is given in magnitude and position, and that aUi is 
found, it will follow that A A' parallel to aai can be constructed ; thus 
giving A' as the required projection of A upon aXY, AA' as its re- 
quired projector, and A'ai as the projection of the line Aa. 

Moreover, the system may be turned about ocoi to coalesce with 
aXY the new plane of projection, and all the parts of the figure will 
retain their relative positions as regards ouXi and each other. Where- 
fore, the entire data and constructive lines might have been originally 
exhibited there, and the point A' and the magnitude of AA' the new 
projector have been determined without any use of the figure in space at 
all. In fact, the figure actually used in the construction of the pro- 
blem in practice (which is exhibited in the margin) is precisely that 
which the turning round of the figure in space produces. 

Scholium. This problem is one of great importance in projection, being 
the foimdation of the method of projecting figures of three dimensions. 
The figures are supposed to be given standing with one of their faces 
resting on the gi^en plane aZ, whilst their several points which are 
not in that plane are supposed to be given by means of their projec- 
tions on it and their corresponding projectors. These projectors are 
sometimes actual lines in he tproposed figure, as in the case of a cube 
or any right prism, but more frequently they are lines having definite 
relations to the figure, and which it will be necessary to determine 
a priori when the figure is defined independently of them. As exer- 
cises or examples of this kind, the platonic bodies, or regular solids, 
have generally been employed. 

It is too obvious to call for special remaric that a line is projected 
when two points in it are projected, and that its inclination becomes 
known when the projectors of three points are found. The same ap- 
plies to all rectilinear and curvilinear boundaries, and lines drawn upon 
a given plane or surfiice. The entire projection of all bodies is 
thus comprised in this problem. It would lead us beyond moderate 
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bounds to give any considerable number of examples ; but it still ap- 
pears incumbent on us to offer a few instructive one. in this place. 

Example 1. 

Given two points in a line in reference to a given pUme,Jo ^P^^ 
^ection\nd inclination of the line in referent to the plane of 

prelection. 

Let a, h be the projections 
of the points A, B on the given 
plane : project these in a„ ft, on 
the plane of projection ; and pro- 
ject also A, B in a, ^, and a ^ 
is the projection sought, and 
Aa', B6' are the projectors on 

tiiat plane. 

Make aa', fifi' perpendicular 
to afi and equal respectively to 
Ao',B6' : then a'fi', otfi being pro- 
duced to meet in y, we have onra 
the inclination of the given line 
to the plane of projection. 




Example 2. 
A cube is given having oneof its faces AB CD in a given position 
on a given plane, to construct Us projectum. 




Project tbe square as before in aA^A- P^ject »!«> t^« "J"*^* 
A'A", which is equal to one of the sides, giving a,a, : .t^en oA. «h^. 
being drawn parallel to aA. aA ^J^ give 6. and ^ '" *«^;f^ 
diculars Bft„ Dd. ; and lastly d^„ bfy parallel to d,c„ b,c, give c.. 
The figure is then projected, as was required. «;f„,ted 

The^same process applies to any right prism, whose bwe « "^v 
on the Riven plane : but in case of such pnsm being cut ob"q«e^' 
each of the edges must be separately projected, instwd of the upper 
foce teing projicted by pandldCa* h" been done in this, construction. 
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Example 3. 

To construct a triangular pyramid, having its base given in a given 
plane^ and likewise given the perpendicular from the vertex to the 
base in magnitude and position. 

Find the projections of the base and of the vertex, and draw lines 
from the projections of the base to that of the vertex ; and the projec- 
tion is complete. 

Example 4. 

Given an oblique prism in a given position on a given plane, to con^ 
struct its projection. 

Project the b&se and one of the upper corners of the prism as in the 
preceding example ; and then, as in the second, construct the projec- 
tion of the upper face by parallels, and of the edges likewise. 

Example 5. 
To project a cube on a plane at right angles to one of its diameters. 

(a.) All the three edges which meet in one extremity of that diameter 
are equally inclined to the diameter, and hence, also, to the plane 
of projection : they will hence be projected into equal straight 
lines. Also, the three planes which connect these edges two and two, 
having their inclinations complementary to the inclinations of the op- 
posite edges, will be equally inclined to the plane of projection ; and 
hence their contained (right) angles will be projected into equal angles. 
These three projected angles, making together the angular space about 
the projection of the solid angle, are equal to four right angles ; and 
hence each of them is 120\ 

Let these be AB, AC, AD, of the annexed figure. 

In the next place, the opposite solid angle 
of the cube is projected also in A (which we 
shall also marl^ A'), and the three edges which 
meet in this point are parallel to those already 
projected, but lying in the opposite side of the 
diagonal. These have the same inclination to 
the plane of projection that the former ones 
had : and hence their projections will be of 
the same length as the former ones, and be 
situated in continuation of them. They will 
therefore be represented by A'B', A'C, A'D' 
respectively. 

Lastly, the remaining edges being those which join the points already 
projected, we have only to join the adjacent projected points in succes- 
sion, to obtain the projection of the entire cube. 

It is obvious, therefore, that the projections of all the edges lie in the 
sides and diagonals of a regular hexagon ; the edges which meet in the 
given diagonal forming the three diagonals, and the remaining edges 
the sides, of the hexagon. 

This construction, however, merely gives the ybrm, but not the ^nag- 
nitude of the projected figure, for any given length of edge. This 
relation is fixed, and is exhibited by a very simple construction. 

s2 
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Take two lines, ab^ clc (Fig. 1), at risrht an-^^ 
gles, and make each equal to the edge of tiie 
cube, and join he : this will be the diagonal 
of one of the square faces. Make cd per- 
pendicular to he and equal to ah or cic^ and join 
hd ; this will be the diagonal of the cube itself. 

In Fig. 2, draw AA' perpendicular to the I 
line h'h^ and equal to the diagonal of the 
cube, hd. If, now, we conceive a plane 
to pass through the diagonal AA' and 
one of the edges AB, it will be the 
projecting plane of AB, and Ah will 
be its projection, as to position. More- 
over this plane will pass through the op- 
posite edge (since they are parallel and 
A A' joins them), and will cut the faces 
adjacent to these edges at the points A, A' 
in diagonals of those faces. Whence AB 
is an edge, A'B the diagonal of a face, and A A' the diagonal of the 
cube itself. The three sides AB, BA', A'A of the triangle A A'B are 
therefore given, being equal to ha, hc^ bd of Fig. 1 . 

Wherefore, the entire construction will be : — 

Construct %ures 1 and 2 as above ; then, with any centre and radius 
Ah describe a circle ; and in this circle describe a regular hexagon, as 
in the figure of the first analysis. This will be the projection sought. 

(6.) The preceding construction is rather effected by special con- 
siderations b<donging to the particular case, than by means of the general 
principle already developed, and to which the problem was proposed 
as an illustration. It may, therefore, be proper to give another which 
shall be more illustrative of the general principle. 

In the first place, since each edge is perpendicular to the plane con- 
taining the other adjacent ones, that edge is perpendicular to the face 
which contains them : and hence the angle made by that plane with the 
plane of projection is the complement of that made by the edge with 
the plane of projection. 

Let ABCD be a &ce of the cube ; AAX the trace of the plane of 
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that fiEtce on the plane of projection. Make AA the diagonal of the 
cube, AA the diagonal of a face^ and kh the edge of the cube into a 
triangle, and draw A^ perpendicular to the trace AX. Also, make A/* 
equal to AF the semi-diagonal of the square face. 

Then, as was shown in the concluding part of the former construc- 
tion, A A^ is the inclination of the face of the cube ABCD to the plane 
of projection ; and by the general principle of the method, if we draw 
ic^ and d/by the figure Abed will be the projection of the fiice 
ABCD. 

Again, AA is perpendicular to AA, and equal to the edge CC of 
the cube which stands at right angles to ABCD at C ; and hence the 
point C is projected in A. Also, the edges of the opposite face are 
parallel, each to each, to those of ABCD ; that is, AB to A'B', etc. 
Whence their projections will be parallel and equal to those of ABCD. 
We have, therefore, the parallalograra Ab'c'd' as the projection of the 
face A'B'C'D', equal and similar in all resi^ects to Abed, 

Lastly, the projection of the edges joining these points two and two 
in order, will be the lines joining the projections of their extremities 
in the same order. Wherefore, drawing dd\ bb\ Ac, Ae', we have 
the entire projection sought. 

All that was actually required by the problem to be done has been 
effected : but it may be desirable still to investigate the character of 
the figure into which the cube has been projected— that investigation 
to be founded on the construction itself as here effected. 

By the construction the figure becomes a hexagon, with lines drawn 
to its angular points from a point within it ; we shall show that it is 
a regular hexagon, and that each of the lines from the point within it 
is the radius of its circumscribing circle. 

Since the six edges of the cube that meet, three in A and three in C 
are equally inclined to the diagonal AC, they are equally inclined to 
the plane of projection, which is, by hypothesis, perpendicular to AC. 
Whence they are projected into equal lines ; or A6, A^', Ac, Ae', Ad, 
Ad' are all equal, and are situated, therefore, in the circumference of 
the circle about A. 

Again, since AD, CB' are parallel and in the same projecting 
plane through the diagonal AC, they are projected in Ad, b*A which 
form one continuous line. In like manner bA, Ad' are one line, and 
c'A, Ac are one line. The diagonals of the hexagon are, therefore, 
diameters of the circle about A. 

Finally, since dd', Ac', b'b and Ac are the projections of four 
parallel and equal edges of the cube, they are equal to each other ; 
and hence the sides dd\ lib' are each equal to the radius. In the same 
way each other pair of opposite sides may be proved respectively equal 
to the radius. Whence the figure is a regular hexagon. 

If, as is sometimes the case, such a projection of the cube be given, 
and it is required to find the edge of the original cube, it may be 
easily effected as follows : — 

Take any one of the equilateral parallelograms of which the hexagon 
is composed, as Abed; draw the diagonals Ac^ 6^ meeting in y*, and 
makefg =^fd : then dg is the edge of the original cube. 

For, bd is the projection of the diagonal BD of the square fiice 
ABCD ; and as this is parallel to the plane of projection, bd is equal 
to BD. Our construction, then, gives dg equal to the side of the square 
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described on the diagonal bd ; and which is therefore equal to the side 
of the square on the diagonal BD ; that is, to the edge of the cube. 

The same figure suggests also a ready method of finding the side of 
the hexagon when the edge of the cube b given, viz. : — 

Let dg be the given side ; on which describe an isosceles right- 
angled triangle df'g ; and make the Single f'dc equal to 30** : then dc is 
the required length of the projection. 

For, since Abtxi is an equilateral parallelogram, db bisects the angle 
df and hence, y*^ = 30° ; and the construction is obviously true. 

This projection is the foundation of the Isometric method of which 
further discussion will be given hereafter in the APPiiiCATiONS. 

PROPOSITION XI. 

Given the trace and inclination of a plane to a horizontal plane^ to 
find its tr(zce upon^ and inclination to^ a given vertical plane^ and 
to construct the angle made by the traces of the plane upon the hori- 
zontal and vertical planes. 

Let X'X be the given trace of 
the vertical plane upon the hori- 
zontal, and PP| the trace of the 
given inclined plane upon the 
horizontal. 

(1.) Take any point p, inX'X, 
draw Pj P, perpendicular to PPi, 
and set offp^^ on XOC (on either' 
side of pi) equal top^ Pi, and make 
pt P|Pa equal to the given inclina- 
tion of the inclined plane to the 
horizontal, meeting the perpen- 
dicular from pi in P, : then P, is a 
point in the trace of the inclined 
plane on the vertical plane through 
X'X. Also, Pis another point ; 
and hence, PP, is the required trace on the vertical plane. 

For, since in the vertical plane, P,/7, is perpendicular to the trace in 
the horizontal plane, the line P,/), is itself perpendicular to the hori- 
zontal plane ; and hence the plane P,/>,Pi through it is perpendicular 
to the horizontal plane. Also since jo^P, is perpendicular to the trace 
of the oblique plane, and P^p, perpendicular to the horizontal plane, 
the line P^P, is perpendicular to PP^ {Ph. and Sols. ii. 13), and 
P.P.jo, is the inclination of the oblique pkne to the horizontal one. 

But in the triangles P«p,Pi, P^,;i„ the angles P,;?,Pi and P,/?,p, 
are right angles, and the side P^p, common and ;3,P„ p^p^ equal ; and 
hence the angles P,P,p,, Pi />,/>, are equal. Also P,Pi/>a was made 
equal to the given inclination ; and hence the plane whose traces are 
PjP and PP, has the given inclination to the liorizontal plane. That 
is, PPf is the vertical trace required. 

(2.) To find its inclination to the vertical plane. Take any point p^ in 
X'X (Fig. 2), and draw jOiP^ perpendicular to X'X to meet the horizontal 
trace in P^, and /?,P, perpendicular to the vertical trace; make p^pt 
equal toj»iP, and join p^P^ ; then the angle p»p,Pi is the inclination 
of the plane to the vertical plane. 
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For, as in the preceding reasoning, it may be shown that/^^Pg P^ is 
the inclination, and that j9ip,Pi 
is equal to it. 

(3.) To find the angle made 
by the traces themselves. 

Conceive in Fig. 1., that the 
oblique plane is turned about k 
PPi to coincide with the hori- 
zontal plane : then as PaPj is 
perpendicular to PPj it will 
during this revolution always 
be perpendicular to PP, ; and 
hence when it coincides with the 
horizontal, will coincide with the perpendicular ja^Pi. Make, therefore, 
PiR. equal to P, Pj, and join RjP. Then, evidently R^PPj is the angle 
made by the traces of the plane. 




PROPOSITION XII. 

Given the position of a line with respect to the horizontal platie^ to find 
its position with respect to any vertical plane. 

Let X'X be the trace of the vertical plane upon the horizontal one, 
aifii the projection of the given line 
of which (Zi is the trace of the line 
on the horizontal plane, and fii the 
intersection of the projecting plane 
with the trace X|X. 

(1.) Then the projecting plane 
being also perpendicular to the x^ 
horizontal one, its intersection fiifi^ 
with the vertical will be perpen- 
dicular to X'X ; and fiifi^ will con^ 
tain the trace of the g^ven line upon 
the vertical plane. 

Make fiia equal to fi^ai, and the 
angle fi^afit equal to the given inclination : then )8„ the intersection, 
is the trace of the given line upon the vertical plane. 

For evidently we have only turned the projecting plane about 
fiifit to coincide with the vertical plane; and then turned the com- 
pound system about X'X to coincide with the horizontal plane. 

(2.) Since the projecting plane of the g^ven line upon the vertical is 
perpendicular to the vertical, its trace upon the horizontal will be 
perpendicular to X'X. 

Whence, draw a,flK, perpendicular to X'X, which gives the projection 
of the point Ui ; and we have fit already found, which being the trace 
of the line on the vertical plane, the line aA is the projection of the 
given line on the vertical plane. 

(3.) To find its inclination to the vertical plane. Make a^ equal 
to ccjit and join fioc^ : then ogSai is the inclination of the given line to 
the vertical plane. 

For aifi^oe^ is evidently the inclination in question, and a^fiai is equal 
to it ; the triangles a^fi^oc^ and Uifioc^ being in all respects equal. 
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PROPOSITION xin. 

A point is given in reference to the horizontal plane by means of its 
projection and projector ; it is required to find its projection and 
projector in reference to a given vertical plane. 

Let X'Y be the horizontal plane, a, the projection of the given 
point A, and Ao, its projector on that plane ; 
also let X'Z be the given vertical plane, of 
which XX' is the trace. 

Now conceive the projector on the vertical 
plane to be Ao, and a, the projection of the 
point A. 

Then since Aa^ and Ao, are perpendicular 
to the planes of projection respectively, the 
plane through them is perpendicular to each 
and to their common section XX' {Pis. ii. 16, 
18); and a,a, a^a are perpendicular to the 
planes X'Y and X'Z. Whence Aa^ and a/i are 
parallel, as are likewise Ao, and a^a. Also, since Aaj is perpendicular 
to X'Y it is perpendicular to a^a in it : and the figure Aa^ aa^ is a 
rectangle, having a^a equal to Ao^ and oo, equal to Aa^ 

The projection, then, of A upon the vertical plane is in a plane 
through A perpendicular to the trace of the two planes of projection ; 
its pn)jector is equal to the given distance of aj from the trace, and its 
height above the trace is equal to the given projector upon the horizon- 
tal plane. 

If now we turn the vertical plane about 
XX' to coincidence with the horizontal, aa^ 
and oo, will form one straight line at right 
angles to XX' ; and if we retain only these 
planes and the lines internally in them, the 
figure will be as in the margin. 

We see then, that a^ being given, we have 
only to draw a^a perpendicular to XX', and 
make aa^ equal to the given projector. 

Scholium. We have already seen that when a figure is given for pro- 
jection on any plane, as the horizontal, for instance, the plane to 
which that figure is referred being also given, we do actually find the 
lengths of the projectors themselves. {See Props, i. — iv.) We see 
by this proposition that the projections on a given vertical plane, when 
turned on the horizontal, are in lines from the horizontal projections 
perpendicular to the trace of the vertical plane ; and that their altitudes 
above that line on the drawing are equal to the projectors of those 
points. Whence it becomes easy to construct simultaneously with the 
horizontal projection of a figure its projection on any given vertical 
plane. 
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PROPOSITION XIV. 

Zei the three faces of a trihedral right angle be projected on any plane 
which also cuts those faces, and let those three triangular faces he 
turned about their traces on the plane of projection : then, 

(1.) The projections of the three edges will he respectively perpen'- 
dicular to the traces of the opposite faces ; 

(2.) TTiey will respectively pass through the vertices {after revolution) 
of the opposite faces ; 

(3.) The projections of the three edges will meet circles described on 
the three opposite traces in points which are the vertices of the three 
right-angled triangles y after revolution. 

Let O be the position of the vertex of the trihedral right angle, and 
XY, YZ, ZX the traces of its faces on 
the plane of projection XYZ. Let 
OA be perpendicular to XYZ, tlien 
A is the projection of the trihedral 
angular point O. 

(1.) Then, since O is a trihedral right 
angle, OZ is perpendicular to each of 
the lines OX, OY, and therefore to x| 
the plane XOY which contains them. 
Also th^ projecting plane of ZO passes 
through AO, and is hence perpen- 
dicular to XYZ ; and it passes through 
OZ,and is hence perpendicular to XOY. 
{Pis. II. 16.) It is, therefore, perpendi- 
cular to ZX Y and OXY ; and hence to their common section XY, 
and its traces ZB, BO are perpendicular to XY. The projection of 
OZ upon XYZ is therefore perpendicular to the trace of the face XOY 
upon XYZ, which is the first part of the proposition.* 

(2.) In the next- place, since BO is perpendicular to XY, it will 
remain so in its revolution on either side, as XO'Y or XO"Y ; and 
O will hence fall either in BZ or its prolongation, as O" or O'. 
Whence the projections of the edges of the trihedral angle will pass 
through the vertices of the opposite faces when they are turned on th 
plane of projection. 

(3.) The angle XOY being a right angle, its vertex will fall in the 
circle on XY ; and so of the others. This establishes the third part 
of the proposition. 

Scholium. In contemplating this figure in space, and after revolution, 
several properties of it, having Important practical uses, will present 
themselves to our notice. 




* This conclusion might be more simply deduced from Prop, ix., that since 
OZ is perpendicular to the plane XOY, tlie projection of OZ is perpendicular to 
the trace of XOY. In fiict, the steps through which we have here passed are but 
a repetition of those hj which that proposition was established ; and^ they are 
employed here chiefly with the view of more distinctly impressing that important 
though simple theorem on the student's mind* 
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We shall remark that in this figure there are concerned, besides the 

Oi 




projection of O (which comprises, in fitct, two data), the following 
triads : — 

1. The three traces. 

2. The three angles formed by them. 
8. The lengths of the three edges. 

4. The inclinations of the three edges. 

5. The projections of the three edges. 

6. The inclinations of the three facial triangles. 

7. The three pairs of acute angles of the facial triangles. 

Now, it requires but little acquaintance with the principles of plane 
geometry to perceive that if any five of these are given (except there 
be more than three in the first pair of triads) all tiie rest can be found 
by very simple constructions. In the annexed figure, the revolutions 
are performed for the three facial right-angled triangles, 0|, Ot? O., 
being the positions of the vertex O, when all fall without the triangle, 
and (ill,, wt, to^j those when all fall within it ; A is the projection of O, 
and XA, YA, ZA those of the edges respectively ; and the circles 
have their second sections a, b, c in the traces XY, YZ, ZX, since 
the lines X5, Ycy Za are perpendicular to the traces. 

Let us take an example : — 

Given two traces XY, YZ, the angle XYZ, and the projections of 
two of the edges OX, OY. 

With the first three of the data form the triangle XYZ ; and with 
base XY and the given projections, the triangle XAY. On the 
three sides of XYZ describe circles and diaw the other lines as indi- 
cated in the figure. 

Then XO|Y, YO,Z, ZO^X, or Xw.Y, Yw.Z, Zw^X will be the 
three &cial triangles turned on the plane of XYZ ; and ZA will be 
the projection of the third edge. 

The projections of the lines in which the projecting planes cut the 
facial planes, will be Aa, A6, Ac. 

The length of the projector may be thus found : — on aO, describe a 
semicircle opOi, and in it set off ap = Aa ; then, obviously, the tri- 
angle apOi of the figure is in all respects equal to the triangle aOA of 
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the figure in space, and hence Oj7 is equal to the projector. It is 
also clear that the construction for O^p might have been made upon 
any of the corresponding lines of the figure, should greater practical 
convenience result from such a change. 

Again, since the angle OaA is the inclination of XOY to XZ Y, 
it is found in the preceding construction to be O^op. 

Lastly, the inclinations of the edges will be found by taking (for 
instance, that of OZ) Ap, perpendicular to AZ and equal to Oip, and 
joining p|Z. Then p^ZA is the inclination of OZ to XYZ. 

This figure was proposed by the late Mr. Nicholson, which he 
called the directing diagram. We shall distinguish it as NichoUofCs 
diagram; and some applications of it to practice will be given in a 
future part of this work. The student is recommended in the present 
stag« to vary the data so as to present new problems for exercise ; 
as a fitmiliarity with the diagram will prove of great use to him in 
several branches of his future practice. 

PROPOSITION XV. 

If a point be projected upon three rectangular planes y and likewise 
upon any other plane which cuts them^ and if the three planes be 
made to revolve as in the preceding proposition, and lines he drawn 
through the three projections , after revolution, perpendicular to the 
traces respectively; 
(1.) yjiese lines will pass through the same point ; 

(2.) That point will be the projection of the original point on the 
plane which cuts the three rectangular plones. 

Let P be the point whose projection on XYZ is Q, and wliose pro- 
jection on XOY is R; draw the 
plane through PQR, which will 
be perpendicular to both planes 
XZY and XOY, being drawn 
through the projectors PQ, PR. 
Whence QC, RC are both perpen- 
dicular to the trace XY; and 
when XOY is turned on the plane y^^ 
XYZ, QC, CR will be in one line 
perpendicular to XY. The projection R, then, is such that a perpen- 
dicular being drawn from it to the trace, it will pass through Q the pro- 
jection of the point P upon XYZ. And similarly for the other planes. 

PROPOSITION XVI. 

The projections of a point on two given rectangular planes are given^ 
to find its projection on a third given plane. 

This problem naturally divides itself into two general cases, and 
each of these into subordinate ones. The general cases are — 

(a.) When the rectangular planes are given by their traces on the 

third plane. 

(6.) When the third plane is given by its traces on the two rectan- 
gular ones. 
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(ap) Let XY, YZ be the traces of the 
rectangular planes upon the third given 
plane, and a„ a, the projections of the point 
on those planes, given with respect to any 
two lines in those planes respectively. 

Then the rectangular planes being made 
to revolve about the traces till they coin- 
cide with the third plane, draw a^cL^ a^ per- 
pendicular to the traces, meeting in a ; and 
a will be the projection required. 

For by the preceding proposition, both 
these perpendiculars pass through the pro- 
jection of the point on XYZ. 

(oj.) When the traces are parallel, these 
lines coincide in direction, and the preceding construction fails in this 
case. We may, however, proceed thus : — 

Draw Oia , a,ce, parallel to each 
other meeting the traces in cci, c%: 
then a, a,, a^pt^ will iutersect in a the 
projection sought. 

(ij.) Given the projections of a 
point a,, a„ on the two rectangular 
planes P|P/>, P«Pp ; and the traces 
of the plane P upon which the pro- 
jection is to be made ; to find the 
projection, when the plane P is 
turned about its trace on one of ^' 

the given rectangular planes (Fig, 3). 

Cut the system of planes by a profile to the g^ven rectangular ones, 
and construct the triangle PtPPt {Prop, xi.), on the horizontal plane> 
suppose, and let it be PiPRj. 





We may now consider that one of the rectangular planes is turned 
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upon PiPRi ; and we have only to construct upon R|P the right angled 
triangle R)SiP equal to P^P, and place a in it as a, is placed in 
P^P. Then we have, evidently, the problem reduced to the precise 
state of (a,) ; and for similar reasons, it is only required to draw per- 
pendiculars from a^ to PP| and from a to PRi, intersecting in a the 
projection sought. 

In the actual construction of the problem, it is only necessary to con- 
struct PR, and a ; the other parts of the figure being merely illustrative. 

(bf) When the third plane is a profile plane, the steps are more 
simple. 

Draw Ocos, 0,0' parallel to the axis ; make 
Oa" = Oa', and draw a" a parallel to YZ, 
meeting a,a in a : then a is the projection on 
the profile plane, when turned on the vertical 
plane. 

If the horizontal projection be required, 
reverse the operations with respect to aj 
andot. 

(6,.) Let B'P be the axis, B,P„ B,Pi the 
traces of the third plane parallel to the axis 
aP; and let ai, a. be the projections of a 
point on the rectangular planes : it is required to find its projection 
on the third plane. 

The projection will be on the line in which the profile plane through 
the given point cuts the plane of pro- 
jection. Produce the line OxO^ to meet 
the traces in B„ B, and the axis in a ; 
make aB' = aBt and join B|B', then 
B,B' is the intersection of the profile 
and third plane of projection, turned 
on the horizontal plane. Make a, A 
equal to aB, and parallel to aP : then 
A is the g^ven point turned also on 
the horizontal plane. Draw Aae' perpendicular to B,B' ; then er' is the 
proje<fRon on the horizontal plane. Make B|a = Bis' : then a is the 
point required on the plane P|Pt turned about BiP|. 

The trace of the third plane on the vertical plane, after revolu- 
tion, is found by making Bfi = BiB', and drawing the parallel to aP 
through b. 

PROPOSITION XVII. 

If a point he projected upon any three planes which meet, and these 
planes with the projections respectively upon them be turned on a 
fourth plane which cuts those three, about their traces, then perpen- 
diculars from the three projections to the traces will all pass through 
one point, the projection of the given point upon the fourth plane. 

For it follows from Prop. xv. that each of the three projectors of 
the point upon the three given planes does so ; and hence it follows that 
all do so. 

Scholium This is, obviously, a more general theorem than that 
which forms the basis of Nicholson's theorem in the preceding pro- 
positions. All projections, indeed, by means of plan and section on 
rectangular planes, are capable of being made with &cility by that 
method : still this more general form will sometimes simplify the actual 
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process to a considerable degree, since we may take these three planes 
to represent any trihedral angle of the figure to be projected. 

PROPOSITION XVIII. 

To project a given angle. 

Project the containing sides : then the projections will, obviously, 
contain an angle which is the projection of the given angle. The 
construction of this problem has, in fact, been already viriucUly g^ven : 
but as there are some facts in connexion between the given angle and 
its projection which it is important to state specifically, the problem 
is enunciated here for the purpose of noticing them at length. 

1. If both lines AB, AC be parallel to the plane of projection, their 
projections afi^^ ajc^ will be respectively parallel to themselves ; and 
hence the lines and their projections will contain equal angles {Pis. 6f 
Sols. T. 7.). 

2. Let both lines cut the plane of 
projection, as in B and C ; and draw 
Aa^ from the angular point A per- 
pendicular to the plane of projection 
MN ; and join Ba^, afi. Then Ba^C 
is the projection of BAG. But {Pis. 
4r Sols. III. 5) the angle Ba,C is 
greater than BAG. Wherefore, the 
projection of the angle formed by AB, 
AG and opposite to the trace of their 
plane on the plane of projection, is 
greater than the angle itself. 

The vertical angle EAD to BAG 
is projected into the angle ea^d verti- 
cal to Ba^G, and hence also the same 
holds true respecting these. 

But if one branch of the line be estimated towards the trace, and 
the other in the opposite direction, as GA, AD, then the projected 
angle Ca^d is less than the given angle GAD : these being Ine re- 
spective supplements of the angles to which the preceding demonstra- 
tion was applied, and the 'greater angle having the less supplement. 

3. Let one line be parallel to the plane of projection, and the two 
form a right angle ; then the right angle 
is projected into a right angle. 

Let AB be parallel to the plane of 
projection and the angle GAB a right 
angle : then its projection will also be a 
right angle. 

Draw the plane GD through A per- 
pendicular to AB : then it will be per- 
pendicular to the plane MN {Pis. 8^ 
Sols. II. 19). It also passes through 
AG since all the perpendiculars through 
A to AB are in a plane perpendicular 
to AB. Whence GD is the projecting 
plane of AG, and a^c^ is its projection on 
MN. 

Now the projection afi^ of AB is pa- 
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rallel to AB itself, and AB is perpendicular to the plane CD : hence 
also a]b^ is perpendicular to CD, and therefore to the line a,c^ in it. 
Whence the projections cfl^y afi^ of the sides of the right angle CAB 
form, themselves, a right angle c^afi^, 

4. Conversely, if the projection be a right angle and one of the 
sides of the angles itself be parallel to the plane of projection, the angle 
itself which was projected is a right angle. 

5. If one leg of the angle be parallel to the plane of projection, the 
angle is projected into an obtuse angle if itself be obtuse, and into an 
acute angle if itself be acute ; and the projecting planes will form an 
obtuse or an acute angle in the two respective cases. 

Lei AC be parallel to the plane MN of projection, CAB be an ob- 
tuse angle, and B the trace of 
the leg AB upon the plane MN ; 
and let BAa^ and Ac^ be the pro- 
jecting planes of BA, AC ; and 
Ba^, a^c^ the projections : then 
Ba^c^ will be an obtuse angle, 
and the planes BAa^, CAa^c, 
form an obtuse angle. 

For let the plane BAC be 
drawn: its trace on the pro- 
jecting plane MN is a line pa- 
rallel to AC and its projection a^c^ {Pis. and SoU. i. 2) : also draw, 
in the plane BAC, the line AD at right angles to AC, meeting the 
trace of the plane BAC in D, and join Da^. 

Then, since Aa^ is the intersection of the projecting planes of BA, 
AC it is perpendicular to MN ; and hence T>a, is the projection of 
DA, and ( Case 3) Da^c^ is a right angle. But Ba^c^ is greater than 
Da^c^ ; and therefore the projection is an obtuse angle. 

Also, since Ba^, a^c^ are perpendicular to the common section Aa^ of 
the projecting planes, the angle Ba^c^ is the measure of the angle 
formed by those planes ; hence the inclination of the projecting planes 
to one another is obtuse. 

Again, produce CA, c^a^ to E and e^ respectively ; then since BAC, 
Ba^c^ are obtuse angles, their supplements BAE, lia,e, are acute ; and 
Ba^e^ is the projection of BAE. Also the angle Ba^e^ is the measure 
of the inclination of the planes E Aa^«^, Aa^B to each other, and hence 
the inclination of the projecting planes is acute. 

Both conclusions are, therefore, established. 




EXERCISES ON ORTHOGRAPHIC PROJECTION. 

1. Given a triangle and the inclinations of two of its sides to the 
plane of projection, to find the inclination of the third side and of the 
plane which contains the triangle to the plane of projection. 

2. An angle is given, and its containing sides make given angles 
with the horizon ; it is required to construct its projection on the plane 
of the horizon, or " to reduce the given angle to the horizon." 

3. Given an angle BAC to construct a plane upon which the pro- 
jection of that angle shall be a given angle, whilst the trace of that 
plane shall be a given line in the plane of the angle BAC. 
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4. Given the projections and {projectors of three angular points of a 
parallelogram, to find those of the fourth. 

5. A circle whose radius is y is projected on a 'plane whose trace is 
given, and titis projection again projected on a second plane, which is 
to be determined, when it again becomes a circle whose diameter is y ; 
find the inclination of the line in which the third plane intersects the 
first, to the second plane. 

6. Given three points, D, E, F, in reference to the plane of projec- 
tion, through which three sides of a triangle ABC are to pass, and 
given, likewise, the inclinations of the three sides of the triangle to 
the plane of projection ; to construct the triangle, its projection, and 
the inclination of its plane to the plane of projection. 
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In the investigations respecting figures in space, the main, or indeed 
th« only, real object kept in view has been to deduce the geometrical 
properties of the lines and planes formed according to the hypotheses 
of the propositions. For this purpose the method of proceeding which 
we have employed is not only the most obvious and natural, but the 
most simple in conception and the most easy of development ; and were 
the deduction of speculative truths the only purpose of our researches, 
there would be no necessity for the adoption of any other method, at 
least as far as this class of figures was concerned. However, as in 
plane geometry, so also in that of space, the ultimate object at which 
we aim, in reference to social life, is of a. practical ch&reLCiev ; and it 
hence becomes necessary to accommodate our researches to meet the 
social wants created by the arts, whether of the painter, the architect, 
the engineer, or the artisan. 

It requires but little consideration to convince us that beyond the 
deduction of speculative truths the method employed by Euclid with 
respect to the geometry of space, is unsuited to this purpose : for it 
implies the construction of lines and planes, and the determination of 
points which cannot be practically/ fulfilled. Neither, indeed, is it 
proposed to actually fulfil these conditions by the following methods ; 
but to substitute for the proposed operations certain others, by which 
the same constructive results are obtained as would hav6 been obtained 
by the theoretical constructions of the old geometry could they have 
been actually performed. Moreover, to render this object really attain- 
able, it is quite clear that the entire series of operations to be actually 
performed must be performable upon a single plane, represented by the 
paper upon which the drawing is made. That this can be accomplished 
will presently be seen. 

One mode of accomplishing this has, indeed, been already shown, 
under the head of Orthographic Projection. This is, in reality, the 
foundation of all methods, however difierent in appearance they may 
be in their ultimate development and practice. Besides the perspec- 
tive projection, there are two methods of applying the orthographic 
projection efiectively in practice : the Descriptive Geometry and the 
Method of Contours. A still further subordinate mode of application 
has of late years been brought into use in this country (and in this 
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country only) under the title of Isometric Projection, which b found 
to be very serviceable in architectural and engineering drawings. Each 
of these subjects will be here taken in succession, so as to render each 
auxiliary to the study of the succeeding ones. 




SECTION I. 
DEFZNZTZ0K8. 

Let us conceive any two planes which intersect each other to be 
given in a fixed position, and making any dihedral angle with each 
other ; then all other figures in space are said to be given when the 
positions of their defining parts with respect to these two planes are 
given. 

Def. 1. These planes are called coordinate planes, and their inter- 
section the cans. 

Def. 2. If a plane be given with respect to the coordinate planes, 
it will cut them in two lines 
(generally) AS, SB, which are 
called the traces of the plane, 
upon the planes ZOX, YOX. 

Now when the traces are g^ven, 
the plane itself becomes fixed; 
for no other plane than that one 
can pass at the same time through 
both the traces; and the two 
traces are essential to the defi- 
nition of the plane since one 
alone might be common to innumerable planes, and could not therefore 
express one individual of the series. 

Def. 3. Two planes intersect in a straight line ; and hence if the 
two planes be given, the straight line will 
also be g^ven. Let, then, the two planes 
be given by their traces BS, SA and B'S', 
S'A' : then the intersections of the traces 
D and C will give the points in which the 
coordinate planes are cut by the line itself. 
These points are called the traces of the 
line; and they define its position com- 
pletely, since no other line could pass 
through those two points. 

Def. 4. A point not in either plane 
cannot be directly exhibited : but we may 
conceive it given as the common section 
of three planes, whose traces are given; 
or as the intersection of two lines whose traces are given. This latter 
form for the point is analogous to the definition of a line by means of 
two planes. We shall presently consider a modification of this. 

Def. 5. Instead of taking the angle of ordination (the dihedral angle 
of the coordinate planes) as any whatever, most of the constructions 
and the whole of the reasonings are much simplified by taking it 
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rectangular : and this plan is mureraaDj adopted in the pr ocg aa cs of 
DeMTiptive Geometry. 

The plane XY u taken horizontal, and XZ vertica] ; and are re^ 
spectivelj called the horizomtal ffUme^ and the vertical plane ; and the 
section OX is called the axis, or the ground lime. 

Def. 6. In some cases it is advantageous to take a plane peipoi- 
dicular to the axis, rtz., YZ instead ^ one 
or other of the planes XY, XZ. This, how- 
ever, will be noticed hereafter ; and it is only 
necessary to remark, that no additional infor- 
mation is afforded of the position of the plane 
by the introduction of the plane ZY into the 
figure ; since it is already given by means of 
the two traces AS, BS ; and it is clear that 
two traces upon any pair of planes gives the 
trace upon the third. 

The three planes are very often called by 
technical names taken from the arts: Xi, 
the plan ; XZ, the elevation ; and ZY the Y 
section (or profile) : and as they are of perpetual occurrence in the 
application of Descriptive Geometry, we shall employ them from the 
outset ; and when it is not otherwise expressed, we shall consider the 
two planes we use as the horizontal and vertical planes, that is, the 
plan and elevation. 

The primary principle in Descriptive Geometry is, to perform all 
the operations of solution upon these two planes, whilst every operation 
upon each shall be successive to an operation upon one or other plane, 
and in no case require simultaneous use of both. At the same time, 
for the mere purpose of demonstration, we may make any conceivable 
hypothetical construction though not upon these planes, as in the 
ffeometry of Euclid's 11th Book. That the data, as £ir as planes, 
lines, and points are concerned, may be exhibited in this way we have 
already seen ; and upon these planes also must the quaesita be finally 
exhibited as well as found. When other figures than these are con- 
cerned, the principle is the same ; but thb will be better understood 
when we have completed the. present section of our course. 

If these conditions can be fulfilled, it can evidently make no real 
difierence in the two parts of the drawing (the plan and elevation) in 
what position they stand with respect to each other ; and hence that 
one part may be removed to any other position that may be convenient 
in a practical point of view. One of the most obvious changes of 
place, and that which is found to be practically most convenient^ is to 
cause one of the planes to revolve about the axis or ground line till it 
coincides with the extension of the plane of the plan beyond the ground 
line. This is the method universally adopted. 

We might, however, have revolved the plan round the ground line 
till it coincided with the downward extension of the elevation ; and no 
difference of general appearance or relation would exist in the figure in 
one method from that in the other. In one case we should have both 
upon the same horizontal plane, and in the other both upon the same 
vertical plane. 

This is best illustrated by a model where the relative positions of 
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the parts are better seen than va a 
pictorial repreeentatioa. 

In thia motion every point in XZ ^^ 
describes the quadrant of a circle ; and 
all the figures traced uptm that plane 
reUun their original magnitudes and 
relation of their several parts to one 
another. In the figure, SB' represents 
SB the vertical trace ; and it is easy to 
see that however it may change its 
potiiion with respect to the other trace 
8A, it does not change with respect to 
the axis OX ; and hence, so long as ' 

the relation of SB to SA is independent of the an^e formed by then 
in apace, no cnnstructive change results from this su^qmsed revolution. 

Def. 7. The following terms are used in reference to this revolution 
of the coordinate planes :— 

(1) To plan the elevation, is to bring the elevation into con- 
tinuity with the plan ; 

(2) To elevate the plan, is to bring the plan into continuity 
with the elevation ; 

(3) To plan the lection, is to bring the section by revolution 
round OY, into continuity with the plan. 

Dep. 8. We shall designate the geometry of Euclid by the term 
TheoretKoi Geometry, to distinguish it from the Deicriptive Geometry 
of which we here treat. 

Def. 9. Ttie model, or the representation of the figure as it exists, 
and as we contemplate it in Theoretical Geometry, we shall call the 
eidograph, or likeness ; and the drawing which we execute as its sub- 
stitute in Descriptive Geometry, from the one part being placed at 
right angles to its natural position, the orthograph, 

Dbf. 10. By the region* of space, we mean those portions of space 
which are separated by the coordinate planes 
from each other, and of which these planes ^ 

are the liinitations ; these planes being inde- , 
finitely continued in their respective directions. / 

The first region is that above the H and / 
before the Y (H and V denoting the horizontal I 
and vertical planes) ; the second, above H and 
behindV; the third, fietote H and AeAiwdV; vK 
and the fourth, belom H and be/ore T. The \ 
regions being in succession from the spectator \ 
in revolving round the axis. 

One or two other definitions will be given 
funher on, when (hey will be better comprehended than at present. 

In Descriptive, as in Theoretical Geometry, the properties of the eido- 
graphic figure, as well as of the orthographic, must be investigated ; 
for the eidt^^phic properties are always the authorities for ortho- 
graphic practice. This, of course, will often require us to give the 
figures of the problem in both kinds ; and it will, for the most part, be 
found that those properties are not only most directly but most easily 
obttuued from the eidograph. 

i2 
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THE TRACES OF PLANES. 

It is important to get a clear notion of the positions of the traces for 
particular positioas of the planes ; and conversely, of the planes them- 
selves from the positions of the traces. For this purpose we give, 
attached to a verbal description, the figures both in eidograph and 
orthograph, of each peculiarity of case. 

We shall minutely describe them in reference to the first r^on of 
space ; and then only give the general representation of the cases for 
the other three regions. 



VERBAL DESCRIPTION. 

1. If a plane meet the 
axis, then both the traces 
meet it in the same point ; 
and, if one trace meet the 
axis, the other meets it in 
the same point, and the 
plane itself meets the axis 
in that point. 



EIDOGRAPH. 



ORTHOOBAPH. 



2. When the plane is 
perpendicular to one of 
the coordinate planes, its 
trace upon the other is 
perpendicular to the axis. 

(In the first pair of 
figures the plane is per- 
pendicular to the plan; 
Rud in the second pair, 
perpendicular to the ele- 
vation.) 



3. If the plane be per- 
pendicular to both co- 
ordinate planes, their 
traces in eidograph are 
at right angles, and in 
orthog^ph in one 
straight line at right 
angles to the axis. 
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TBACBS OF PIANES. 



EIDOGRAPH. 
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4. If the plane be ^ 
parallel to the axis, but 
not to either coordinate ^ 
plane, the traces will also 
be parallel to the axis. 

Q 
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5. If the plane be parallel to one of the coordinate planes, there 
will be no trace upon that plane, and the trace upon the other will be 
parallel to the axis. 

Though in these figures the planes are marked with boundary lines, 
in conformity with our practice in theoretical geometry, it is to be 
luderstood that in all cases they are capable of unlimited extension in 
all their directions. In the orthog^phs, it is not usual to make them 
at all, further than by the axis drawn horizontally on the paper, the 
boundaries of the paper being taken as the marked boundaries of the 
plane on which the orthograph is made. The traces, moreover, instead 
of being continued to the boundaries of the paper, are only drawn so 
far as the practical constructions in the individual case require them 
to be. 

In all the figures which we have given, the traces of the plane 
separate the parts of it in front of the elevation and above the plan^ 
from the parts of it which are concealed behind the one and below the 
other. We can generally choose the particular parts of the coordinate 
planes in reference to our drawing, as to fulfil this condition; but 
where it is for any reason desirable to have it otherwise, a system of 
notation expressive of position will enable us to express the parts of a 
figure behind the elevation, below the plan, or both. 

It will be observed that we have marked the intersection of the deli- 
neated plane with the axis, both in eidograph and in orthograph, by the 
letter P ; and any point in the horizontal trace by Pj, and in the ver- 
tical trace by P,. This plane we shall briefly term " the plane P." 
In like manner, if more planes be drawn, we shall mark them by other 
letters Q, R, etc., plain, and with subscribed numerals taken in the same 
way, Qi, Bx, signifying any point of their respective horizontal traces, 
and Q,, B|, etc., points in the vertical traces of the planes, Q, R, etc. 
When, therefore, we mark by literal notation, the signification will be 
apparent at once. 

But as we oflen draw our orthographs without letters, the method of 
using round small dots (instead of full line, as in the preceding 
diagrams), to represent the parts of the traces which lie behind the 
vertical plane of the eidograph and below the horizontal plane, is found 
to fully answer the purpose in view. It is only necessary to keep in 
memory, that when the vertical plane is turned about the axis on the 
horizontal, the part of it below the axis comes to the front of the axis 
in the orthograph. Hence the following fig^ures will be intelligible 
and distinguishable, whether considered in full line and lettered, or 
in dotted line without letter : — 
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All these, obviously, are perfectly distinct by means of either noia" 
tian. 

All the varieties delineated in the first region may thus have cor- 
respondent varieties delineated in any r^on, either by dotting or by 
literal designations. 

THE OBTHO0BAPH DELINEATION OT LINES. 

It has beoi already noticed that the most convenient method of con- 
sidering a line, in reference to Descriptive Geometry, is as the intersec- 
tion of two planes ; and that when the traces of the two planes passing 
through it are g^ven, those of the line itself (or the points in which it 
cuts the coordinate planes) are also given. We have, hence, a choice 
of two methods of representation : — 

(1 .^ The traces of the ttoo planes which pass through it ; 
(2,) The traces cfthe line itself. 

The circumstance that the line itself whilst absolutely fixed, may 
have innumerable planes drawn through it, shows that the same line 
may be represented by the traces of the planes in innumerable different 
ways ; the only condition to be fulfilled being that the vertical traces 
of these planes shall all pass through one given point on the elevation, 
and the horizontal through one given point on the plan. This has the 
advantage of allowing us to make any hypothesis we please respecting 
the positions of the defining planes, compatible with that twofold con- 
dition ; and we shall presently see that the one most generally advan- 
tageous is, to take the planes perpendicular to the coordinate planes. 
The trace of the plane perpendicular to the plan upon the plan is then 
called the horizontal projection of the line ; and that of the plane per- 
pendicular to the elevation upon the elevation is called the vertical 
projection of the line. The planes themselves are called the projecting 
planes. 

However, in the mere exhibition of a line which is given, it is usually 
most convenient to define it by its traces \* as any other proposed mode 
of connecting it with the other data is at once obtained from these. 

The following cases are enunciated in reference to their eidographs, 
from their being those which most usually occur in actual construc- 
tions for practical purposes. In passing irom the eidograph, the line 
itself is of course omitted, its traces, or the traces of its defining planes, 
being all that our object requires us to use. 

The following are the only possible positions of lines in reference to 
the coordinate planes : — 

1. Oblique to both coordinate planes ; 

2. Oblique to one and parallel to the other ; 

8. Parallel to both planes ; and, consequently to the axis ; 

4. Perpendicular to one plane, and therefore parallel to the other. 

We shall take these four classes in succession, and give specimen 
eidographs as before ; and in the figures it is to be understood that 

* When, however, the line is parallel to one of the coordinate planes, it makes 
no trace upon that plane ; and when parallel to the axis, it makes no trace upon 
either plane. In this case we have no alternative but to define the line by planes 
through it ; and ^e projecting planes are for the most part employed for this 
purpose. 
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the parts marked in clear lioe are in the dihedral region in front ot 
the elevation and above the plan ; whilst the dotted parts are behind 
the elevation and below the plan in precisely the same way as has been 
shown with the plane. Thb will sufficiently indicate position to the 
eye alone, without ftu*ther special or verbal description. 

CiiASS 1. Lines oblique to both coordinate planes. 

VERBAL DESCRIPTION. ^IDOGRAFBT. ORTHOGRAPH. 



1. The line cuts the co- 
ordinate planes in the two 
points A, B ; and is repre- 
sented in orthograph by 
the points A, B, marked on 
the respective coordinate 
planes. 
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2. One plane perpendicu- 
lar to a coordinate plane 
(in the first pair perpendi- 
cular to the plan, in the ' 
second to the elevation) , 
and the other plane per- 
pendicular to neither co- 
ordinate plane. 
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3. Both planes perpen- 
dicular to the coordinate 
planes, one to one, and the 
other to the other. 

This is the system of 
planes most commonly used ; 
and AC, BD are called the 
projections of the line BA 
upon the plan and elevation 
respectively. 
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EIDGGRAFH. 



ORTHOGSAFH. 



4. In the particular case 
in which the line AB is per- 
pendicular to the axis (that 
is, when a line parallel to 
AB through a point in the 
axis would be perpendicu- 
lar), the method of projec 
tion wUl express it only when 
we also mark the traces A,B; 
for the two projecting planes 
then coalesce and only give 
a single pair of traces. It 
will be as annexed. 
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5. Ifthe line pass through 
the axis and be oblique to 
both planes, the projecting 
planes will also pass through 
that point in the axis, and 
being perpendicular to the 
planes, the two points of the 
projections which correspond 
to any point in the line will 
be in a line perpendicular to 
the axis. 




Class 2. Lines oblique to one, and parallel to the other coordinate 
plane. 

1. Parallel to the plan 
and oblique to the elevation. 
In this, CE is parallel to the 
given line AB, and BC is 
perpendicular to the axis, 
and the vertical projection 
BF is parallel to the axis. 
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2. Parallel to the eleva- 
tion and oblique to the plan. 
Corresponding in all re- 
spects to the other except 
the exchanged position. 
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3. Cases of this are when 
the line is tit one of the 
planes. In thb case the line 
itself is its own projection 
t^x>n that plane, and the 
axis is its projection upon 
the other. 





Cjlasb 3. Parallel to both planes, or to the axis. 




The only case of this 
class is as figured ; and as 
the line meets no point in 
either plane, its traces cannot 
be marked. Its projecting 
planes are parallel also to 
the coordinate planes ; and 
since they form with the axis, 
the sections of a plane by 
parallel planes, these pro- 
jections are also parallel to the axis. Their distances from the axis 
on each plane are the same as the distances of the line from the other 
plane. 

Class 4. Perpendicular to one plane, and therefore parallel to the 
other. 

In this case the projec- 
tion on the plane to which 
the line is parallel will be 
perpendicular to the axis; 
and as the projection on the 
other plane is indefinite in 
position (all planes through 
the line being perpendicular 
to the plane), any line what- 
ever through the point of 
section will define the trace, 
when taken in conjunction 
with AC. 

It is, however, not neces- 
sary to trace the line AD at 
all, if we terminate CA 
at A, the point in which it 
meets the plane. The two 
orthographs will hence be 
simply as marked in the 
margin. This, because the 
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siiiiplest method, is that 
moBt commonly adopted in 
practice. 



Puallel to Flan. 
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THE OBTHOaB.APB BEPBESZaTTATIOK OF A POXHT. 

A point may be considered in three different ways : as the intersec- 
tion of three planes ; as the intersection of a plane and line ; or as the 
intersection of two lines which are in the same plane. For special 
purposes, one of these views may be preferable to the others ; but as 
appertaining to the general theory, they all coalesce under the second 
form in a very convenient state for practical use. 

Aa in the line, so with regard to the point, we may define it by means 
of two of the intersecting figures that pass through the point ; and we 
are at liberty to choose those positions which will most simply express 
those figures in reference to the coordinate planes. We shall, how- 
ever, better perceive the relative values of the different special modes 
of representation by examining their results in succession. It may be 
advantageous to the student, however, to defer the consideration of the 
more complex expressions of a point in orthograph till he has per- 
formed a few of the preliminary problems ; and we shall therefore 
merely lay before him in this place the mode of definition which has 
been found most convenient, and which is consequently most usually 
employed. 

The method is this : — 

Take three planes, two of them parallel to the coordinate planes, 
and the third perpendicular to them both. The projections of the line 
formed by the first two are parallel to the axis, and the intersections of 
the third with both planes will be perpendicular to the axis and pass 
through the same point. 
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In the first of these figures suppose P to be the point ; then afii^ 
ajbt are the projections of a line parallel to the axis, which passes 
through the point to be represented : and j^iQ, Qp^ s^re the traces of a 
plane perpendicular to them both, which also passes through P. Then 
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it is quite clear tbat pi is the projection of the point P of the line AB 
upon the plan ; and that p^ is that of the same point upon the elevo" 
Hon, Moreover, since aJB and p^i are planes, both perpendicular to 
the elevation, it follows that Pp„ their intersection, is perpendicular to 
the eler.<xtion. In like manner Fpi is perpendicular to the plan. Also, 
it is clear that pip^ is a rectangle, or Pp« = p^Q, and Ppi = />,Q ; whilst 
P^i, Ppa are the distances of the point P from the plan and elevation 
respectively. 

We pass from this to the first immediate orth<^praph ; in which we 
see that the point is defined by two horizontal lines, one on each coor- 
dinate plane, and by a line perpendicular to them both. For iu 
revolving to the plan the elevation pj(^ is always at right angles to OX, 
and hence in orthograph continuous of piQ. 

But as these horizontal lines ajb^^ ajb^ serve no other purpose in 
definition than to mark the distance of the point from each plane, we 
may, knowing those distances, define the point as in the second ortho- 
graph by terminating the perpendicular through Q at those distances 
respectively. This is the most simple mode of all. 

The points pi, p^ are called the projections of the point P ; and the 
lines Ppi, Pp, in the eidograph are the projecting lines. They are 
defined as the perpendiculars from the point to the coordinate planes 
in other works on this subject. 



NOTATION. 

This subject is one of scarce less importance in Descriptive Geometry 
than it is in algebra and its applications ; and much attention has been 
given to it by the French writers on the subject, and more especially 
with respect to graphic exhibition. We shall follow them strictly in 
this respect, but in the literal notation we shall employ a method 
which is more symmetrical at the same time that it is more discrimi- 
native than theirs. 

1. Graphic Notation, 

1. The data and qtuesita of a problem are always marked in con- 
tinued line, when they are upon the visible parts of the plan and 
elevation ; and when behind the elevation or below the plan, so as to 
be concealed by these planes, they are marked in round dots ; thus, 

, and 

2. Lines used in construction, &s the intersections of the projecting 
planes with the coordinate planes, etc. (except they belong to the pre- 
ceding class), are marked in traits, whether visible or hidden, by the 
coordinate planes ; thus . 

3. IJiThen of the constructive lines some are very important in rela- 
tion to the problem, they are marked in a mixture of points and traits ; 
thus, 

The number of interposed dots implying a greater degree of relative 
importance. 

4. To distinguish the traces of a plane from the projections of a line, 
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In all the cajses, a slight cross trait is placed at or near the end of a 
trace ; thus, 



or 



or 



or .. 



In actual drawings much simplicity would be effected by denoting the 
traces, projections, and auxiliary lines by different colours. No fixed 
rule for this purpose has, however, been adopted. 

2. Literal Notation, 

1. In the eidograph, a point is represented by a Roman capital, and 
its projection on the plan and elevation respectively by the small letter 
with a subscribed numeral 1, 2. Thus a point A in space referred by 
projection to the plan and elevation will be denoted by Oi, a,. If we 
represent it on the profile, we shall denote it by a,. 

2. A plane, being defined by its traces, will be denoted by Roman 
capitals, where it cuts the axis, the other literal denomination on the 
plan being marked with the same letter having 1 subscribed, and 
on the elevation by 2. Thus a plane whose traces meet the axis 
will be expressed by SiSSi, SjS being on the plan and SS| on the 
elevation. 

8. The traces of a line on the coordinate planes is represented by the 
Greek letters a, fi, y, d, etc., with subscribed numerals. Thus the line 
afi will signify generally a line which meets the planes in a and fi ; and 
as a is on the plan, it will be marked a, ; and fi on the elevation, it will 
be marked fi^. The projections of these points in the axis will there- 
fore, in conformity with the principle, be oc^ and fi^, 

4. The projecting planes of a line will bear that name which has 
two of its points of the same name with numerals subscribed. Thus 
fitfiiai is called the plane fi, and aioA is called the plane a. 

Or, again, by the letter at which the projecting plane cuts the axis, 
which is more simple, and is that to be used in the work. 
• 

SECTION II. 

FBELIMINABY FBOFOSITIONS. 

The following are the problems referred to at p. 140, as being re- 
quired in Descriptive Geometry. 

The postulate assumed here, besides the postulates and propositions 
of plane geometry, is : — 

That through three points not in one line, or through one point 
and a line, or through two lines which are parallel, a plane may be 
drawn or constituted. 

In any plane so drawn, of course all the operations of plane geometry 
may be performed. 

PROPOSITION I. 
7b draw a perpendicular to a given plane from a given point. 

1. Let the given point A be without the given plane MN. 

Through A draw any plane QB cutting MN in BO ; and in the plane 
QB draw the line AD perpendicular to BC ; in the plane MN, the 
line DE also perpendicular to BC ; and in the plane ADE the line AE 



T. 



perpoMlieiikr lo DEL TUs k tbe 
p erpwi dicn h r reqinraL* 

ForsDceBCis perpeodkiikrboCii 
to AD and D£, it k perpeodkukr 
to tlie plane AD£ (Pilf. n. 2>; and 
henee the plane MN Uurougb BC k 
perpendkidar to the plane AD£ 
{PU. II. 16). 

Wherefore A£ k drawn in one 
of two peqiendicakr phuMs AD£ 
and MN, ai right ai^^ to the eooH 
non flection D£ ; and k, there fo re, 
perpendieolar to MN (Pis. D^. 4.). 

2. Let the given point A be in 
the giren pkne MN. 

Throogh A draw anj line BC in 
MNy and tiuroogh BC any two pknea 
PC, QC; in there pknes diaw the 

linei AD, A£ perpendicokr to BC ; 
through AD, A£ dnw a phne cot* 
tiog MN in GU ; and in thk plane 
dmw AK perpeocUcokr to GH. Thk 
will be the perpendicular reqoired. 

For, aa before, AD, A£ being 
perpendieukr to BC, the planes 
DA£, MN are perpeodicalar ; and 
AK in one of them DA£ beii^ per- 
pendicular to the common section GH, k perpendicular to the otk 

ScHouuM. The mode usually directed for the contraction of 
case k :— take any other point without MN, and by the preceding 
draw a perpendicular Ui MN; and then through A draw AK parallel 
to thk perpendicular. 

Thk seenu shorter : its brevity, however, k only in the statement, 
not in the work. £ither method may be used as shall be most con- 
venient in each particukr case of its application. 




PROPOSITION n. 



Let A be the given point, and MN 
the given plane. 

Draw any line AB to meet MN in 
B ; and in MN any two lines BC, BD ; 
in the plane ABC draw AE pantUel to 

BC, and in ABD draw AF parallel to 

BD. Then the plane through AE, AF 
k that required. 

For the two lines CB, BD which 
meet in B being parallel to the two 
EA, AF which meet in A, they are in 
parallel pknes iPU. i. ^\ 



pkme. 




• If it tboald bappea that ADE is a right sngle, the oonitniction will terminste 
with drawing AD ; bat this can only happen accidentally. 
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PBOPOSITION III. 
T%rouffh a given poifU to draw a plane perpendicular to a given line. 

1. Let AB be the given line, and F the given point situated in AB. 





Through AB draw any two planes AM, AN ; and in these PC, PD 
perpendicular to AB. The plane through CP, PD is that required 
(Pfo. Def. S). _-^j 

2. Let AB be the given line, and P the given point without it. 

Through AB draw two planes AM, AN, the former of which passes 
through P and the latter any whatever ; in the plane AM draw PC 
perpendicular to AB meeting it in C ; and in the plane AN draw CD 
perpendicular to AB^ The plane through PC, CD is that required. 



PROPOSITION IV. 

To draw a straight line which shall be perpendicular to two given 
lines. 

Let AB, CD be the given lines. 

Through any point C in CD draw CK 
parallel to AB ; and from any point E in 
AB, a line EF perpendicular to the plane 
ECD; draw F6 in this plane parallel to 
CE meeting CD in 6 ; and in the plane 
EFG draw GH parallel to EF. This line 
will meet AB, and be perpendicular to both 
the lines AB and CD. 

For since AB and FG are both parallel 
to CK, they are parallel to one another 
(P/lf. I. 6); and hence in the same plane. 
Wherefore also EF is in that plane ; and GH, being parallel to EF, 
is also in that plane, and consequently meets the line AB. 

Again, because EF is perpendicular to the plane ECD, and GH 
parallel to EF, the line GH is also perpendicular to the plane ECD 
(JPls. II. 14) ; and hence it is at right angles to the line CD, which 
passes through G in that plane. 

Lastly, since EF is perpendicular to the plane KCD, the angle 
EFG is a right angle ; and since AB is parallel to GF, and HG to 
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EF, and one of the angles EFG a right ai^le, the figure HF, u a 
rectangle. The angle GHE is hence a right angle. 

The line 6H is Uierefore peqpendicnlar to both the given lines AB, 
CD as was required. • 

PROPOSITION V. 

' nraugh a given pomi to draw a plane parallel to two given lines. 

Let AB, CD be the given lines, and P the given point. 

Through P draw PE, PF respectively ^ 
parallel to AB, CD : then the plane through 
these is the one required. 

For, since AB is parallel to a line PE in c 
the plane EPF, it is parallel to that plane 
(P/S. I. 3) ; and similarly, CD is also pa- 
rallel to that plane. Or, which is the same 
thing, the plane EPF \b parallel to the given 
lines AB, CD. 

PROPOSITION VI. 
Jlirough a given point to draw a line parallel to two given planet. 

Let A be the given point, and MN, 
PQ the given planes. 

Let PN be the common section of 
the given planes ; through A and PN 
draw the plane APNB; and in this 
plane draw AB parallel to PN. 

Then AB is the line required. • 

The truth of this follows from ^ 
{PU. I. 9). 





PROPOSITION VIL 
Through a given line to draw a plane perpendicular to a given plane. 

Let AB be the given line, meeting 
the given plane MN in A ; to draw 
a plane through AB perpendicular to 
MN. 

Take any point C in AB, and draw 
CD perpendicular to MN: then the 
plane through AB, CD is that re- 
quired. 
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PROPOSITION vm. 

I%rough a given line to draw a plane to make a given angle with a 
given plane. 

Let AC be the given line, meeting 
the g^ven plane in A, and CD a perpen* 
dicular to this plane. Join AD, and 
make the angle C£D equal to the profile 
of the given angle ; describe the circle 
EF with D as centre and DE as radius ; 
and draw the tangent AF to it : then 
the plane CAF is that required. 

For join CF, FD. Then the two 
triangles CED, CFD are right angled 
at Dy and have the sides about the 
equal angles common or equal. Whence 
CFD = CED. But CFD is the pro- 
file angle of the planes MN and ACF {Pis. ii. 13, and Def, 6); and 
is hence equal to the given profile angle. 




A*,. 



PROPOSITION IX. 

Through a given point in one of two oblique planes to draw a line which 
shall make a given angle with the other plane. 

Let A bea given point in one 
MN of two oblique planes ; it 
is required to draw a line from 
A in MN which shall make a 
given angle with the other plane 

PQ. 

Draw AB perpendicular to 
PQ, and BC in any direction in 
the plane PQ ; make the angle 
ACB equal to the given angle ; 
with B as centre and BC as ra- 
dius, describe the circle DCD', 
cutting PN (the intersection of the planes) in D and T>'. Then AD, 
AD' both fulfil the conditions. 

The proof is obvious and immediate. 




PROPOSITION X. 

Two straight lines in space being given , and a point in one of them : 
it is required to draw through the given point a line to meet the 
other given line, and make equal angles with them both. 

Let AB, CD be the given lines, and P the given point in AB ; 
it is required to drav from P a line to make equal angles with AB 
and CD. 

VOL. II. u 
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Find 6H perpendicular to AB, CD 
(Prop, lY.) ; make GK and GK' each 
equal to HP; and join PK, PK'. 
Each of these lines is equally inclined 
to AB and CD. 

For, since HG, HP are equal to HG, 
GK, and the included angles GHP, 
PGK are right angles {Canstr.), the 
base HK is equal to the base PG. 

Also, since the two sides HP, HK 
are equal to the two KG, GP, and the 
base KP common, the angles KPH, GKP are equal. And these are 
the angles stated in the enunciation to be equal. 

In the same manner it may be shown that K'P makes equal anglea 
with AB and CD. 

PROPOSITION XL 
To eorutruct a trihedral angle equal to a given one. 

This problem branches out into several cases aecording to the 
essential data by which the pattern trihedral is given. In all cases, 
however, it is possible, in virtue of the theorems already given, to com- 
pletely construct the trihedral angle or its supplementary one from 
adequate data. 

(Suppose this done, we may copy this trihedral angle by taking the 
three most convenient of its six parts (three plane angles and three 
dihedral angles) as one data. 

The student should be required to discuss the several cases in order. 



SECTION in. 

OONSTBUOTIONS BIXATTNG TO THE PUWXS, IINS, AND POINT. 



PROPOSITION I. 



The projections of a point on two of the coordinate planes are given to 
find its projection on the third. 

Let A be the given point, and YX, XZ, ZT the three planes of 
projection; there are given a^ a, the 
projections of A on the planes XY, XZ 
to find a, on YZ. 

Now in the eidograph, the three lines 
Aa|, Aos, Ao, are perpendicular to the 
three planes; and hence the planes 
through them two and two are parallel 
to the coordinate planes and the pa- 
rallel edges are equal, that is, 

Ojfls^ = Oai = a^ == Aa„ 
OaCBi = Oa, = ajOt =s Aoi, 

a^i = Gag = aioc^ = Aos. 
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Now if we make the plane ZY revolve about OZ till it coincides 
with XZ, behind OZ ; then the line OY will 
coincide with OX, and €^i with as^a'a the 
points os^ a, describing quadrants during the 
revolution. 

Whence firom O in the orthograph as 
centre, describe the quadrant oc^\ and draw 
a'^\ perpendicular to OX, meeting the line 
oEiOa in a\: this is the orthog^ph with 
respect to the elevation and profile. 

If with YZ and XY, we proceed in a 
similar manner, we shall get the ortho- 
graph of the point in respect of the plan and 
profile. 



Orih, El«v«1ioa and Profile. 
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Orth. FUn and PnOle. 



PROPOSITION II. 

« 

77ie orthograph of a line on two planes is given to construct the 
orthograph of either of them with the third plane. 

It is evident that since aline is g^ven when two points in it are given, 
that if we take the projections of any two points in it, and employ the 
preceding proposition, we shall only have to draw the line through the 
two projections upon the third plane to resolve the problem. 
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These orthographs are representative of the elevation and section, 
and of the phin and section respectively. 

ScHOLiUBC. 1. When the line is given under some particular circum- 
stances, the construction is simplified. Three cases deserve notice from 
their frequent occurrence in practice. 

1. When the treices of the line are given. 
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Let a^y fit ^ the traces : draw as in the figure : then the dark line is 
evidently the projection on the third plane. 

2. When the line itself is tlie section of any plane whatever with a 
profile plane ; and that profile plane can be taken as the coordinate 
profile plane. 




pL Q. 



This is obviously only the particular case of the preceding, in which 
ux^ coincides with a and fi^ widi fi. 

3. When the line is paraUel to one of the coordinate planes. 
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ScHoiiiUM 2. It will be seen hereafter that the same process can be 
opplied to any figures whatever. In fact it will be obvious that we 
can always construct by points as we have here done the line afi» 
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PftOPOSITION III. 

GiveH the traces of a line to find its prqfeetions ; andy conversely ^ given 
the projections of a line to find its traces. 

(1) Let aiy fi^ be the traces of the lioe, and through aj^ draw planes 
Oifiifin ^t^A perpendicular to the planes XY, XZ, cutting the two 
planes as in the figure of the eidog^ph. 







Yl 

Then, since XZ and a^fifi^ are perpendicular to XY, the line A/6| is 
perpendicular to XY, and to the line OX in it. {FU. ii. 18). In like 
manner a^a^ is perpendicular to OX. Also, the projection on the 
horizontal plane is aiA and that on the yertical is fi^x^. Wherefore 
these projections can be found without actually describing the pro- 
jecting planes ; since from the positions of a^y fi^ and the axis OX, we 
can find fi^ and 0%. 

Again, had the Tertical plane been turned to the horizontal as in 
the orthograph, and the points £K|, fi^ been g^ven, the same processes 
might be performed upon the united plane that were separately per- 
formed upon the two planes in eidograph. Whence it follows, that if 
we: — 

Draw i6a^„ and a^p^ perpendicular to OX, and join a^fi^^ o^, these 
will respectively be the horizontal and vertical projections which were 
required. 

(2) The converse follows from the same considerations, viz. : — 

Draw the projections afi^^ o^, to meet the axis in )9|, ot^ ; and then 
perpendicular to the axis, draw ct^ct^ to meet a^^ in Oi, and fi^ to meet 
Ogft, in iS, : then aj, yS, are the traces of the line whose projections are 

Scholium. In the preceding figure, the traces are given for the line 
lying in the first region ; but the process is the same for all the others. 

Cor. 1. If the projections of two points in the line be given, the 
same things may be found, viz., the traces and the projections of the 
line passing through them : for the projections of the line will pass 
through the projections of the points. 

The projections being found by drawing these lines on the co- 
ordinate planes ; then the traces of the lines will be found as in the 
problem itself. 

Cob. 2. Hence, also, if a point and a line be given by means of 
their projections, the projections and traces of a line through the 
given point parallel to the given line can be found. 

Thus, let a (or a^a^ be the given point, and he (or ft,^,, V,) the 
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given line ; then lines through Oi and 
Oa parallel to b^Ci and bfy wiU be the 
projections of a line through a paralld 
to be. 

For, when lines are parallel their pro- 
jections on any plane will be parallel, 
and the converse: but in the present 
case, the projections are, by construc- 
tion, parallel ; and hence they are the 
projections of parallel lines. 



PROPOSITION IV. 

Given the prof eetians of two points in a line^ to construct a Une equal 
to the distance of those points. 

In the eidograph, let AB be the segment of the line a^ a line 
equal to which is to be constructed in orthograph, having given the 
projections a^fl^ bfi^. 





c.y^ 
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Let a^fi^^ be the plane which projects the line horizoDtally, tnd 
B&i, AdTi the lines which project the points A, B. Draw AC parallel 
to ay fiy meeting B6| in C. 

Then snoe a^fi^fi^ is a right angle, and AC is parallel to ai/8„ ACB 
is a right angle, and iherel<MPe given. Also, since Aa^ is parallel to 
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B^i and AC to afi^^ we have AC = afi^^ and therefore given. And, 
finally Aja^y B&i are the heights of the projections on the vertical plane 
of A and B above the axis OX ; and, therefore, likewise given, as well, 
as the difference BC. 

Wherefore, we have given the two sides AC, CB and the included 
right angle C ; the hypothenuse AB of which triangle is the length 
required. 

Whence, in the first orthograph, if we draw a^ parallel to the axis, 
and take in it ac = afi^^ and join c6,, this line is equal to AB : for its 
sides about the right angle are equal respectively to those of the tri- 
angle ABC about its right angle. 

Cob. 1. Had we employed the plane which projects the line upon 
the vertical coordinate plane, the same reasoning would have led to 
the construction indicated by the second orthograph. 

CoR. 2. When the traces of the line itself are given, as well as the 
projections of the points upon one of the planes are given, the following 
method will be convenient. 




Conceive the projecting plane for the horizontal projection to revolve 
about fiA till it coincides with the vertical coorduiate plane XZ: 
then the points a„ Oi, bi will describe circular arcs a|(x, UiG, bfi ; and 
the lines a^fit, Aa^, Bb^ will take the positions afi^j A'a, B'b ; and AB 
will coincide with A'B'. Whence, in the orthc^^raph we have the 
rule: — 

With centre fii describe (the figure is easily conceived) the arcs bfi, 
tfifl, a^a ; join afit i and draw aA', 6B' parallel to fiifi^z then A'B' is 
the length required. 

Cob. 3. The following method, adapted to 
the case of Cor, 2, is rather simpler as to 
actual work: the deduction of it from the 
eidograph is left as an exercise for the reader. 

From centre Og with radius ccffi^ describe 
the arc fi^fi to cut the axis in fi ; join oiifi ; 
and draw ^|B', a^A' parallel to Ihe axis : then 
A'B' is equal to the segment of the line re- 
quired. 

Scholium. The student should take into con- 
sideration the circumstances of this problem 
under special relations of the data, as several such occur in subsequent 
problems. 
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PROPOSITION V. 

Given one of the projections of a point situated in a given plane to find 
tfie other. 





In the eidograph, let the horizontal projection Oi of the point A 
situated in the plane P be given. Through A let a line Ab^ be drawn 
in the plane P parallel to its horizontal trace PP^ and let the project- 
ing planes of this line be drawn. 

Then since A^i is parallel to PP| the section of the planes P and 
XTy it is parallel to XY, {Pis. i. 3) : wherefore since the' point a^ is 
g^ven, the line afii through it parallel to the g^ven line PP| is also 
given. 

Again, the line A^, being in the plane P, has its trace 5, in the trace 
PP, of the plane ; and the line ^i^. is perpendicular to the axis. Whence, 
having the point bi and the trace PP| given, the point b^ is given. 

Finally, the projection of A^, on the vertical plane is parallel to the 
axis, since A6, is parallel to XY, and its projecting plane is evidently 
parallel to the axis, and the point b^ in it is given ; whence the line 
6,0,, the projection of A^,, is given ; and its intersection with aa^ is 
g^ven. That is, the projection on the vertical plane is given. 

Wherefore the orthographic construction. 

Through the given horizontal projection aj draw a line parallel to 
the horizontal trace PP| meeting the axis in bi ; draw bfi^ perpendicular 
to the axis, meeting the vertical trace in b^ ; draw b^ parallel to the 
axis ; and finally'^aia perpendicular to the axis meeting b^^ in a^. This 
is the vertical projection sought. 

We might have operated in a similar manner if the vertical projection 
a, had been g^ven instead of the horizontal one aj. 

Cob. If the projections of a point and the traces of a plane be given, 
either of the constructions (the horizontal or the vertical) will furnish 
a criterion, whether a given point be in a given plane or not — ^a criterion 
that in practice is often required. One aJone of them is sufficient ; for 
if one be fulfilled, the other will necessarily be so too. 

PROPOSITION VL 
Throttgh a given point to trace a plane parallel to a given plane. 

Since the traces of parallel planes upon each coordinate plane are 
parallel, it is manifestly sufficient that we find one point in either of 
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the traces of the required plane to be able to 
oonstruct it. 

Draw afii from the given horizontal pro- 
jection Oi of the given point parallel to the 
horizontal trace PP^ of the given plane ; draw 
o^, parallel and hfi^ perpendicular to the axis 
meeting in h^ : then ft, is a point in the vertical 
trace of the plane required. 

Draw QQa through h^ parallel to PP, meet- 
ing the axis in Q ; and through Q draw QQt 
parallel to PP^ : then QiQQa is the plane re- 
quired. 

PROPOSITION VII. 

Given the traces of two planes y to find the prof ections of their line of 
intersection^ 

This problem has several cases, which, on account of its g^reat prac- 
tical importance, we shall bring 
under consideration successively. ' 

Case 1. Let the traces of the 
planes P and Q upon both coor- 
dinate planes meet within the 
. limits of the drawing. 

Then their intersections a^^ fi^ 
upon the horizontal and vertical 
planes will be the respective 
traces of the line of intersection ; 
and the projections may be con- 
structed by Prop, III. as indicated 
in the figure. 

Case 2. Let the traces of the planes upon one coordinate plane 
intersect within the limits of the 
drawing, and the other traces be 
either parallel to one another or 
meet beyond the drawing. 

Draw fitfii perpendicular to the 
axis : this will obviously be one 
point in the horizontal projection 
(adapted to this figure) : and 
draw /S^ai tending to the intersec- 
tion of PP|, QQ, if they would 
meet, or parallel to them if they 
be parallel. This will be the 
horizontal projection of the line 
of intersection of the planes P and Q. 

To find the projection on the vertical plane, we remark : — 

(1.) KPP„ QQ, be parallel, the section of two planes through 
them will be parallel to the plane in which they are situated. Whence, 
if PP|, QQi be perpendicular to the axis, the vertical projection of 
the line of section will be a single point ; and if they be not, the 
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vertical projection vill be parallel to the 
thus orthographed : — 



axis. Tliese two caaes are 




*•/ 





(2.) Wlien the horiEontal traces of P and Q would meet, but bejrond 
the limits of the drawings- 
Take any point a^ in the horizontal trace, and draw OiO^ perpen- 
dicular to the axis ; draw afi^ parallel to 
the trace QQi and bfi^ perpendicular to the 
axis, meeting the trace QQi in b^ ; and b^ 
pandlel to the axis, meeting 0^0^ '^ ^ : ^^®° 
ySgOa is the vertical projection of the line of 
section of P and Q. 

For it follows, from what was shown in 
Prop, v., that HiOi is a point in the plane 
Q : and since Oi is the horizontal projection 
of a point in the line of section of the two 
planes, a, is the vertical projection of that 
point. Whence a,, fi^ being the vertical 
projections of two points in the line, aA u 
the vertical projection of the line itself. 

Case 3. Let both the pairs of traces intersect beyond the limits of 
the drawing. 

Cut them both by any convenient third plane, and find the projec- 
tions of the two lines of its intersection with them. The two hori- 
zontal ones of these projections will intersect in the horizontal projec- 
tion of the point in which the third plane would meet the line of 
section sought, and the vertical projections in the vertical projection of 
the same point. We thus have the projections of one point in the line, 
required. 

If we find in a similar manner the projections of a second point by 
means of a second subsidiary plane, we shall have the requisite data for 
drawing the projections of the line sought. 

Case 4. Let the planes be parallel. 

•Here there will be no intersection at aU ; since there is no line of 
section in fact, and consequently no line in orthorgraph. 

Case 5. Let the two planes be perpendicular to the coordinate 
planes, one to one, and the other to the other. 

Then their traces on these respectively are the projections of the line 
of section upon the planes of projection to which the given planes are 
perpendicular. There are several varieties which, though simple, are 
of frequent occurrence. 
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The general«ase has been already figured. 

^6.) When both projecting planes 
are parallel to the coordinate planes, "^ — 

both projections are parallel to the 
axis. o — _ 

(c.) Let one only of the planes 
be parallel to a coordinate plane : 
then according as the said plane is ; 

parallel to the vertical or horizontal 
plane, the figures are 



p 

1 





where P is in both cases the plane which is parallel to the coor- 
dinate plane. 

(d.) Let one of the planes P be perpendicular to the axis, and 
the other Q be perpendicular to a coordinate plane : then ac- 
cording as Q is perpendicular to the horizontal or vertical coor- 
dinate plane, the figures will be; 



« 



\ 



«p 





where b^^ Oi coalesce in the first case, or the projection is a single 
point; and ctjb^ in the second case, the projection being also a 
single point. The other projections are an indefinite straight line 
perpendicular to the axis. 

(e.) If both planes should be perpendicular to the axis, they will 
either be parallel or coalesce. On the former hypothesis there is 
no intersection ; and in the latter every line in the coalescent 
planes may be considered an intersection, and the problem admits 
of innumerable answers, or is indeterminate. 

Cass 6. Let one plane be parallel to a coordinate plane, and the 
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other cut the axis. An iDq>ectioii of the annezed figures irill be « 
sufficient indication to the attendve atudeuL 





plane be a profile plane, and the other oblique to 




he eidograph, that the two front projections con- 
rtliog^pb, and that the points of intenection of the 
ndflkTiea of full and dotted line in the tn-o projections 
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;id<^7aph a profile planelto be drawn through any 
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poiDt A in the line of intenectioo. It will cut the coordinate planes 
in two lines b,A.', A'b, at right angles to one another j the plane Q in 
the line £,fr, ; and the plane P in the line Aa,. Draw Aa, parallel to 
a,A', and then from a, the line a^' parallel to the axis. 

Now, since Ao, is parallel to A'6i, it is parallel to the horizontal 
cooidioate plane ; and hence o, ia the height of the projection of A 
above the axis. 

Conceive now the profile plane, with the ayBtem of lines and paints 
in it, to be revolved into coalescence with the vertical coordinate 
plane. The points a„ &, will describe circular arcs; the point a, will 
be at e, &, at d, the line OiA will coincide with cc' and the point A 
with c', and c' will be in the line a^'. 

Suppose now that in orthograph, the tame letters as Ikr as they are 
common to represent the same lines when the vertical plane coincides 
with the horizontal. Then describe the arcs a,e, bid ; join db, ; draw 
cc' perpendicular to the axis, and a'a, parallel. Then a^' and 0,P, 
are the projections sought. 

Case 9. Let both planes be parallel to the axis. 
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Conceive the eidograph, as tn the preceding case, to be cut by a 
profile plane: the coordinate planes in Q,X, XQ.; the planes F and 
Q in P,P, and Q,Q, ; and their line of section in A. Then the line 
A is parallel to the axb, and its projections are therefore also pa- 
rallel to it. Also the Hues Aa„ Ao, parallel to XQ., Q,X meet the 
coordinate planes in the projections of the point A. Let now the 
profile plane be revolved till it coalesces witli the vertical. Then AY 
is the height of the vertical projection of A above the axis ; and ^f 
the distance of the horizontid projection of A in front of the axis ; 
and the projections themselves parallel to the axis. 

Hence, in orthograph, we have the follovring process : — 

Draw a line perpendicular to the axis, cutting the traces of the 
planes, the first in P„ P, and the second in Q„ Q, ; set ofFXP,, XQ, to 
c and d upon the axis ; and join eP„ dQ, intersecting in A' : then the 
line through A' parallel to the axis is the vertical projection of the line. 

Draw A'f perpendicular to the axb, and set off Xa, equal to 'X.f: 
tbea a line through a, parallel to the axis is the horizontal projection 
of the line. 

Case 10. Let the two planes cut the axis in the same point. 
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In this case the line of intenectioo will pass throng'h tlut point, 
and hence also ita respective projection! will also pass through it. 
One point in each projection is therefore known ; aad it will be suf- 
ficient to find that of one other point in that line. 




Conceive the ^em in eidograph cut by a profile plane, the section 
with P being P,F, and with Q being Q,Q, ; then these will intersect 
in A, a point in the line whose projections are required. Itt the pro- 
file system coalesce with the vertical plane ; then it will appear, as in 
the last case, that if A'a, be dmwn parallel to the axis, a, will be 
the vertical projection of A. ; and hence a, FQ being diawn, it will be 
the vertical projection of the line required. 

The horizontal projection may be found by drawing AY perpendi- 
cular to the axis, setting off Xa, = "Kf, and drawing a, FQ. 

Scholium. All the cases that can occur range themselves tuder some 
of these ; and it will be obvious that the two last are in reality so 
related as that the ninth is the limiting case of the tenth — when tbe 
point PQ is infinitely distant. They are both constructibie in a dif- 
ferent manner : viz., by employing any plane instead of the profile. 
We may remark that in the case where the given planes would meet 
beyond the limits of the drawing, a second profile plane will be neces- 
sary, in the method already given, fw finding the projections of a 
second point in the line. The same remarit applies to the method of 
construction which follows. 

Let P, Q be the planes as before ; and tzace anyotherplaneBto cut 
them both ; construct he lines of intersectioa of P, B tuid ef Q, R, as 
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in the figure : then the intersections ol these projections aj, a^ will be 
the intersections of a point in the line which it is required to project. 

For it is obvious that as each of the planes FQ passes through the 
required line, their intersections with R will also be in that line ; and 
the intersections of P with B and of Q with B will therefore both be 
projected in lines which will contain the projections a^, a^ of that point. 

PROPOSITION vni. 

To construct the inelineUions of a given line to the coordinate planes. 





In the eidograph, let cc^fii and aj^ be the korizoatal and Tertieal 
projections of the given line o^fi^. Then about the jierpendicular fi^fi^ 
let the projecting plane of the horizontal revolve till it coincides with 
the vertical coo^inate plane. In this case a, will describe an arc 
Oitt, making fi^a = fiiOu and a^fi^ will take the position afi^ But the 
angle fi^fii is the inclination of the line a^fi^ to the horizontal coor- 
dinate plane ; and hence also fiiafi^ is that inclination. 

Whence, in orth<^;raphy if luiving formed the projecting ^tem of 
the given line, we make fi^a » fi^a^y and join afi^ we have the angle 
fiiafi^ as that required. 

In the same way, making ajf = a^ and joining ftoi, we have the 
inclination of the line to the vertical coordinate plane represented by 

PROPOSITION IX. 

Given the angles which a straight line mahes with the coordinate 
planes, and likewise a point through which U passes, to construct the 
line. 

(1.) Let the given point, as ^ be in the vertical coordinate plane, 
and let us conceive the problem executed in eidograph, a^fi^ being the 
line sought. 

Let the projecting plane o^a^^ be revolved about a^^ till it coincides 
with a^fixfi^ the other projecting plane ; and let the system so trans- 
formed be revolved about fi^^ till it coincides with the vertical coordi- 
nate plane. The system will then be represented by the plane figure 
a a fiffii* 

In this figure we have given the side fi^fi^ since fi^ is given on the 
vertical plane ; the angle fitfiia' is a right angle, being the same with 
fitfii<'^iy ADct the angle fi^% is given since it is equal to the given 
inclination of c^fl^ to the horizontel coordinate plane. Whence a'fi^ is 
given* 
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Againi the angle a*' is giveo, being the right angle o^ot^^ and a" u 
in a given semicircle — that on a'fi^ ; the angle a'fi^" is given, since it 
is the angle a^fi^^ made by the line with the vertical coordinate plane, 
and hence the position of the line a"fi^ is given. Whence the inter- 
section of this line with the semicircle gives the length fifi'\ which is 
equal to fi^x^ ; and as ;6^ is given, and a, is in the given axis, the point 
a, is given, and hence the perpendicular a^ to the axis, which con- 
tains the horizontal trace a^ of the line is given. 

But this trace Lb also in the circle described about )S|, with the radius 
fi^a'y since fi^q! = fi^a^. Whence their intersection gives the horizontal 
trace of the line ; and we have the following orthographic construction. 

Draw ^1 perpendicular to the axis, and make the angle ^a'fi^ 
equal to tJie g^ven angle M'hich the line is to make with the horizontal 
plane : and on a'fi^ as diameter describe a semicircle, and at fi^ make 
the angle a'ySga" equal to the given angle which the line is to make 
with the vertical plane. From fi^ as centre, and fi^" as radius, de- 
scribe a circle cutting the axis in ocg : draw the perpendicular a^^ and 
describe a circle to meet it in aj from centre fi^ with radius fi^a\ 
Their intersection a^ is the horizontal trace of the line. 

(2.) When the given point is not in one of the coordinate planes, 
assume a point in one of them, and construct a line to fulfil the con- 
ditions as already directed : then through the projections of the given 
point draw paraUels to those of the line found. These will define 
the line. 

For this line is parallel to the former one ; and parallel lines make 
equal angles with either plane. 

PROPOSITION X. 

A point and a plane are given to find : — 

(1.) The projections of a perpendicular to the plane firom the 
pointj 

(2.) The length of the perpendicular ; 

(3.) The intersection of the perpendicular with the plane. 

(1.) Conceive that two planes are drawn through the given point in 
the eidograph, perpendicular to the traces of the given plane ; their sec* 
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tions with the given plane will be perpendicular to the given traces ; 
their own traces on the coordinate planes will also be perpendicular 
to the traces of the given plane ; their traces will also be the projec- 
tions of their line of intersection with each other ; and they will both 
be perpendicular to the given plane {PU, ii. 7, 18). 

These two subsidiary planes passing through the given point, their 
intersection passes through it ; and hence the projections of that line 
pass through those of the given point ; and these projections being 
perpendicular to the given traces of the given plane, they are at once 
constructible. 

Let P be the given plane, and ajO, the given point : draw a^A per* 
pendicular to PPi, and (t^v perpendi- 
cular to PP,: these are the projec- 
tions of the line required; and its 
traces, if sought, are found to be a|, >9; 
by the methods already explained. 

(2.) Let P (second fig.) be cut by 
one of the two planes, Q, perpendicu- 
larly to its trace, supposed in the figure 
to be the horizontal one. This plane 
contains the perpendicular AB ; and 
hence the foot of that perpendicular 
will be in QiQ, the intersection of P 
and Q, and AB will be at right angles 
to that line. 

Now since A is given, a^, its pro- 
jection, is given in position, and ao, in magnitude (ao, being perpen- 





dicular to the axis) ; and the line QQi through a^ perpendicular to PPj 
is given, and the point Q its intersection with the axis; also since 
QQi i<* perpendicular to the axis and meets a given line PP^, the 
point Qa and the magnitude of QQ, are given. 

Moreover, since ajA = aa^ is given in magnitude and position, and 
the point a^ also given in position in the plane Q, we may turn that 
plane on the horizontal. In this case Qa takes the position Q' ; A, B 
and QjQ. take the positions A', B', and Q,Q'. We have then the 
positions and magnitudes of the lines QiQ', QQ', and A'a^, to find the 
perpendicular A'B'. Whence the construction in orthograph. 

vox*. II. X 
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DiBw QQ, through a^ perpendicular to PP|, and QQ. perpendicular 
to the axis (the fig. in orthograph is left for the student to sketch) : 
draw QQ', a, A' p^lel to PP,, and make QQ' = QQ. and a,A' = aa„ 
and join QiQ': and finally draw A'B' perpendicular to QtQ'. It wiU 
be the perpendicular required. 

(3.) Draw B'6| parallel to A'oi, and bfi^ perpendicular to the axis, 
meeting the perpendicular from a, to PP,. Then bfi^ will be the pro- 
jections of the point of intersection ; as will be manifest from a com- 
parison of the orthograph with the eidograph. 

Scholium. 1. When, as Ib often the case, the length of the perpendi- 
cular is alone required, the method here given is mare rapidly executed 
than that given by other authors ; and when both the intersection and 
length are required, it has still some advantage. The qusBsita are 
found, however, in the reverse order here from the usual process. 

The ordinary method is still very el^;ant ; and it appUes to finding 
the intersection of any gpven line with a given plane. In that general 
form it will be given : and when the point of section is found by that 
process, the length of the perpendicular is found as the distance <^ that 
point from the given point, by a preceding proposition. 

ScHOuuM. 2. The^ converse problem is soluble in the same way^ 
viz. : — 

TTirough a given point to traee a pUme perpendUmlar to a gwen 
line. 

Let c^fit be the given line, and ajOt the given point. 

Now, by the property established in the proposition itself, any plane 
P, whose traces are perpendicular respectively to a^fii and ogfi, will be 
perpendicular to a^fig. Let such plane be traced : then {Prop, vi.) 
through afy trace a plane Q parallel to P : it will be that required. 

PROPOSITION XL 

Given the projections of a line and the traces of a plane, to find the 
projections of their intersection. 

It is obvious that if we draw any two planes through the given line 
to cut the given plane in two lines, 
the intersections of these lines in the 
given plane will be the same point as 
the intersection of the given line and 
given plane. Whence, also, the inter- 
section of the projections of these two 
lines upon the coordinate planes will 
be identical with the projections of 
the intersection of the line and plane. 

When the line is given by means 
of its projections, the two projecting 
planes themselves will be most con- 
veniently employed as these two sub- 
sidiary planes. Also, when the traces 
of the given line define it, this process is on the whole the more con- 
venient ; but when the line is given as the intersection of two given 
planes, as is not unfrequently the case, these planes themselves are ftr 
more convenient subsidiary pLines than any other. The ^gure here 
given is constructed by means of the projecting planes. 
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Let a^fi^ be the projecting plane on* the horizontal coordinate 
plane : the projections of the intersection of this plane with the given 
plane P are aih\ and oe^ Similarly if Y^^i be the projecting plane 
on the vertical coordinate plane, the projections of the intersection of 
this plane with the given plane P are y^\y yj^ y^ is on the axis and 
71 on PP|. The intersection of o^fi^ and ti^i gives ai, the horizontal 
projection of the point ; and that of a^ yA g^ves o^ the vertical pro- 
jection of the point. 

As a criterion of accuracy of work, it may be remarked that aj/a^ 
being drawn, it must be perpendicular to the axis. 

PROPOSITION xn. 

Given the traces of three planes to find the prajeetions of their eommon 
section. 

Suppose the plane P to be cut by the two planes Q and R. Find 
the projections of the intersections of 
P, Q and those of P, R : their inter- 
sections a^t Oa will be those of the 
intersection of P, Q, R. 

Scholium. The following neat 
theorem arises from the construction 
for finding the intersection of three '^ 
planes whose traces are g^ven. 

Let P, Q, R be three points in a 
straight line, and let three pairs of 
lines be drawn from them, forming 
by their intersections the triangles 
AiB^CiandAsB^Ct. Draw the per- 
pendiculars Aja,, Blb^J C|Cj, A.a^, 
B^b„ Cgc, to the line PQR. Join 
A| Oa, B^ b„ Cj c, ; these will intensect 
in the same point A| : also join A, a,, B, 5i, CtC^ ; these will intersect 
in the same point A, : and finally Ai h^ being drawn, it will be perpen- 
dicular to the Hne PQR. 





This would be extremely complex in its demonstation, by means 

x2 



308 



DESCRIFTIVE GEOMETBT. 



of the ordinary plane geometry. The method of transversala will 
reach it. 

PROPOSITION XIII. 
Through a given line to draw a plane perpendicular to a given plane. 

" If from any point in the given line a perpendicular be drawn to the 
plane, and a plane be drawn through 
the given line and the perpendicular, 
it will be the one required. 

Let a a, be the point selected in 
the given line a, ^ as that from which 
the perpendicular shall be drawn to 
the plane P. 

Construct {Prop, x.) the traces 
7i J, of this perpendicular. 

Then the plane Q whose traces 
pass through a^y^ and )S,3a respec- 
tively will be the one required. 

For since both lines are in the plane 
Q, their traces are in the traces of Q ; 
and the traces of Q are determined by 
the traces of those lines. 

The criterion of accuracy is that 
«! Yi and fi^ d. meet at the same point 
Q in the axis. 

Scholium 1. The work itself becomes somewhat simplified by 
drawing the perpendicular from one of the traces of the given line, 
and finding the trace of this perpen- 
dicular on the other plane. ^ 

Thus taking fit in tlie vertical co- 
x)rdinate plane, drawing perpendiculars 
from A to PP. and A to PPi, we get 
the projections fii 7i, A y, of the perpen- 
dicular from fi„ and its other trace y^ 
.as usual. 

Then Yia^ will be tKe horizontal 
trace ; and Q, the point in which it cuts 
the axis, is a point in the vertical trace, 
which with yS, gives that trace. 

ScHOUUM 2. If 7| coincide with aj, 
the g^ven line itself is perpendicular to 
the plane P ; and the problem is indeter- 
minate, as we know it should t>e, since 
every plane through this line is then 
perpendicular to P. All lines drawn 
to meet in the axis from these traces 
will then be the traces of planes per- 
pendicular to the given plane P. 
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PROPOSITION XIV. 
Thronffh three given point*, through two given lines which meet, or 

throHgh a given line and a given point to trace a plane, 

(I.) If three points be eiven, we can draw lines through them two 
and two, and the traces of all these lines will lie in the traces of the 
plane through them. But the traces of the plane itself will also be 
given, if two of the three traces of the lines be given upon one co- 
ordinate plane, and the trace of one of them upon the other. 

Let Oi u,, ^1 b„ Ci Ci denote the three 
given points : find 7,7, the horiiKia- 
tal and vertical traces of ab, and a, 
the horizontal trace of bo. Draw 
i>i y, meeting the azis in P, and draw 
P 7,. Then 7i P> P Yt fu* the hori- 
zontal and vertical traces of the 
plane through a, b, c. 

It is obvious that the particular 
traces to be selected for the deter- 
mination of the plane must be regu- 
lated by the manner in which it will 
cause the lines of the drawing to &11, 
with respect to diadnctness of ope- 
ration and to the limits of the draw- 
ing itself. 

(2.) Find the traces of one line, 
and one trace of theother,andaperate 
as before. If these be not convenient 
as to position, take three points any 
way, one in one line and two in the 
other, so that tb^ may give a com- 
pact solution. This process is essential when the projections make 
very acute angles with the axis, or are parallel to it. It will generally 
be most advisable to cut the lines by profile planes. The construction 
by thia method is sufficiently simple. 

(3.) Take any two convenient points in the given line, and operate 
as in the preceding case. The traces will usually be the most con- 
venient ; but if these &11 beyond the limits, take any other two. 

PROPOSITION XV. 
A plane it given by its traces, to Jind its inclination to the eoordu 
note planes. 
Let the eidograph be cut by 
planes through any point A in the 
axis, respectively perpendicular to 
the traces PP„ PP. of the given 
plane, cuttii^ the plane P in 
P^ and P,A, and tlie coordinate 
planes correspondingly. Also, 
make A/>, = AA, andA^=AA„ 
and join P, p, and P, p^ Then, 
since the plane P, A, A is perpen- 
dicular to the trace PF„ the lines 
AA, and A| Pj are perpendicular 
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to it {Pis. II. 2) ; and hence they measure the inclination of P to the 
horizontal plane. Ako, linee P«AA« and P. A^ aie rightaogks (ibr 
the plane P, AA^ k evkleady ai right angles to the horizontal plaiie), 
and the sides P« A, AA| are equal to P, A, Ap^ the hypothenuse P^^ 
is equal to P^ Ai, and the angle T^p^ A to the angle P, AjA, or to 
the inclination of P to the horizontal coordinate pl^e. In precisely 
the same manner it appears that Pi/7^9 is its inclination to the vertioal 
coordinate plane. Whence the construction in orthograph : — 

Draw any line perpendicular to the 
axis, cutting the traces of P in P|, Pg, 
and the axis in A ; from A draw AAj, 
AAa, perpendicular to the traces; set 
off Api = AA, and Ap^ = AAj ; and 
join P,/)i and P, />, : the angles P,px A ^^ 
and Pi j9i A will be the measures of the 
inclinations of F to the horizontal and 
vertical coordinate planes respectively. 

Cob. 1. The perpendiculars AAi and 
AAa are the projections of the perpen- 
dicular from A to the plane P. 

Cob. 2. If^ in the eidograph PtAi and Pi A« intensect in G, AGr 
will be the perpendicular mm A to the plane P, and perpendicular^to 
.each of the lines P. A| and Pi Ag. Wherefore^ when the plane P, At A 
is turned on the vertical coordinate plane, by revolving about AJ?« 
this perpendicular will take the position of a perpendicular A^ feom 
A upon T^pi. In the same, when turned upon the horizontal plane, 
AG will ta!ke the position of a perpendicular A^i from A upon Pijob- 
These two perpendiculars A^,, A^i are therefore equal to each other 
in the orthograph. 

PROPOSITION XVI. 

JTirattgh a given paint to trace a plane which shall maie gioen at^les 

with the coordinate planes. 

(Figures to preceding Proposition.) 

Let us fhrst suppose the given point to be in one of the ooordinate 
planes, as Pt in the vertical ; and let B and » be the respective angLes 
which the required plane is to make with the vertical and horizontal 
coordinate planes. 

Draw PaA perpendicular to the axis of indefinite length ; and draw 
Pg/», parallel to N|M : alboQt centre A deeeribe the circle P|Ai : diaw 
the perpendicular Ag^ upon P, pi, tatd about centre A describe the 
circle ^1 g^ : draw a tangent to this ciide paralldi to MNi, meeting 
Pt A in P| : draw a tangent PjP to the ^rele Aipi : and, laetly, join 
PPf Then the plane Pi PP, makes the given angles with the ooflrdi- 
nate planes. 

When the given point is not in a coordinate plane, asswne some pomt 
in one of them, construct as just directaod, and tfavou^ the given point 
draw a plane (Prop, yi.) parallel to that thus ooBStraotod. 

The truth of this construction will be evident finsn 4xnDiiarieon 
the preceding, taken in connexion with the seoond oeroliary. 

Scholium. As a visual verificatian of the woik itself, we 
describe the circle p, Ai about centre A : whieh ou^ to teoeh the ttne 
PP.. 



y j 



CON8TAUCTIONS BBLATIHO TO THE PLANE, LINE, AND POINT. 131 



PROPOSITION XVII. 

iraees of a plane, and theprqjeetiant of a point in ii^ to turn 
tke plane itself and the point in it vpon either coordinate plane^ and 
tojind the angle made hy the traces in eidograpJi, 

We shall turn the system on the horizontal plane for exemplification i 
the operation on the vertical being precisely similar. 




^f^K 



Let Pt PP| be the plane. Cut the system by any plane perpendi- 
cular to the horizontal trace in AAi, and APf Produce AAi and 
about P as centre with radius PPt, describe an arc to meet AAi pro- 
duced in P', Then PT being drawn, it will be the traee PPt in 
eidograph, after revolution on the horizontal plane. 

For P, AjP and P'A, P, have the angles P, A,P, P'AiP right angles ; 
they have also one side A, P common, and the hypothenuses equal. 
Whence P, PPj is equal to PP A, in orthog^ph, as here constructed. 

Again, for the revolution of any point a^ a, in the plane P upon the 
horizontal coordinate plane. [Though for expression's sake we have 
noted the two projections a^ and a,, only one of them is really given in 
any properly proposed problem, since the condition of the given point 
being in the g^ven plane is adequate to the exhibition of the second 
projection a* or at, according as Oi or a, is g^ven actually.] 

Through a, (the g^ven projection of the given point) draw BB| 
perpendicular to PP„ and BB« perpendicular to the axis meeting the 
vertical trace of the g^ven plane in B| : draw BB' and a^ a' parallel to 
PPi: make BB' >= BB,, and join BiB', cutting a^a' in a'l and 
finally make B| a" = Bi a'. Then a" is the g^ven point after revolu- 
tion on the horizontal plane. 

For it is clear that B^BB' is the triangle B|BBt of the eidograph 
after revolution about BiB upon the horizontal plane ; and hence that 
B| a' is the real distance of the given point frpm the point B|. AJso, 
tint if instead of turning about BBi, we turn about PP„ the point a' 
will not change its distance from B| : that is, it will be found at a". 

Scholium. The method just given, if taken in the abstract, is the 
simplest mode of proceeding ; but in some cases the data may be so 
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related as to render some other process more convenient. The revolu- 
tion of the plane itself may be efiected by finding the distance between 
any two points, one in each trace, whether they be in a plane perpen* 
dicular to one of the traces or not : and then upon the axis of revolution 
constructing a triangle whose sides shall be that distance so found, and 
the intercepted portion of the other trace. See Case 2 of the next 
proposition for illustration. 



1 




PROPOSITION XVIII. 

To construct the eidographic angle of inclination of two given straight 

lines. 

* 

The general principle that runs through every construction of this 

problem is — to exhibit the two lines after revolution on one of the 

coordinate planes, the axis of revolution 

being one of the traces of the plane which 

contains them. 

(1.) Let the lines be g^ven by means 

of their horizontal traces /8|,yi, and the 

projections of their point of intersection 

a„ a,. 

Join )8i yi, and draw a^p perpendicular 

to it and a^p' parallel. Make a^p' equal 

to 6Mi„ and describe a circle about p with 
pp' as a radius to ^ut aip'm a\ Then, 

drawing fi^ a', y^ a\ the angle /8, a' yi is ^^ 

the required inclination of the given lines. 
(2.) Let the lines be given by means of 

their traces on both coordinate planes. 

In this case let a^ fi^ y^ \ be the lines exhibited by their traces. 
Through the traces draw the traces 
of the plane which contains them, 
meeting the axis in P. Draw \ d 
perpendicular to the axis, and ^^i 
perpendicular to the trace ai P, which 
produce. From P as centre, describe 
arcs ^s y and fi^ fiiy the former meet- 
ing d^i in S', and the latter cutting 
pa' in A. Then 5' and A are the 
traces fi^ and ^ on the horizontal 
coordinate plane after revolution. 
Whence the lines 5' Ji and >8, aj being 
drawn, they will be the given lines, 
and the angle atfy their intersection, 
is that which we were required to 
construct. 

In reference to both the preceding cases, we may remind the student 
that he may draw ang two lines parallel to the given ones, through 
the same point, so as to bring the work into the desired position. The 
angle contained by these is equal to the anffle of the two oririnal 
lines {Pis. i. 7). * 

(3.) If the given lines be not considerably remote from parallelism 
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to the axis, the traces of them will fall beyond the limits of the draw- 
ing. In this case we must proceed somewhat differently. The following 
is the simplest process that has been devised for the purpose. 
. Cut them by profile planes (as in Ccue 3, Prop, vii.), and find the 
traces of the plsme which contains them. Turn this plane upon one 
of the coordinate planes, and likewise two points of each of the given 
lines (those used in the profile will be most convenient in practice) : 
then liiese lines give the inclination sought, as also will any parallels 
to them, which will sometimes suggest an advantageous construction. 

PROPOSITION XIX. 

Given the orthograph traces of two planeSy to construct their eidoffrapkic 
inclination. 

Let the given planes, P, Q in the eidograph intersect in the line Oi fi„ 




and let a plane be drawn perpendicular to it through any point A, 
cutting the horizontal coordinate plane in y^ ^i ; and the given planes 
in Ay, A5„ and the projecting plane oci fii A in Aa'. Then it is re- 
quired in the problem to construct an angle equal to Yi A^i. 

Now since the plane Yi A^i is perpendicular to the line «! A? t^s line 
is perpendicular to A^i, Acj, and A?i (Pis, ii. 2). 

Again, since ot^fi^ Ib perpendicular to the plane Yj A^i, the plane 
a, A A through it is perpendicular to 7i A^j {Pis. n. 16) ; and since it 
is the projecting plane upon the horizontal plane of a, A> it is perpen- 
dicular also to the horizontal coordinate plane. Whence the plane 
«! A A is perpendicular to ji ^i the intersection of these planes ; and 
a' A in it is perpendicular also to Yl^i. 

It follows from this, that if the plane Yj A^i be turned upon the 
horizontal plane about Yi ^u the point A will be situated somewhere in 
the line Oj a^ ; and it only remains to find the eidographic length of 
a' A by a plane construction. Two general cases will arise here. 

(1.) When the traces of the line a, A can be employed, that is, when 
^ej both fall within the limits of the picture. 

j)iaw any line Yi ^i to cut the horizontal traces of the given planes in 



dJ4 



DESCBIFTnnB OEOMETBT. 



7i ii, and the horizontal projection cE| /S, of the line, perpendiculaxiy at 
a\ Make fi\a "= fii a^ and fi^ a" = fi^a^ ; join fi^ a and draw the perpen- 
dicular a!' A!' : then make dA! = o"A", and join Ti A', ^i A'. The 
angle YiA'^i is that required. 

For, evidently, the triangle fi^fi^avi the eidog^phie triangle fi^fiiOi 
revolved on the vertical ; and a*' A" the perpendicular from a' upon the 
line fit ^1* I^ ^^u fulfils the condition already deduced. 

In certain cases this construction may be a little simpBfied, viz. : — 

(a.) When the figure will admit of it, the point A may be taken at 
fit, in vi^hich case the perpendicular from fi^ upon fit a takes the place of 
the perpendicular A"a" of this constmetion* 

(Jb.) A plane parallel to one of the given planes may be used instead 
of that plane itself; or, even if the work would Ml more conveniently, 
planes parallel to both of them may be used instead of them. 

(jc,) The case when the two given planes intersect the axis in the same 
point renders a plane parallel to one of indispensable use, in order to 
avoid a long and complex construction dependent on a separate inves- 
tigation. 

(2.) Let the traces of the lines of section be situated so as to be 
incapable of being employed in the construction. 

Find the projections of two points in the line of section {Prop, vii., 
Case 3), and draw Its horizontal and vertical projections; also let 
Oi, Ot be the horizontal projections of one of these points. Throueh 
this point draw a plane perpendicular to the line thus found {Prop, xvi!), 
and let it cut the horizontal traces of the planes, as before, and find 
the vertical projection of the point a' in which it cuts the horizontal 
projection of the line of section. 

Lastly. Find the distance of the two points a^Ot and a'a" : this is the 
perpendicular from a' upon Ui fi„ and the angle is found as before. 



PROPOSITION XX. 

Through a given line to trace a plane parallel to another given line. 

Tiirough the given line e^rit to draw a plane parallel to tlie given 
line ai fif 




Take any point Oj Ot in Si tit, and draw a line parallel to.ce, fig, vii 

Then 7^ S| and S, rit will give the traces of the plane sought. 
Scholium. In nearly the same way we nay trace a pklae tfaroogk 
given point parallel to two given lines wlack are not in one planer 
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Let *fii n be the fines, and «, a, the point Throagfa Oi a. draw the 




lines parallel to the given ones respectively. Let eci ^ be the traces 
of the line parallel to n^ n,, and y^ 3, those of the line paralld to 
!»! m,. Then the traces of the plane through a^ a, and which is parallel 
to mi m, and n, n^ are a^ y^, fi^ ^,. 

PROPOSITION XXI. 

To comiruct the eidographic inelinatum cf a given line to a given 
plane. 

1. Through any point in the given line draw a plane perpendicular 
to the given plane {Prop. xvi.). 

2. Find the intersection of this plane with the given plane (Prop.vii.). 

3. Find the angle made by this line of intersection ' and the given 
line {Prop, xviii.). 

This is the angle required* 

PROPOSITION xxn. 

Through a given point to draw a line perpendi cu la r to a given line. 

1. Find the traces of the plane through the given p<nnt and given 
line {Prop. xiv.). 

2. find the traces of a plane perpendicular to tiie given line which 
shall also contain the g^ven point {Prop, z., Scholium 2.). 

8. The intersection of these two planes bdng formed, it is evidently 
the perpendicular required. 



PROPOSITION xxin. 

To draw a line which shall be perpendicular to two given tines 
which are not in the same plane. 

1. Through each of the given lines draw a plane panHel to the 
other {Prop. xx). These planes will be parallel. 
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2. Through each lioe draw a plane perpendicular to that which has 
been made to pass through the other line {Prop, xxii.). 

3. Find the intersection of these perpendicular planes {Prep, vii.). 
This line will be perpendicular to both the g^ven lines. 

Exercises. 

1. Construct the traces of a plane which passes through the three 
points (-1, 2, 3), (1, 3, 5), (2, 0, 3). 

2. Given the horizontal projection of an equilateral triangle, and the 
vertical projection of one of its sides to construct the vertical projec- 
tion of the entire triangle. 

3. Given the horizontal and vertical projections of a tetrahedron to 
assign the conditions that must be fulfilled amongst the parts of the 
projection to render it a regular tetrahedron. 

4. Through a given point to draw a plane parallel to two g^ven 
lines. In what case does this problem become indeterminate ? 

5. Find a line equal to the distance between two given parallel 
planes. 

6. Given the projections of a point and a line, to construct those of 
a line drawn through the g^ven point perpendicular to the g^ven line. 

7. Through a g^ven point to draw a line parallel to two given 
planes. 

8. Draw a plane which shall make equal dihedral angles with two 
g^ven planes : — 

(1.) The plane to be drawn through the intersection of the 
g^ven ones ; 

(2.) Through any given pointy 

9. Given the projections of a finite line to divide it in any given 
ratio. 

10. Find the angle contained between the traces of a given plane. 

11. Draw a plane through a given line which shall make a given 
angle with either plane of projection ; and another which shall make 
equal angles with both planes. 

12. Given a trihedral angle and a point ; to show the supplementary 
trihedral angle whose vertex is in the point. 

13. Given the projections of any one radius of a circle to find the 
circle after revolution on the vertical plane. 

14. Given the projections of three points in the circumference of a 
circle to construct its radius. 

15. Through a g^ven point to draw a line which shall meet two g^ven 
lines. 

16. Through a given point in a given plane to draw that line in the 
g^ven plane which shall have the greatest inclination to the horizon, 
and that which shall have the least inclination to the vertical plane. 

17. A building is to be erected on a declivity, but its foundation is 
to be horizontal, having the plan of the foundation, to trace on the 
surface of the ground the outline of the cutting. 

1 8. A triangle on a plane is given : to find the position of a plane 
upon which if it be projected orthographically it shall become similar 
to a given triangle. 
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THE GONE, OYLZNDEB, AND SFHEBXL 

These are the only surfaces which are usually brought into engineer- 
ing practice, except on very special occasions. When such occur, a 
more extended series of studies of the Descriptive Geometry must be 
entered upon, and the engineer must have recourse to treatises expressly 
and solely devoted to the subject. 

The problems here given will amply display the general character of 
this class of researches ; and it will be seen that they differ but little, 
as to general method, from those already developed at length. 

It will be desirable, however, to prefix a few notes on the mode of 
designating surfaces to suit this method of construction. 

(1.) As has been already shown, a plane is designated usually (be- 
cause most conveniently) by its traces on two coordinate planes. 
Lideed one trace and a point on the other is sufficient ; and when the 
plane is given by means of other specific conditions, it is still the best 
way of proceeding to find the traces of that plane as the preliminary 
step. 

(2.) The cylinder being the extreme case of the cone (where the 
vertex is infinitely distant and the edges of the cone consequently 
parallel), the two surfaces will be designated by nearly similar me- 
thods, and the constructions will partake in a great degree of the same 
character. 

(a) The cone and cylinder may each be defined (that is, their 
elemen t s represented) by means > 'i 
of the projections of two sec- 
tions parallel to either of the 
coordinate planes. Thus : — 

When these two sections are 
equal, the figure is a cylinder ; 
and when unequal, a cone. 
They are necessarily similar 
whether equal or not (Prop, xx. 
Chap, I. Pis. and Sols.). v >^ 

(b) The most usual way of ^ ""^ 

defining the cone and cylinder is by means of the horizontal 
trace of the surface and the projections of the axis. The hori- 
zontal trace (the vertical might have been taken instead) of the 
cone or cylinder is most frequently taken as a circle, in which 
case the centre of the circle is a point in the axis ; and only one 
point more is required for fixing the axis. In the cone, that one 
point is Invariably the centre of the sur&ce or vertex ; in the 
cylinder, any point whatever. 

Even when the cone or cylinder is given by the first method, it 
Is most convenient, and sometimes necessary, to reduce the con- 
ditions to the second method of definition. 

(3.) The sphere is defined by means of its radius given in magni- 
tude, and the projections of its centre given in position. 
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Sometimes it may happen that when the sphere, instead of being 
directly given, results from prescribed constructions, it may present 
itself by means of some other elements. Those elements can how- 
ever always be, and indeed always are, reduced to the condition stated 
above, anterior to any further constructions which involve it. 

Of the ellipsoid, which is the surfiice next to these as r^iards ele- 
mentary character, nothing can be given in this course, and hence the 
mode of defining it may be properly omitted. 

PBOPOSITION I. 

Gwen one trace and the projections of ike axis of a cone to find ike 

of iis projections on Mk planes. 



Let V, p. be die vertex, e, tiie centre of the ciicsJar tmee, nd the 
cirde as in the figure. 





Draw the tangents a^ a, 6, b perpendicular to the axis ; and join'oog, 
hv^. The space ov, ^compreJiends the projections on the vertical plane 
of all the points of the cone between the vertex and trace inclusive. If 
points beyond these limits be taken into consideration, they will still lie 
between the prolongations of these lines taken suitably to the case. 

Draw the tai^nts Vi C|, V| di to the trace. Then the honzontal pro- 
jections of all the points in the cone between the vertex and the base 
inclusive will lie in the space bounded by the circular arc CiOidi and 
the tangents C| v^, d^ r^ The extensions of the tangents c^ «|, di v^ 
include the projections of all points in the extended cone, as in the 
former case. 

In the cylinder the process is precisely similar, except that the 
limiting lines are parallel instead of converging to a point, as in the 
unlettered figure. 

Scholium. The figures contain also the construction for the projec- 
tions of the aiis, which the student will explain. 
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PROPOSITION II. 

Given the elements of a cane or cylinder and the projections of a pointy 
to find whether that point he on the surface or not. 

(1.) If the projections a^^ Og of the point do not both lie within the 




regions prescribed by the preceding problem, the point cannot be on 
thesurfiice. 

(2.) If tbey'be situated within the limits, each will be the projection 
of some two points of the surfrce (since a line may cnt the suriiioe in 
two points) ; the horizontal projection being that of one pair of such 
paints, and the vertical that of another pair of such points. 

Suppose, then, that a, is the horisontal projection of a point on the 
smiace : we are reqnired to find whether a, is the y^tical projection of 
the same point. 

Draw Vi a^ {vi v, being the yertex) to meet the trace in pi, q^. This 
is the horizontal projection of the edge of the cone throogh that point ; 
u^<l Pi9 ^1 <^i^ the traces of the two edges, either of which might con- 
tun the point in question. Find, as usual, their vertical projections 
P^tj ^n tt^ ^ them cat Oj a, in r and s. Then, if either r or s 
coincide with a,, a, will be the vertical projection of the point on the 
surface whose horizontal projection is Oj : if not, the point aj o, is not 
upon the given surface. 

Scholium. If a, fall between r and «, the point a, a, is within the 
cone or cylinder ; if without, without. 

In this process we have solved the problem : piven one projection of 
a point situated on a given cone or cylinder to find the other. 

There is however another case left for the student : when the vertical 
projection a, is g^ven, to find a,. 

PEOPOsrnoN iii. 

Through a given point to draw a tangettt plane to a given cone or 
cylinder, 

(1.) Let 9|Va be the given vertex of the cone, and Oi a, the given point. 
Both these are in the tangent plane, and the tangent plane contains 
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both the traces of the liae through them 
and the Tenical fit ^ found as usual. 



Let the horizontal trace a 



-^ 



Again, since the plane louche* the cone, ita boritontal trace is a 
tangent to the horizontal tiace of the cone. Whence drawing a, P, <x, Q 
to touch the horizontal trace of the cone in P„ Q„ these will be the 
horizontal traces of the two planes through a, a, touching the cone. 

Lastly, as the plane also passes through fi„ we have only to diaw 
^fif QA> which will be the vertical traces required. 

(2). When the point a, a, is in the eur&ce of the cone, the two tan- 
gent planes coalesce. The process, though slightly modified, is very 
nearly the same ; the diference merely arising from a, felling in the 
trace of the cone. The tangent to the trace of the cone at that point 
is the horizontal trace of the tangent plane ; and the vertical trace is 
found as before. 

(3.) For the cylinder, the only difference in the construction is, that 
instead of drawing the line a, [i„ v, t^ to a given point, we must draw 
it parallel to the given axis, or one of the given generatrices. 



PROPOSITION IV. 

To draw a tangent plane to a given cone, tohieh ihait make a given 
angle with the horitontat plane of projection. 

Using the former notation for the data, draw v, r parallel to the axis, 
and make r, r = m„ and the angle «, ra the complement of the giv»i 
inclination; with centre v, and radius v, * describe a circle; and to 
this and the trace draw a common tangent F, P. This will be the 
horizontal trace required, but the proof is left as an exercise for the 
student. 

To find the vertical trace, we have only to recollect that the plane 
(F) passes through v v^ and that we have found the horizontal trace 
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Pi P. The construction is therefore reduced to a former problem ; 
and is, moreover, suggested by the lines drawn in the figure. 




Scholium. When the circle about v^ falls wholly without the trace of 
the cone, there will he four solutions ; when it touches externally, there 
will be three ; when it cuts, there will be two ; when it touches inter- 
nally, there will be one ; and when it fiJls wholly within, there will be 
none. 

The construction for the cylinder will only differ from the preceding 
in minor particulars ; which, however, the student is required to point 
out. 

PROPOSITION V. 

A cone and a line through its vertex are given^ to draw through the line 

a tangent plane to the cone. 

All planes through the given 
line (whether they are tangent to 
the cone or not) pass through the 
traces of that line. Let then t7| v^ 
be the vertex of the cone, and ai, 
;6^ the traces of the given line 
through it. 

Draw «! Pi P to touch the 
trace of the cone ; this will be 
one of the traces of the plane. 
The other trace passing through 
;S„ tlie line P;^ is that trace itself. 
The plane is hence determined. 

Scholium. If the line «! fi^ fall 
within the conical surface, no 
such tangent plane can be so 
drawn ; if it fall on the surface, 
one only can be so drawn ; and if wholly without ^ there can be two. 

There is no corresponding case in respect to the cylinder. 

VOL. II. T 
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PROPOSITION VL 
To find the inierseeticns cf a ghat plane wiik a givem come or eifimder^ 

The sectiODft of the cone maj be either ellipses, parabolas, or hyper- 
bolas, inclodiog' all their Tarieties (Conic Sections^ p. 221). Those 
of the cylinder onlj the ellipse and its varieties, aind straight lines. 
Generally, lor the detenninafum of these, five elements are leqnired. 
Thus far with reelect to the sections themselves ; bat in the present 
case it is moreover reqnixed to find their orthogra^ihic projections on 
the coordinate planes, which, however, does not alter the speeiet of the 
figures, the ellipse still being projected into an ellipse, a parabc^ into 
a parabola, and an hyperbola into an hyperbola. 

The most obvious mode of proceeding is — to take any five conve- 
nient generatrices of the cone or cylinder, and find the projections of 
their intersections with the given plane. The conic sections traced 
through the five points thus obtained on the coordinate phmes will be 
the projections required. The figure, however, whidi contains the 
entire process is too much crowded with lines to be given here ; but it 
is easily drawn, with proper care, upon a larger scale, and the whole 
process is too intelligible to need further remai^. 



PROPOSITION vn. 

To find the vnieneetion of a given line with a given cone or cgUnder. 




Find a„ A the traces of the given line ; take any'point a, Oc in it, 
and find the traces yi, It of the line through a, a^ ftn^ v^ ««. The plane 
whose traces are a, y^ and fi^ K passes through the given line and the 
vertex of the cone, and cuts the cone in those two of its edges which 
pass through the intersections of the given line and given cone. 
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Let r„ «i, be the interaectioiis of the traces of this plane and the 
cone. Find as usual (and as indicated by the lines in the figure) the 
yertical projections rv^ sv^ of these edges, and let them meet the ver- 
tical projection of the given line in ^, g,. Draw p^ /7|, g^ q^ per- 
pendicular' to the axis, meeting the horizontal projection of the given 
line in p^^ q^. Then jpi p^ and q^ q^ are the points in which the line 
meets the cone. 

In the case of the cylinder, the only difference is — that in finding 
the line through the assumed point a| a, in the given line, drawn to a 
given point, v^ r,, that line is to be drawn parallel to the given axis (or 
a generatrix) of the given cylinder. The work is slightly lessened, 
but the principle is the same. 

PROPOSITION VIII. 
Through a given line to draw a tangent plane to a given sphere. 

On account of the multiplicity of the lines which enter into all the 
steps of the construction, the process can only be described here ; but 
the student will be required to perform them in detail. 

(1.) Through the centre of the g^ven sphere draw a plane perpendi- 
cular to the given line, finding the projections of the point of inter* 
section. 

(2.^ Find the distance of this point from the centre. 

(3.) Construct (separately) a right-angled triangle having the dis- 
tance in (2) for its hypothenuse and the radius of the given sphere 
for one of its sides, so as to find the angle opposite to this radius. 

(4.) Through the given line and centre of the sphere describe a 
plane. 

(5.) Through the given line describe a plane to make with that 
in (4) an angle whose profile is equal to that determined in (3). 

This will be the plane required ; or, rather, there will be two, one on 
each side of the plane (4). 

PROPOSITION IX. 
To find the intersection of a given sphere with a given plane. 

Generally the projections will be ellipses ; one projection being 
a circle only when the g^ven plane is parallel to one of the coordi- 
nate planes, and the oti^er a limited straight line. This case is so 
simple that it may be left without further instruction £ot the student's 
exercise. 

(1.) When the given plane is oblique to both coordinate planes, find 
its traces. 

(2.) From the caitre of the sphere draw a line perpendicular to the 
given plane. The projections of the point of intersection of the line 
and plane will be those of the centres of the ellipses into which the 
sectional circle is projected. 

(3.) The major axis of each ellipse is parallel to the trace of the 
given plane on the plane of projection, and equal to the radius of the 
sectional circle. 

y2 
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(4.) The minor axU perpendicular to this is the same radius reduced 
in a given ratio. (^See Conic Sections, p. 221.) 

(5.) The radius of the sectional^ circle is thus found : — 

Find the length of the perpendicular from the centre of the 
given sphere on the g^ven plane : form a right-angled triangle 
having the g^ven radius of the sphere for its hypothenuse and the 
perpendicular for one of its sides ; the other side will be the sec- 
tional radius. 

Scholium. The problem of finding the intersection of two given 
spheres is at once reducible to this, since that section is a circle whose 
plane is readily determinable. 

PROPOSITION X. 
To find the intersections of a given straight line with a given sphere, 

(1.) Draw a perpendicular from the given centre to the given line; 
and assign the point of intersection, and the distance of the intersection 
from the centre. 

(2.) Construct a right-angled triangle (separately) whose hypothe- 
nuse is the radius of the given sphere and one of its sides the distance 
just found. The other side is the serai-length of the segment of the 
intercepted line. 

(3.) Describe on this line as hypothenuse another right-angled tri- 
angle having one of its angles equal to the inclination of the given 
line to either plane of projection. The side adjacent to this angle b 
the semi-length of the projection of the intercepted line on that plane. 

(4.) The remaining part of the construction (one single step) is 
obvious. 

SECTION V. 



SHADOWS. 

This is one of the simplest applications of Descriptive Geometry, at 
least as far as the subject is of any use in engineering and architectural 
drawings. If, however, pursued into all its conceivable applications, 
it becomes extremely complex. Only the simplest and most ele- 
mentary problems have been deemed necessary here, but a full com-, 
prehension of these will be fully adequate to enable the draughtsman 
to project any shadow that can occur in his practice. 

A few general but brief remarks may be usefully made at the outset. 

1. Although the method of determining the shadows of objects here 
g^ven is perfectly general, and adapted to all circumstances of the rela- 
tive position of the object, the light, and the sur&ce upon which the 
shadow is thrown ; yet in fixing upon them in the case of sun-light, it 
is the universal English practice to select one specific position of the 
sun with respect to the principal face of the object, that face beings 
also parallel to the vertical plane of projection. I know, indeed, of no 
merely professional work published in England in which the general 
melhod is given, and only one, and that only semi-professional| in our 
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language :* though such treatises, illustrated with ample examples, are 
frequent on the Continent. It is, however, always preferable to under- 
stand the general principles that run through an entire system, rather 
than to be confined to the special cases of them which the study of 
mere convenience may render it advisable to adopt in practice. 

2. This special rule to which reference has been made is that 
wherein the luminous rays are said '^ to make angles of 45^' — a 
phrase, certainly, which in itself does not contain a very definite mean- 
ing. It is, however, this : — 

The direction of the sun's ray is such that if the line be projected in 
the horizontal and vertical planes, its projections will make, with the 
axis, half a right angle ; the riglit angle, Trig., Vol. L, p. 213, being 
designated as 90^, and hence 45^ denotes half a right angle. 

3. There are, indeed, good reasons offered for this choice as a 
general rule, especially where the simplicity of the work and the effect 
of the drawings are any way objects of consideration. The simplifica- 
tion will be best seen by a few trials, which make a stronger effect on 
the mind than mere verbal description. They belong, too, rather to 
the province of the practical instructor than to the development of 
fundamental principles. 

4. The effect is two-fold. It gives a breadth of shadow agreeable to 
the eye, midway between the " meagre" and the " heavy." It also 
tells to the professional eye the prominence of the object which casts 
the shadow, without reference to the projection on the other plane, 
since the shadow's breadth is equal to that prominence. A shadowed 
elevation is, therefore, tantamount to an unshadowed plane and eleva- 
tion together. 

5. Although direct constructions admitting the feasibility as well as 
possibility of constructing the conic sections from a suitable number of 
elements are theoretically and practically elegant, yet in actual draw- 
ings they are seldom resorted to, except in the simplest cases. For 
the shadows on pillars, niches, as well as for shadows cast by them 
on planes, the best method in practice is to find the separate shadows 
of points at convenient distances, and then trace a curve through each 
of these. In this case it is always advisable to draw planes through 
the points of the original, parallel to the ray and perpendicular to the 
horizontal plane of projection. 

6. Other suggestions might be added were they not in some degree 
foreign to a mere sketch like the present. 

7. Of the degrees of intensity of the shadow in different regions 
^within its limits, nothing can be said that would be of the least 

practical use. The problem, indeed, is a mixed one — partly physical 
and partly geometrical ; and though capable of a perfect mathematical 
solution, we are yet left without any means of constructing the solu- 
tion ; for we have no means practically of making a shadow of any 
specified intensity. We trust to the eye after all. Even could we by 
mechanical means ^' lay on" a shadow of given intensity at a given 
point, our modes of shading are still incompatible with any approach 

* " A Treatise on Shades and Shadows, and Linear Perspective." By Charles 
Davies, Professor of Mathematics in the United States Military Academy. New 
York, second edition, royal Sto. 1838. This work deserves my most cordial re- 
commendation to the English reader "who wishes to enter fhlly into the subjects 
treated in it. 
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towards perfect gradation of intensity. We cannot sliade by a point 
at a time, or even by a line at a time. 

DEFINXTZOKS. 

1 . The portion of any figpure which is exposed to the direct light of any 
luminary is called the Uiummated part^ or the light pari of the figure. 

2. The portion of the figure which does not receive direct light ^m 
the luminary is called the s/uided part of the figure, or the shade of the 
figure. 

3. The portion of any other sur&ce from which the direct light is 
intercepted by a given figure is called the shadow of that figure. 

4. The boundaiy of the light and shade upon any figure is called the 
line of shade. 

5. When the light, instead of emanating from a single point, comes 
from all the points of a luminous body to which the fig^e is exposed, 
and produces a variety of shadows of different intensities, the band 
between the absolute shadow and absolute enlightenment is called the 
penumbra. 

PROPOSITION I. 

To find the shadow of a pointy the rays of light being parallel to a 
given line* 





Let a^ a. be the given point, and R, R, the line to which the light is 
parallel ; then the line through a parallel to R will pierce one, and only 
one, of the coordinate planes in the visible or first r^on of spaoe. We 
have, therefore, only to construct the visible tmce of that line. 

This is the same problem as tJiat in Descriptive Geometry : to draw 
through a given point a, a HneparaUd to a given line R. 

In JF^. 1, the shadow fells on the vertical, and in Fig. 2 on the bon* 

zontal ooordinate plane. . 

Scholium. This is the foundation of the entire system of shadowmg 
in architectural and mechanical drawings. 

PROPOSITION II. 

To find the shadow of a pointy the light emanating from a given 
point. 

Let s be the' luminous origin, and a the given point : then the 
problem is identical with that in Descriptive Geometry, which requires 
us to find the visible trace of a line passing through the two given 
points s and a. 
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In Fig. 1, the shadow falls on the vertical, and in Fig. 2, on the 
horizontal coordinate plane. 

Scholium. This is the foundation of shadowing from artificial lights, 
as in interior night representations. 

PROPOSITION III. 
To find the shadow of a given line, the rays being parallel. 
I. Let a 5 be the given line, terminated at a and h: then the 






328 



DESOBIFTIVE OBOM ETBT. 



shadows of the extremities being joined (these being found by Prop, i.)^ 
we shall have the shadow required: the shadow falls wholly upon 
and within the horizontal coordinate, as in Fig. 1. ; or toholly on the 
vertical, as in Fig. 2. 

2. Should, however, the trace of the shadow line through one extre- 
mity of the line fall upon one plane and the other on the other, a 
different method, or rather an extended method, must be employed. 

Since the ray through the given line at either extremity and the 
line itself are in one plane, the trace of that plane upon the coordinate 
planes will be the position of the shadow ; and its limits have already 
been found. It is hence only necessary to find in addition to ax and 
y6, the horizontal trace fix of the ray through b ; which enables us to 
find the intersection Q of the shadow plane with the axis. The shadow 
will hence be composed of the two parts Ox Q, QyS^. 

Scholium 1. Should the position of the given line and the ray 
render it more convenient, one of the traces of the given line ah will 
answer the purpose of finding Q ; for both its traces are also in the 
traces of the shadow plane. 

Scholium 2. If the shadow of the line ab^ merely given in position^ 
without reference to its extremities be required, the process will be 
somewhat simplified in practice by finding the traces of ab^ and of a 
line parallel to the ray through one of the traces of ah. 



PROPOSITION IV. 

To find the shadow of a given line, the rays emanating from a given 
point. 

In this case let ab be the given line, and s the given origin of light : 
then the extremities a, b are to be considered as points tlirough which 
lines are drawn from s to meet the coordinate planes: that is, the 
visible traces of sa^ sb are the shadows of a and b. 

In Fig. 1, these are both on the horizontal coordinate plane, and the 
shadow \s dxfixi in Fig. 2, they are both on the vertical, and the shadow 
is ar, )6s ; whilst in Fig. 3, one visible trace is on each plane, and, as in 
the preceding proposition, another trace of one of the shadow lines, as 
P^ is necessary for finding Q the point in which the shadow cuts the 
axis. 





SHADOWS. 



329 




PROPOSITION V. 

To find the shadow of a given point in a given plane ^ the rays being 
either parallel or emanating from a given point. 




1. Let a be the given point, P the given plane, and B' the ray : find 
the traces of the ray through a parallel to the given ray ; then any 
two planes Q, B through this line will cut P in lines which pass 
through the point of intersection, or the shadow of a. Find the pro- 
jections of these lines, viewed as the intersection of P with Q and B 
respectively : then the intersections of their projections on the coordi- 
nate planes will be the projections of the shadow sought. 

2. When the light emanates from a given point, the only difference 
will be that the shadow line instead of being parallel to B' will pass 
through the projections of this point. 
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Cases of Prop. V. 

r It will oflen happen that, under particular conditions of the data, the 
practical construction becomes much simplified; and the simplified 
cases which occur in usual practice require to be specially noticed. 

1. Let the plane be parallel to the 
elevation^ and Pj be its trace, a^ a, being 
the given point, and Ri B, the direction of 
the ray. 

Draw the parallels tlurough a^ and a^ to 
the projections of the ray ; and let a^ a\ 
cut Pi in ort: then cci is the horizontal 
projection of the shadow point on P„ and 
drawing, as usual, we get a, for the pro- 
jection on the vertical. 



2. Let the plane be parallel to the plan^ 
and P, be its trace, ai a, as before. Then 
by merely reversing the order of the last 
operations we get a^, o^ for the horizontal 
and vertical projections of the point of 
shadow. 

3. Let the plane be perpendicular to one 
of the coordinate planes, but not parallel to 
the other ; as P in the two annexed figures. 

Draw Oi a^ or a, o^ (as the case may be) 
to meet PPjOr PP,, in a, or a,: and proceed, 
as in the preceding cases, to find o^ or oj : 
then «! a, is the point required. 




Jos 
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4. Let the plane be perpendicular to both planes : that is proiie. 

Draw a,a„ and 0,0^ to meet tiie traces (parallel to the ray as 
before) : then a, o^ is the shadow point required. 

For all these operations are only finding the intersection of the my 
with the given plane, by the methods of Descriptive Geometry, as 
already explained and studied. 
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PROPOSITION VI. 
To find the prof ections cf the shadow of a given line on a given plane. 

Let P be the given plane, a\ fin the given line, and R the direction of 
the rays. 




1. Through any point c of the given line, draw a parallel to the lay 
R : then the plane of shadow of the given line will pass through this 
line and the given line ; and its intenection with P wiH be the shadow 
on P. 

Find one of the traces of the line through e parallel to the ray, as 
Yi ; then trace the plane fit Yt «i which will be the shadow plane. Find 
its intersection with P : then the lines Qi ^i and Qi q^ will be the pro- 
jections of the shadow cast upon the plane P by the line ai fi,, 

2. If the light emanate from a point, the difference of construction 
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will merely be that which results (rom drawing the line through e from 
the luminary instead of parallel to R. 

The cases of this proposition are correspondent to those of the pre- 
ceding one, the operation being performed for each extremity of the 
given line. 

LIGHT AND SHADE. 

We shall omit, for the moment, all consideration of the circumstances 
arising out of the supposed magnitude of the luminous body, and there- 
fore all that relates to penumbrae and penumbrals. The light will, 
therefore, be considered to either move in parallel straight lines, or in 
lines meeting in a single point. The influence of magnitude will be 
considered hereafter. 

Only the actual effect of direct light as distinguished from its absence 
will be considered in this stage of the inquiry : all that relates to re- 
flected and refracted light upon the parts of the body not in direct 
light, and all that relates to the different intensities of light upon the 
enlightened as well as upon the shaded parts, involving other and 
separate considerations, will not be discussed at present. 

We shall discriminate the shade as here considered by the name of 
geometrical shade, and the shade modified by the other circumstances 
referred to, by the name of natural shade. 

All figures bounded by plane surfaces have these surfaces bounded 
by straight lines meeting, three or more, in points. The boundary of 
light and shade must, evidently, be in some of these lines, and hence 
must also pass through some of these points. It will hence follow that 
the portion of space from which the light is intercepted by a poly- 
hedron is a prism or a pyramid, according as the rays are parallel or 
emanate from a point. It is moreover clear that the extreme plane 
boundaries of the prism or pyramid will be the boundaries of light and 
shade ; and that the parts (or faces) which lie on the side of the poly- 
hedron on the side of the light will be enlightened, whilst the remaining 
ones are in geometrical shade. 

When a plane face coincides with one of the planes of light and shade, 
we shall call it neutral :* the slightest variation of its position in one 
way placing it in light, and in the opposite way shade. 

If the surface be curved, the boundary of light and shade will be a 
cylinder or cone, according as the rays are parallel or emanate from a 
point ; and in all cases the cylinder or cone will be tangential to the 
surface, and may be considered as generated by the consiecutive inter- 
sections of tangent planes to the sur&ce drawn parallel to the given 
ray, or emanating from the given point, as the case may be. 

To find the shaded parts of a polyhedron, which are always bounded 
by straight lines, we have only to find, therefore, the extreme shadows ; 
and mark the lines whose shadows these are, which will be the lines of 
separation sought. 

In the case of the cone and cylinder, the determination of the shadow 
also suffices for the determination of the shade, inasmuch as the genera- 
trices which limit the shadow also limit the shade. 

For other curve surfaces, as the surfaces of the second order, develop- 

* It might perhaps be as well to call the lines of separation of light and 
neutral lin€S ; or in polyhedrons, neutral edges. 
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able surfaces, and eur&ces of revolution 'generally, a different mode of 
actual construction must be employed adapted to the known properties 
of each of these classes of surfaces ; but the methods themselves are 
both rigorous and strictly geometrical. 

PROPOSITION VU. 

Qwen the plan and elevation of a polyhedron, to find the thadowt of 
the figure on the plan and elevation, the light being parallel to a 
given line. 

Find the shadows a, $, 7, S of the angular points on whichever 
plane they may lie ; and draw lines to join them if on the same plane ; 
or if on different planes, find the broken line of shadow as before ex- 
plained. These wilt be the boundaries of the shadow. 



In the tetrahedron in the figure the shadow at ad U wholly on the 
horizontal plane, and of cb wholly on the vertical ; whilst those of all 
the other lines are partly on each plane. 

PROPOSITION vin. 

To find the shadow of a given point on a given right cylinder. 

Thb is, in &ct, a particular case of the intersection of a given line 
and a given cylinder, which lias been constructed in the " Descriptive 
Geometry," {Prop. Vii. See, \v.) : but in this case, like many others 
in the application of general principles, the actual problem is almoit in- 
variably to the right circular cylinder, perpendicular to the plan. Our 
solution merely requires that the cylinder shall have its axis perpendicu- 
lar to the plan. 



334 



DBSCRirriTS OEOMBTBT. 



Let a, ^ be the ^ven point, and lett he 
curve a, 0, y, be the trace of the cylinder 
on the plan ; draw a, a, parallel to 11, lo 
meet the trace in Hi, and a, a, parallel to 
B,, to meet the perpendicular from a, in «, : 
then d, 0^ is the projected point of section. 

If a, tti meet the trace again in fi, and we 
find ^ as we found a,, we get the shadow 
upon the internal face of the cylinder, the 
half next the light being supposed to be 




In this we have in fact constructed the 
point on the tangent plane of the cylinder, by the preceding propoai- 
tions ; and it follows from that without iiirther reasonings. 

Cases and Affucatioiis of PnorOBrriON Vin. 

1 . To find the ihadow of a line anyhow tituated on the cylinder. 

This is effected by the construction of the points 1, 2, . . .m taken at 
any convenient distances from each other ; either equal or otherwise. 
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Id the left figure, the line is anyhow situated: the construction tor 
the point 7 being exhibited. The vertical edges of the cylinder 1 and 
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9 are the boundaries of light and ihade, and 1, 9 on the plane^'ia the 
trace of the neutral diametnl plane. * ^r^ i 

In the right-hand figure, we hare a cylinder surmounted by a square 
cap ; t,~St is the line of shade ; o^ ^ is the viaible shadow of ae ; and 
a,h is the shadow of ae, which, being perpendicular to the elevation, 
is a straight line. 

2. To eotutruet the shadow of a circular cap tumumnting a cylin- 
drical column upon the shaft cftke column. 

The process is here of pre- 
cisely the same character ; the 
construction being given for the 
point 6 of the cap. 

And in precisely the same way . 
will the construction be per- 
formed for any shadow whatever, 
the projections of the object 
being given. 

3. To ^nd the shadow <^ a given 
circle on a given plane. 

(a.) Let the circle be pa- 
rallel to the plane on which 
it is to be projected : then 
the shadow will be equal to ^ 
the circle itself, and the 
homologous lines of the 
circle, and its projection 
wilt be equal and parallel, 
both in fact and in their 
respective plans aud sec- 



(£.) When the plane of projection is one of the coordinate planes, 
we have only to find the projection of the centre, and with the 
radius of the given circle, describe the contour of tiie shadow. 

(c.) When the plane has any given pomtion, and the projection 
of the centre npoa one of the coordinate planes ia given, as well « 
that of any one point in tiie circumference, the other projections 
can be found as taught in the Deacriptive Geometry, and the 
diameters parallel to and perpendicular to one of the traces of the 
contiuning plane can Ite projected on tioth coordinate plaosa. 
These diameters are perpendicular to each other in the given circle ; 
and their projections are conjugate diameters of the elliptic 
shadow. 
From these the principal axis can l>e fbimd by sereiKl methods, and 
the ellipse traced. 

(d.) When the plane which contains the circle is perpendicular 
to one of the planes, the actual woit is slightly reduced, as far as 
relates to finding the vertical projections of the two rectangular 
diameters of the drole. 
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PROPOSITION IX. 
Tojind the shadow of a point on a right cone standing on the plane. 
Let Oi a, be the given pointi B| B, the given ray, and v^ v^ the vertex 




of the cone. Through a, draw a, c parallel to Bt) and through Oi draw 
the parallel to B|, and eT^ perpendicular to the axis, giving the point 
Tf Find also the horizontal trace t^ofav: then t^ T^ is the horizontal 
trace of the plane through av parallel to B. 

Whence it will cut the trace of the cone in «, t\ which are the hori- 
zontal traces of the edges of the cone on which the shadow falb 
externally and internally. 

The intersection of the vertical and horizontal projections of these 
edges with those of the ray give e^ e^ and »| t, for the positions of the 
shadows externally and internally. 

A moment's reflection will show that the process is precisely the same 
whether the cone be right or oblique. 
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PROPOSITION X. 
To find the shade and shadow of a given cylinder. 

Let 01 ^1, a, b^ be the projections of the axis of the cylinder, aj, 6, 
being its traces. Take any point c in ab and find the horizontal or 
vertical trace of the shadow cast by it, y^ or y, ; then we get the plane 
P which contains the shadow of the axis. 




The neutral planes are parallel to this, and their traces are tangents 
to the trace of the cylinder ; and hence are found to be Ni N and Q| Q : 
also the vertical traces are parallel to PPs,- and N, Q are found ; and 
hence NN^ and QQ, are the boundaries of the shadow on the vertical 
plane. 

When the cylinder cuts the vertical plane, the visible shadow ter- 
minates ; and the curve which bounds the shadow coincides with the 
trace of the cylinder on the vertical plane. This is easily marked by 
finding the intersection of the shadow of an edge and the projection of 
the same edge on the vertical plane. 

For the shade we have the part of the cylinder on the right of 
N, Qi (in this figure, the light coming in on the left), and its corre- 
sponding vertical projection (bounded by doMe lines in the figure) to 
represent it. 
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PROPOSITION XL 
To find the shadow and the shade of^ ffwen cone. 

Through v^Vt^ the vertex of the cone, draw a line parallel to the given 
ray : this will be the shadow line of the vertex of the cone. Let its 
traces be «„ oif \ 




Now, the shadow planes pass through this line and touch the cone 
itself: whence their traces upon the horizontal plane will be tangents 
to the trace of the cone. 

Whence drawing tangents from ui^ to the base of the cone, we have 
the traces of the two neutral edges, and hence c|in effect their con- 
structions in the usual manner, as represented by the double lines in 
the figure. 

Again, the horizontal shadows tend to o^p and from their sections 
with the axis, the vertical tend to a>t. The shade and shadow are 
hence determined. 

Note. —There is no practical simplification either in respect of the 
cone or cylinder, when they are vertical, except that the traces of the 
shadow on the vertical plane do not exist : the cylinder in this case not 
meeting that plane, and the cone not meeting it within the visible 
limits. 

PROPOSITION xn. 

Given the azimuth and altitude of the sun to find the directions of 
the ray on the coordinate planes. 

Let XX' be the axis of the coordinate planes, AB the direction of 
the meridian with respect to it : make BAa^ equal to the givoi azimuth, 
and make the angle a^Aa the altitude (on either side of Aa^ as may be 
convenient), and draw from any point a| the line a^ a perpendicular to 
Aeii : then lastly in the perpendicular a^ aa^ to the axis make aa^ 
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= 01 (z and join a^A. Then will A^i 
and Aoi be the parallels of the ray upon 
the coordinate planes. 

For evidently A^i is the horizontal 
projectioa by the nature of the con- 
ditions ; and that aei^ is the projection 
on the vertical plane of the projecting^ 
line of a point situated in the ray ; and 
therefore Ao, is the vertical projection 
of the ray itself. 

Note. — ^This, in fact, is finding the 
projections of that particular ray which 
passes through the intersection of the 
meridian and elevation trace on the 
horizontal plane. 

It is also obvious how to construct the converafe problem, should it 
be required, viz. : — 

Given the projections of the ray to find the angle which it makes 
with either plane. 




TOPOGRAPHIC PROJECTION,* OR THE METHOD 

OF CONTOURS. 

SECTION I. 



aSNEBAL PBZNOZPLES. 

1. It has been established in our preliminary course, that every point, 
every line, and every curve becomes perfectly defined, when its hori- 
zontal and vertical projections are exhibited in orthograph. Planes, it 
-has been seen, are otherwise represented, viz., by means of their trfices 
on the planes of projection. It has also been seen that the simple 
sutfaces upon which we have treated (the cylinder, the cone, and the 
sphere), are also represented upon a different principle, that of repre- 
senting an arbitrarily selected specimen of the line or circle by which 
they are respectively generated. Let us recal these. 



* The Topographic Projection difiers from the old Orthographic Projection on 
a single plane, in giving the KaU of the line or plane in addition to the projection. 
In the topographic the information is complettty g^iven ; in the orthographic only 
partially. Or, at least, the complementary information is given in snch a diversity 
of ways as to destroy all systematic representation. The consequential processes 
in the topographic method, hence, have a nnifonnity which cannot be given to 
those in the oitfaographic. Nicholson, indeed, attempted to remove this objection 
to the ortho^appic projection by means of his "directing diagram" (nearly 
40 years ago m Rees's Cyclqixdia, and more recently in his work on Projection), 
but with limited sncoess. 

z 2 
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2. A cylinder is generated by a line, which is always parallel to a 
given line, and which has its horizontal or vertical trace in a given 
curve. 

3. A cone is generated by a line which always passes through a 
g^ven point, and has its horizontal or vertical trace in a g^ven curve. 

4. A sphere is generated by the revolution of a given semicircle 
about a diameter which is given in position. 

5. Although we have employed the generating line and the generat- 
ing circle respectively for the ordinary constructions of Descriptive 
Geometry, in representing these sur&ces, these are not the on/y views 
under which we may consider these surfaces generated. In &ct, when 
we come to consider sur&ces generally in reference to the practical 
applications of Descriptive Geometry to the arts of construction, we 
shall seldom find tliese definitions to be the best adapted to our purpose^ 
and hence I have dwelt upon them under this view but very slightly. 
Even this slight view of them under such an aspect has been adopted 
more for the sake of an easy transition from one view to the other than 
for any other reason ; though it must he remarked, that even these afford 
facilities in certain special cases for the investigation of particular 
problems that are greatly simpler than the general mode of construc- 
tion that is usually employed ; this is, however, only casual, and is no 
argument in favour of its supplanting generally the more effective 
method which will be hereafter developed. 

6. The most simple of general methods of representation of surfaces 
for the purposes of plan-drawing is that of supposing the surface, how- 
ever generated, to be cut by a series of planes parallel to one of the 
planes of projection ; and the curve of section to be represented by its 
projections on the two planes. The sections are in practice made, most 
commonly, by planes parallel to the horizontal plane of projection : 
though, as in Descriptive Geometry, there is no preference of one 
over the other in theory, and the horizontal is chosen from its being 
more in accordance with our earlier practice in this class of draw- 
ings. 

7. For the purpose of showing this more clearly, I shall resume the 
representation of a cone as already given, and as given by the means 
here spoken of. 

Let t7| Vg be the vertex, and a, a, a 
point in the surface : then, if the 
point 6| be in the trace of the cone on 
the horizontal plane of projection, any 
point in the surface is represented if 
we join the point b^ in the trace, and 
either of the projections a^ or a, of the 
point through which the generatrix 
passes. The construction, and therefore 
exhibition of the defining elements, of 
any point in the conical surface, can 
be effected, provided we have the re- 
quisite data for fixing that point. 

8. If, instead of the preceding representation, we employ the method 
of horizontal sections, we shall have a series of curves 0, 1, 2, etc., 
upon the horizontal plane of projection similar to one another ; whilst 
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the vertical projections are horizontal lines bounded by the lines which 
are the projections of the extreme generatrices, and which are also 
marked in corresponding numbers 0, 1, 2, etc. 

It will be obvious that any point b on the surface of the cone 
will be as distinctly defined, by its projection on one of these 
planes, as by the other method. 
It will be seen that whether b^ or 
bg be given, the other can, by 
means of known processes, be 
found. A very rational inquiry 
in this case will be, whether, since 
the vertical plane contains only 
straight lines, the constructions 
effected by means of them might 
not, possibly, be more simply per- 
formed without their aid by the 
substitution of other operations 
whose results shall be coefiective 
with them. In many cases it will 
be found to be possible, but not in 
all cases. The principal practical 
advantage is in those cases where 
the projections on the vertical 
plane are upon a small scale in 
comparison with the extent of 
those on the horizontal plane, or 
vice versd. To the engineer it 
occurs in military drawings, where the relief is small in comparison 
with the ground fortified ; and to the civil engineer, in the delineation 
of ground which varies inconsiderably from the horizontal level. To 
him it is of importance for the purposes of railroad surveys, those of 
canals and turnpikes, the dbposition of buildings, sewerage, supply of 
water, and parochial maps. 

9. To show the general principle, let us suppose these horizontal sec- 
tions to be made at distances from each other equal to any given unit or 
altitude. Then the horizontal projections, being drawn and numbered 
0, 1, 2, etc., will suffice for the adequate representation of the sections- 
themselves. The vertical projections may be omitted from the drawing,^ 
so long as our object is merely to enable the mind to form a general 
conception of the form of the sur&ce ; as it is easy to connect tc^ether 
the ideas of altitude and form — it being, in fiict, nothing more than con- 
ceiving the several projections of the section (which are equal to them 
in all respects) to be raised up to the heights 1, 2, 3, etc., designated 
by the number of units affixed to the curve of projection on the hori- 
zontal plane. 

10. In actual surveys, however, our object is an inverted one. The 
form of the surface is not given, but is required to be found by obser- 
vation in each case. It cannot in general be a r^ular surface, that is, 
one whose geometrical genesis can be assigned. The surveys for this 
purpose will be explained elsewhere: and I shall assume that they 
can be made in what I am now discussing. The problem, as one of 
surveying, is: 
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On cmy given azimuth {cr campasf-bearing) to find the horizont€U 
distances ofaU the successive pairs of points which have a difference of 
altitude of a foot. 

It is Dot always possible, from the interference of obstacles, either to 
vision or motion, to obtain such observations by means o£ direct levelling ; 
but when this is not possible, the survey can be so arranged that, when 
laid down for an adequate number of properly selected observations, 
these points can be assigned by numerical or graphic interpolation, 
whichever we choose to employ. 

11. If we suppose a sufficient number of these points to be fbund and 
plotted on the drawing, a curve line may be traced by hand and 
humoured to suit our memory of the ground, through all of those 
marked of the same altitude ; this will be a representation of that hori- 
zontal section of the ground which is at the assigned altitude from the 
plane to which the observations had reference. This line is tech- 
nically called a contour. 

This method of delineation has long been in use for marking tlie 
soundings or depths of water on coasts. It led, ther^ore, to the 
adoption of the plane of mean low water as that from which depths 
were estimated, and of course from which the heights of the adjacent 
coasts were likewise estimated. Still, though so long practised in such 
coast-charts, its principles and convenience of application were not per- 
ceived by surveyors and topographers till a recent date. It was, 
indeed, proposed (the suggestion being from a different source) a 
century ago to the French Academic ; but it was only subsequent to 
the general peace that it was adopted by any public body. In 1818 
the Bureau de Cadastre laid it down as the plan upon which the 
general topographical survey of France should be delineated ; and in 
1888, it was adopted in the Ordnance Survey of Ireland. Amongst 
the French scientific writers on projection, I have found only two who 
have given even a sketch of it — ^Leroy and Olivier ; and in English, not 
*one who has given even an intelligible description of the process, either 
^ as a mental theory or a practical operation. 

12. The plane of mean low water is not, however, found to be a 
convenient one for inland surveys, on account of the great difficulty of 
finding the real height above that plane at any one point in the survey. 
For military plans a plane above the highest point of ground is often 
used, as that to which the points of the survey shall be referred ; and 
the system is estimated by depths heiow this plane, instead of heights 
above a horizontal plane taken on the ground. The one or the other 
may be used in our reasonings, inasmuch as when the distance of the 
two supposed planes is known, the distance of a point from one- of 
them being given, its distance from the other is fbund by simply sub- 
tracting the given distance from the distance of the two planes. 

13. The plane to which the system is referred is called thB plane of 
comparison : and the reference of a system of points given in respect 
to one plane, to another gpven plane, is called changing the plane of 
comparison. 

14. As it will preserve a closer analogy to the projections with which 
we are most ^.miliar, we shall in our investigations refer the system to a 
horizontal plane below the system itself* 

15. Let us suppose, then, that from actual surveys we have obtained 
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the following lines of 100, 120, 140, 160, and the highest point of 
175 feet above the plane of comparison. It will appear at once that 
the nearer these lines approach to each other, the more steep the ground 
is in that region, and the more distant the less steep. 




16. It will also be apparent that if at any point Oi the declivity be 
required, we have only to draw a perpendicular to the curve at a^ (or to 
its tangent), and making a^ a^ perpendicular to Oi a, and equal to 20 feet 
of the scale, and joining a, a, the angle a^act^XA the elevation of the 
hill-side at a; or which comes to the same thing, its declivity (or 
depression below the horizon) at the point of which a^ b the horizontal 
projection. 

17. When the declivity is considerable, or the lines of contour 
numerous, the projections become inconveniently close to each other. 
In this case it is usual to measure the vertical and horizontal distances 
by different scales, the horizontal being 10 or 100 times that of the 
vertical. This, though it alters the appearance to the eye of the 
general declivity of the ground, raiders the constructions which are 
often necessary to be made on such a map for engineering purposes 
more distinct and consequently more certain. We shall only require 
a final transformation of the resultSy which is easily understood and 
readily made. 

18. In the same manner, if the declivity be very small, and both 
horizontal and vertical measures be made on the same scale, the contours 
will expand themselves to an inconvenient extent. This is remedied by 
taking the horizontal scale iV or -p^ of the vertical one : for though, 
to the eye it conveys the notion (if unapprised) of greater than the 
actual declivity of the ground, its operations are more easily efibcted 
than otherwise. The same remark applies to it as to the preceding case^ 
respecting the final result. 

19. when both scales are the same, we shall call it the natural 
system of contours: when the horizontal scale is diminished, we shall 
call it the compressed system of contours : and finally, when it is 
enlarged, the expanded system of contours. 
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SECTION II. 



THE aEADTTATZOK OF HOSZZOMTALLY PBOJISOTED LINE8. 

1. Let the line here g^duated be that by^which altitudes above XY 
are laid down ; and let AB be a s^ment of a line, the plane AB ba 
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its projecting plane on the horizontal, and ab its actual projection. 
Then Aa and "Bb the altitudes above the plane X Y, are assumed as being 
measured or deduced from actual survey, and likewise the position of 
a and b. Then, obviously the line AB is given in all respects ; and 
any required particular can be obtained either by construction or cal- 
culation. 

It will not be necessary to actually construct the line in its real 
position for any of the practical uses to be made of it, though for the 
purposes of reasoning we must sometimes recur to the eidograph and 
turn the system upon the horizontal plane. 

If, in the naturcd system^ Aa^ be a iinit of the altitude scale, then 
Oi 6| or afii will be the unit of the 
projection scale corresponding to it, 
and Abi a unit of the declivity-scale, 
also corresponding to Aa^ Instead 
of using the same scale-unit for all 
the three lines, this method employs 
the same number of units in desig- 
nating any three corresponding seg- 
ments of the lines. Our first business 
is, the graduation of such lines adapted to the purposes in view. 

Suppose that, without numerically specifying the length of ab^ we 
merely represent it on any given scale, as below ; and write the num- 
bers 11*2 and 5*8, which designate the 
altitudes at a and b of points A, B, in i^ 
the line : then this is considered to re- 
present the line and points A, B, in it — ^these numbers being either 
referred to the fore-mentioned scale, or to another which has a specified 
relation to it. 

The relation of the scales being given, together with the position of 
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a and 6, with their respective numbers 11*2 and 5*8; the line AB is 
said to be figured : and these numbers are called the figures of the 
line; and a, by the projections of the figures. 

2. In our general investigations we shall view them as referred to an 
arbitrary point p in ab^ as the origin of abscissas, and the altitudes as 
their corresponding ordinates. We shall thus, denoting A by x^y^, B 
hyx^y^j any other point by xy, and the inclination by 6, obtain at once 
the following relations : — 

(y - yi) (p^i - a«) = (« - a?j) (y, - yO • • • • (1)> 

(y - yt) («• - xi) = (« - Xt) (yi - yO . . . . (2), 

tane = y*""y* 

The two first of these are identical, and either may be used. From 
either of them x ot y may be found when the other five are given. 
The third gives the inclination of the figured line to the plane of cora«* 
parison. 

Again, if we make y = o, in either the first or second equation, we 
obtain the value of x, which corresponds to the trace of the line upon 
the plane of comparison. It is 



(3), 



^ ^ yigf-yta?i 



(4); 



yi-y« 

and giving to x this value, we obtain the zero point of the projected line. 
Let ti be a unit on the vertical scale : then on the projection and on 
the line itself the corresponding units will be respectively, 

t/p = « cot $ ; and Ui =^ u cosec d ... (5). 

If, however, the scale be compressed or expanded n times, the pro- 
jective unit will respectively be 



u = 



u cot $ 
n 



or tip = It. u cot 



(6); 



and the corresponding units on the line itself 



til = - cosec d, and 
n 



(7)- 



Ui = nu cosec 9. 

The units on the line itself occur less frequently than in the other 
case, in actual researches. 

One or two examples adapted to numerical data will suffice to sliow 
the use of these formulae. 

3. We shall now proceed to show the constructions which are in- 
volved in the use of this mode of viewing a straight line by means of 
its projection and figuring. 

Denote by a\ h* the figuring of the points, a, 6. Set off a A, 6B 
perpendicular to ah from the selected 
scale ; and draw BA to meet a5 in 0. 
Then is the zero point of the line 
AB, as represented on its projection 
ah. 

To graduate it, make B^ equal to 
the vertical unit, and draw /31 parallel 



to AB; then 01 is the projecting 
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unit step this distance from 1 to 2, from 2 to 3, etc. ; then we Iiave 
the scale to which we must recur in all tiiat relates to this line, and to 
all others in the same drawing which have the same inclination to the 
phme of comparison. 

If the vertical scale be increased (suppose tenfold, as is usual in de* 
lineations of ground of slight indinatiou), then these divisions 01, 12, 
etc., will be, not units of projection, but as many unitsas the vertical 
scale is increased. Thus, if Bfi were 10 vertical units, 01 would 
require sub-division into 10 parts^ and so on. Also, if the drawing were 
expanded to represent very steep ground, the units of projection would 
be enlarged in the same ratio. 

The line so graduated is called, the scale of the line AB ; and it is 
the first step to be performed in any problem in which the line is 
concerned. 

It must be carefully recollected, however, that all the lines in the 
same drawing must be referred to the same vertical unit. It will, 
however, be obvious that no difference of constructive process results 
from using one scale rather than another ; but a difierence in the ulti- 
mate estimation of the values of the qusosita will be necessary, and a 
difference in the visual result will also ensue. In the Sallowing pro- 
blems the natural system will be used in general ; and where otherwise, 
it will be specially notified. 

PROPOSITION L 

Through a given point, to draw a line making a given angle with the 
plane of comparison, and to graduate it. 

This problem is evidently indeterminate in one respect, viz., that such 

lines will radiate in all directions round the given projection ; but 

whichever be selected, the process will be the same ; and if found for one, 

may be transferred to all the others by concentric circles, whose centre 

• is the projection of the given point. 

Let a be the projection ; draw any line aa ; perpendicular to which 




make aA the scale length of the altitude of the given point A ; and in 
it take oa^, a unit of that scale ; and make ab the cotangent of the 
given angle to that unit ; join afi and parallel to it draw AO. Then 
is the zero point of the line required ; and if from 0, the distance ab 
be set off to 1, 2, 3, . • . successively, the projection of the line is 
constructed and graduated. 
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If o^i be of a different scale, either greater or less than the hori- 
zontal one, then these divisions 01, 12, etc., will represent only parts of 
the projection corresponding to that relation. If aoi be a multiple of 
the vertical unit, 01 will be the same multiple of the projective unit ; 
and similarly, if aa^ be only a part of the vertical unit, 01 will be the 
same part of the projective unit. 

Moreover, it is clear that 0' a is also one of the lines which fulfils 
the conditions of the problem. 

PROPOSITION II. 

Having given two figured lines, and a point in one of them, to draw 
the projection of a horizontal line through the given point to meet 
the other line* 

Let ah be a given line, and p a point in it ; to draw the projection 
of a horizontal line through p to 
meet another line cd. 

Figure the line cd as before di- 
rected, and let p* be the point in it 
which is figured with the number 
at p. Then draw pp* ; it will be 
the projection required. 

For since p and p* are at the 
same distance from the plane of 
comparison, they are points in a 
line parallel to that plane. 

In a manner precisely similar 
may any number of lines be drawn through as many given points ; in 
whichever of the given lines the points be situated : or again, whether 
the points be in a specific line or not. 

PROPOSITION III. 

Through a given point to draw a line parallel to a given line, 

' Let ah be the projection of the given line figured at a and b, and 
let a' be the projection of the given 
point, also figured. 

Now, since the lines are to be parallel, 
theur projections will be parallel, and 
hence the position of the projection a' b' 
through a* is given. 

Make a A, 6 B, a' A' perpendicular 
to ab, a*b\ and equal to the given 
figures. Draw AB to meet a6 in : 
then is the zero point of the given 
line. Through A' draw A' 0' parallel 
to AO : then 0' is the zero point of the 
line sought. Draw 11', 22' . . . parallel 
to 00' : then the projection a' h* is graduated. 
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PROPOSITION IV. 

Two lines are given^ to find whether they intersect ^ and ifsoy at what 

figure. 

(1.) If their projections be parallel, they can never meet, whatever 
their scales may be, for they are then in parallel planes. 

(2.) Let their projections intersect (viz. ab and a' b') at c. Gra- 




duate them ; then if c represent the same number on both lines, each 
in reference to its own scale, the lines meet in the point which is pro- 
jected in c ; and the figure of that point is the altitude of their point 
of intersection. 

If c upon the two lines do not represent the same altitude, the lines 
do not meet ; and the difference of these numbers is the difference of 
the altitudes of the poi.its in the two lines which have a common pro- 
jection. 

PROPOSITION V. 

Given the figured projections of two lines which meet, to find the eid(h 

graphic inclination of these lines. 

Let c be the intersection of the projections, and 0, the zero points 
of the given lines. Make cC, cC' perpendi- 
cular to Oc and O'c respectively, and each 
equal to the figure of the point c. From 
centres 0, 0' with radii OC, O'C, describe 
arcs intersecting in D ; and join OD, OD : 
then ODO' is the eidographic angle of the 
given lines. 

For it is evident that ODO' is the angle 
made upon the plane of projection by the 
two given lines after revolution. 

Scholium. If the lines should have but slight declivity, the zero 
points may fall at an inconvenient distance. In this case any two 
points having the same figure may be taken instead of them, only re- 
marking that the perpendiculars at c in the preceding construction 
must be diminished also in the same ratio. 
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For we are thus in reality only changing the plane of comparison 
and all the work remains, like the reasoning, precisely similar to that 
already employed. 

SECTION III. 



PLANES. 

1. In this kind of projection a plane is defined by its trace on the 
plane of comparison, and its inclination to that plane. 

If we cut the trace of a given plane by a profile plane, that plane is 
perpendicular both to the given plane and to the plane of comparison ; 
and the common sections of the profile plane with those which it cuts are 
two lines, one in each of the planes, that contain an angle equal to the 
inclination of the given plane to the plane of comparison {Pis. ii., 18, 
ctnd Def, 4). One of these lines is also the projection of the other ; 
and by being properly figured, may represent the angle of inclination 
of the given plane to the plane of comparison. This is the mode of 
representation adopted for planes in this system ; and this angle we 
shall express by declivity^ or the declivity of the plane. One form of 
expression and construction founded on it will be — a plane is defined 
by Us trace and declivity. 

2. If lines be drawn in the given plane parallel to its trace, and 
at distances from that trace equal to the unit of the line of declivity 
(or at distances from the plane of comparison equal to the unit of alti- 
tude), their projections will be parallel to the trace, and at distances 
on the projection of the line of declivity equal to the unit of the 
general scale of projection in the system employed. 

PROPOSITION I. 

To form the scale for ^guring a given plane. 

Let X'X be the trace of the plane, and conceive a plane drawn 
perpendicular to it, cutting the given plane in a line and the plane of 
comparison in 04 : about 04 let the profile plane be turned to coincide 
^vith the horizontal plane, so that the line of declivity shall take the 
position OA4 : draw the perpendiculars A| Oi, A, 0^9 • • • ^ OX : then 
Ooi, Oog, Oo, . • . are equal to the altitudes of the points in the line of 
declivity above the plane of comparison. 
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Wherefore we have this eonatraction : — 

Draw (fiiBt fig.) aline 04.. • • perpen- 
dicular to the trace X'X of the given plane: 
make the angle 40 A4 equal to the given an- 
gle of declivity : make Ooi, Oa^y ... a scale 
of altitudes, and draw a^ A^, a. A*, . . . 
parallel to 04: then, lastly, draw Ajl, 
At2, As3, . . . parallel to the trace. The 
scale of the plane is then g^raduated in 
u, 1, ^, ... 

In practice it will be easier to find 
merely ^lAi, and st^ it off firom aloi^ 
04. 

CoK. We may readily find whether a 
given figured point be in a given figured plane or not. Xet c be liie 
projection of the point (second fig.) : draw cc' parallel to the trace 
X'X, and the point in question will be in the plane if Oc% be the figure 
in the given point : otherwise not. 

Scholium 1. Should the trace be inoonTentently situated for use, any 
line parallel to It may be used instead, if its altitude be given ; always 
recollecting that the numbering must proceed both ways fh>m that 
point in the scale. 

Scholium 2. For the sake of distinguishlBg to the eye the gradu- 
ations of a line and a plane, it is usual to mark the scale of a plane 
with a double line ; and the one is drawn a little thicker than the other, 
for a reason which will presently appear. 



PROPOSITION 11. 
To draw a plane through three given points. 

Let a, &, c, be the projections of the three given points A, B, C. 
Construct the lines through CA, 
CB as before {Sec. 11., 2), and 
let Oi, 0, be their traces: join 
0^0, and draw the perpendicular 
cO to 0^0,. From the graduations 
li, 2t, 3, ... of one of the lines, 
draw parallels to OA, cutting cO 
in 1, 2, 3, ... we shall then have 
cQ graduated for the plane through 
the three points. 

CoR. 1. The construction is 
evidently the same as that for a h 
plane to pass through two given lines. 

Cor. 2. If we wish to exhibit the inclination of this plane to the 
plane of comparison, we must draw cC parallel to Oi 0„ and make it 
equal to the figure of the point c, and join CO. The angle cOG is that 
i>equired. 

For it is in fact the angle of the profile plane placed on the hori- 
zontal plane, and OC is the line of declivity. 
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PBOPOSITION ni. 
To draw a pltme through a given point pardUel to a given plane. 

Let Oa be the graduation of the given 
plane, and Oi the projection of the given 
point : draw the scale O^ai of the plane 
through Oi parallel to Oai make Ok 

equal to the figure of the given point : ^ / ^ jai 

draw OA to make the decUvity of the 
given plane with Oa, meeting the per- 
pendicular Aa in A, and draw Aa pa- 
rallel to Oa, Make aiOi = aO : then Oj 
is the zero point of the line of declivity 
of the plane sought. 

Also, since the planes are parallel 
their traces are parallel, and the point 
Oi is given ; therefore the trace and scale of the plane are foimd. 

PROPOSITION IV. 

Through a given point in a given plane to draw a line that will mahe 
a given angle with the plane of comparison* 

Let a' be the projection of the given point ; draw a'B perpendicular 
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to X'X the trace of the given plane, and a'A parallel to it and equal 
to the figure of the given point : make a* a the unit of the vertical, scale 
to which the given plane is figured, and draw afi to make the angle 
a^ equal to the given angle with the plane of comparison, and draw 
AB parallel to afi. With centre a' and radius a'B describe the arc 
BO', cutting the axis in 0'. Then O'a' is the projection of the line ; and 
its figures are found by parallels 1' • . . to XX. 

For, if we consider that AB of this figure is a line which fulfils the 
condition ; and that O'a' is the projection of same line revolved about 
the projection a' till it comes to the given plan^ the truth of the con- 
struction will be apparent. 
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PROPOSITION V. 
To construct the intersection of two given planes. 

Let OOi and 00, be their traces, and the scales Ofii, OJd^ be figured : 
through ii, 1, draw parallels to the 
traces intersecting at 1 : then 01 
being drawn indefinitely, will be 
the projection of the line required, 
and in length equal to a unit of its 
figuring. 

For 1 li is the projection of a 
line parallel to the trace at the 
distance unit from the plane of 
comparison, and hence is the pro- 
jection of all the points in the 
plane (1) which are at a unit's dis- 
tance from the plane of compari- 
son. In like manner 1,1 is the projection of all the points in (2) which 
are at that distance from the plane of comparison. Whence their inter- 
section 1 is the projection of the point common to both planes which is 
a unit distance from the plane of comparison. 

Abo the projection of the intersection of the given planes is a straight 
line, and it passes through and 1 : and hence it may be figured from 
having its zero point, projection, and projected unit given. 

Cor. 1. If one of the planes, as (1), be perpendicular to the plane 
of comparison, its scale will disap- 
pear, and the plane will be repre- 
sented by its trace only. In this 
case the trace of this plane is the 
actual projection of the line of inter- 
section sought ; and the scale of thb 
]ine will be found by drawing lines 
la 1, 2^2 . . . from the points of the 
scale of the other plane parallel to 
its trace, to meet the trace of the perpendicular plane. 

Cor. 2. If the two planes have their traces parallel, their line of sec- 
tion will be parallel to them, and hence also its projection on the plane 
of comparison will be parallel to them both. The preceding method 
is therefore inapplicable to this case ; but the following will obviate 
the difficulty : — 

Let Oi4|, 0s4, be the scales of the 
given planes : conceive the eido- 
graph cut by a profile, meeting the 
traces in <%!, Og : from any point (as 
3i) draw the parallel to the traces, and 
set off afi„ afiiy equal to the altitudes 
belonging to 3i, upon the scales of 
the planes. Then if aifii, a,;8, inter- 
sect in p, the parallel through p to the 
traces will be the projection required. 
Its figure is uniform in reference to 
either scale, though different, of course, 
in the two. 
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PROPOSITION VI. 



plane. 



Let afl be the projection of the givea line : construct the line of 
section of the given plane with a 
plane through the given line having 
its trace parallel to the given trace 
{Prop, v. Cor, 2). Then the point 
of section of the line and plane is 
projected at some point in this line. 
It is also in the projection a|0 of the 
given line, and hence at their inter- 
section a. This may be figured as a 
point in the plane, or as a point in 
the line, according to the ulterior 
objects in view. 




PROPOSITION VII. 
To draw a line perpendicular to a given piane through a given point* 

Let a be the projection of the given point, and conceive a profile 
plane through it, cutting the trace of 
the given pl^ne in : draw ao, parallel 
to the trace; and in it take aay the 
figure of the point, and ao, the figure 
of the scale of the plane corresponding 
to a. Join OgO, and draw a^ a perpen* 
dicular to Oog, meeting Oa in 0| and Oa, 
in a. Make 1 the unit of altitude, 
draw ir parallel to Oa, and Tli pa- 
rallel to the trace. Also, draw afi 
parallel to 01. 

Then 0| is the zero point of the per- 
pendicular, 0| 1| is the unit of its pro- 
jection, Oi a is the length of the perpen- 
dicular, and fi b the projection of its 
point of intersection with the given plane. 

For since the line is perpendicular to the plane, its projection is per- 
pendicular to the trace of the plane, which condition is in the first place 
fulfilled, since afi is perpendicular to the trace. 

In the next place, the profile plane being turned about Oa, the line 
of declivity becomes Oa„ the position of the point becomes ai, and the 
perpendicular to the plane is perpendicular to Oo,. Whence 0| in 
which it meets Oa is the zero point, and the scale is obviously true. 
It also follows that we have a^ a equal to the distance of the point from 
the plane ; and fi the projection of a b obviously the projection of the 
point of section. 

Cor. The declivity of the line and plane being complementary of 
each other, the figuring may be efiected without quite so much con- 
structive work. The method of effecting it is left as an exercise. 
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PROPOSITION VIIL 
l%rough a given pomi io draw a [done perpendicular to a given line. 

The line being given, its projection and zero point are gpiven : and 
the trace of the required plane will be perpendicular to that projection. 
Assume therefore a plane at pleasure, having its trace such as to fulfil 
that one condition; and figure this plane. Then through the siven 
point draw a plane parallel to this (Prop, iii.) and it is that required. 

This, manifestly, is an exact converse of the preceding proposition. 

PROPOSITION IX. 

Through a given point to draw a plane which shall be parallel to two 
given lines. 

Let 0|, Os be the zero points of the figged lines which are drawn 
through them, these being the given lines, and let a be the point 
through which the plane is to pass. Through 0, draw a line parallel 
to the other given line {Prop, iii.. Sec. 2.), and figure it to the same 
scale : then this will be a line parallel to (1). Hence the plane which 
contains these lines is parallel to the line (1), and therefore to the 
required plane. Join Ig li: then this is the projection of a line 
parallel to the trace of the required plane at a unit of altitude from 
the plane of comparison. Wherefore we can trace and figure the plane 
which contains these lines. 

Through a draw a figure scale parallel to this, and from a set off the 
given figure of Oi to : the line through parallel to the former trace 
is the trace required ; and this scale being figured, we have the plane 
determined. 

PROPOSITION X. 
7h Jind the angle contctined between two ^ured planes. 

Let (1), (2) be the given figured planes (the diagram is easily con- 
ceived), and Ob the figured line in which they intersect (found as in 
Prop. V.) : through any convenient point in 06 as 1, draw a line la at 
right angles to Ob, and make it equal to the vertical figure of the 
point 1 : join Oa, and drtiw ab perpendicular to Oa ; through b draw cd 
perpendicular to 06 to meet the traces of the given planes in c, d, and 
in bo make ba ^ ba: then drawing coy otd^ the angle cad is the inclina- 
tion of the planes to one another. 

For, as was shown in the Descriptive Geometry, cad is the triangle 
revolved on the plane of comparison in which the plane through I 
cuts the two given planes and the plane of comparison. 
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PROPOSITION XI. 

There is given the fyrace of a planer and a figured line m it ; it is re* 
quired to draw through a given point another line, which shall lie 
in the traced plane and make a given angle with the given line. 

Let 3 be the figured line in the plane whose trace is 0^ O^y and let a 
be the projection of the given point: 
through a draw aO| parallel to 3, 
and figure it: draw aO, perpen- 
dicular to the trace of the plane, 
and make aA equal to the given 
figuro of the g^ven point : join 0. A, 
and make 0, c = 0^ A, and join 0, c : 
make the angle 0, cOs equal to the 
g^ven angle and draw 0,a, and 
figure it by parallels to the trace OaO|. This is the projection sought. 

For, obviously, 0| cO, is equal to the triangle whose projection is 
0| aOg ; and hence all the conditions as to magnitude are fulfilled. 




PROPOSITION XII. 
I%rough a given line to draw a plane perpendicular to a given plane. 

Let 0, 2^ be the scale of the given plane, its trace being 0| O5 ; let a 
be the projection of any point, taken at plea- 
sure, in the given line Oa ; draw aO| perpen- 
dicular to 0| 0„ and aa parallel to it ; make 
aa' the figure of the selected point, and aa 
the figure of the g^ven plane for that point ; 
join aO|, and draw o^ perpendicular to 0| cr, 
meeting 0| a in 0^ Then Oy is the trace of this 
perpendicular (Prop, Tii.), and the required 
plane will have its trace passing through thb 
trace 0^. The trace of the required plane also 
passes through o the trace of the given line ; 
and hence 00, is the trace of the plane re- 
quired. 

Draw 0)8 parallel to 0| O5 : then this is the 
figure of a point in the plane drawn. If we 
draw the scale line PO4 perpendicular to the trace, and gp:aduate this 
proportionally to pfiy it will be the scale of the requir^ plane, and 
the problem is solved. 

For this g^raduation different methods may be employed, one of which 
is the following : — 

Join fiO^y and make fih a unit of altitude : 
then AI4 parallel to fiO^ meets the scale line in 
I4, the first division of the scale of the required 
plane. 
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PROPOSITION XIII. 
TojSnd the inienecHon of a givem line with a given piane. 

Let Oa be the projection of the line, AB the trace of the plane, both 

figured 0, 1,2. 

Through draw 00 perpendicular 

to Oa ; then this is the trace of a plane 

through the given line whose decli- 
vity is the same as that of the g^ven 

line ; and hence whose scale is Oa. 

Whence the intersection of the given 

line and given plane will be in tlie 

intersection of the two planes. Find- 
ing then the projection Op of thi? 

intersection {Prop, v.), we have the 

projections of two lines through the ^^ 

point required ; and hence p, their intersection, is the projection sought. 
The height (or figure) is known at once from the scale 0/^, formed 

during the preceding construction. 

Scholium. Problems may be proposed for solution in infinite variety ; 

but the general principles of the method may be sufficiently unda:stood 
from those which have been here g^ven. 

There is only one remark necessary : viz., that though for the sake 
of keeping up a view of the analogy between the Topog^phic Projection 
and the Descriptive Geometry, we have generally employed the trtiees 
of the line and plane as our points of departure ; yet in practice it 
is quite sufficient that we take corresponding figures (as 5, 5; 8]^, 
Si ; etc.), instead of the special ones 0, 0. 1 he advantage gained l^ 
this consists in two things : — that it often saves the trouble of extend- 
ing the scale back to in the drawing ; and that in consequence it re- 
quires less space and avoids damaging the paper. These details, 
however, belong more properly to the practical than to the theoretical 
branch of the subject, as do likewise the applications of the principles 
to actual contour operations, whether in respect to the surveys or the 
drawings. 
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PERSPECTIVE. 

SECTION I. 



GEHEBAL PBIHOIPLEB. 

1. The buainess of Perspective, when dirested of all IrrelevaDt con- 
ditioDs, is, simply, to solve the following problem : — 

Gioen the projection* of a pouU tm the horizoMal and vertical 
planet, and lAetetM thoMe of anoUier point, on the o^ftotite side (^ the 
vertical plane to find the itUersection of the line joining them, upon 
the vertical plane. 



Thus, let PQ be the picture-plane ; E the place of the eje, given 
by the projector £F, £0, or by FK, KO ; G similarly the place of 
" the point to he put in perspective," given by the prelectors GH, 
GM, or by UL, LH : then the problem is, to find on the plane PQ, 
considered as the plane of the draving, the iniersection of the line EG 
with the plane PQ. 

2. The figure above given may be considered as a general picture of 
a model of the planes, points, and lines, drawn by parallel projectora 
upon a plane different frrnn tboee upon which we are required to 
operate ; in fact analogous to the figures employed in the pure theore- 
tical geometry of three dimenuons. Very simple consideraliona, how- 
ever, enable us to make a figure more in accordance with the objects 
we have in view. Thus: — 

Let LQ denote the Mme Hue as in ^ '^ 
tlie former figure, viz., the intersect 
tion of the picture plane with the 
ground or horizontal plane; denote by 
e.e, the point E, so that m, = EO <> 
FK, and M, = EF = OE; and aimi- 
larly G by g,ff,. We then have the - 
problem converted inlo a very simple 
one of Descriptive Geometry, one of 
the planes of projection being that on 
which the perspective i« required to 
be mode. 

The actual construction then be- 
comes nmply this ; — 
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Join «i g^ the horizontal projections of the points, meeting LQ in L ; 
draw LN parallel to e^ ee^ meeting egg^ in N : then N is the perspective 
sought 

Viewed as a constructive process, this is direct and simple : for, 
either implicitly or explicitly (mostly the latter), the points ^|, g^ are 
always given in every problem. No problem, indeed, is proposed in a 
complete state where this is not the case. When, however, points to 
be put in perspective are numerous, and when (as is mostly the case in 
practice) they have certain given relations to one another, some degree 
of modification will very much facilitate the enHre process for a figure 
composed of many related parts. In ikct, the determination on the 
horizontal and vertical planes, of the projections of those points when 
they are thus only implicitly given, takes away much from the sim- 
plicity of the whole work, notwithstanding the great simplicity of its 
final stages. It has, too, the practical disadvantage of requiring most 
of the operations to be performed on that region of the paper which is 
to receive the final picture — a disadvantage which a draughtsman of 
very moderate practice can fully estimate. This disadvantage is, how- 
ever, common to most methods usually proposed, and is by no means 
peculiar to this ; at the same time, as a key to the modified methods, 
this fundamental one must be thoroughly comprehended by the student, 
in order to which let him construct the following problems : — 

(1.) Given the projections of a triangle to find its perspective, for 
three different positions of the eye, selected at pleasure. 

(2.) Given the horizontal projection of a square, the vertical projec- 
tion of one of the diagonals, and the place of the eye, to find its 
perspective. 

(8.) Given a regular tetrahedron having one of its faoes parallel to 
the picture, and the place of the eye, to construct it in perspective. 

(4.) The eye and a cube are given, the cube having two of its 
diagonals perpendicular to the plane of projection ; to put the cube in 
perspective. 

(5.) One of the diagonals of a cube is perpendicular to the picture 
plane, and being produced, passes through the eye: find its per- 
spective. 

(6.) Show that for all positions of the eye in the prolongation of that 
diagonal, the perspectives of the cube will be similar and similarly 
situated figures. 

3. In the method just discussed, we find the perspectives of isolated 
given points, and also those of rectilineal figures by drawing lines to 
join the perspectives of their angular points. In the next, this process 
is reversed : viz., into finding the perspective of a point considered 
as the intersection of the perspectives of two lines which intersect 
there ; and the perspectives of a line as the intersection of the perspec- 
tives of two plaiies which intersect in that line. 

As a first consequence of this system, we shall be required to find 
the perspective of a finite given line, not, as m the first plaecy limited 
by its given extremities, but as infinitely produced beyond the picture, 
and commencing at its intersection with the picture ; and, similarly, 
the perspective of a plane is first found, supposing that plane to be 
infinitely produced, and commencing at its intersection with the picture. 
The mutual intersections of these perspectives, taken in prop^ order, 
give conjointly the perspective of the figure itself. 

4. This mode of representation has already been referred to in the 
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pure Geometry, pp. 157, 158; and by recurring to what is there said, 
the circamstanoes Just mentioned will become clear at once. Thus :— 




if E be the eye, AZ any straight line on the opposite side of the pic- 
ture FQ: then the perspective of the infinitely produced line AZ from 
the picture at A will be one definite line AY^ of which Y is the ter- 
mination. 

For every line drawn from E to a point in AZ will lie in the plane 
drawn through AZ and E ; and hence its trace on the picture will be 
a point in the trace of the plane EAZ upon the picture. That is, the 
perspective of every point in AZ is some point in the limited line AY \ 
and the line AY will be the perspective of the entire infinite line AZ. 

Moreover, as all the lines drawn from E to AZ must lie hehoten the 
parallels AZ and EY, we see how Y is to be determined ; viz., by 
drawing EY parallel to AZ to meet the picture plane in Y. This 
point, Y, is called the vanishing paint of the line AZ, from the per- 
spective of AZ terminating or vanishing at that point. 

It has been shown in the Geometry (Ph, i. 26) that all lines parallel 
to AZ have the same vanishing point Y ; and hence when the incli- 
nation (or direction) of a line is given to the picture and the place of 
of the eye also given, then one point in its perspective representation 
is given, whatever in other respects may be its situation. The trace of 
the particular line upon the picture plane gives another point A ; and 
hence the entire perspective of the indefinitely extended line is given 
when its trace and vanishing point are given or found. 

5. The case of the perspective of a plane is precisely similar in its 
general character. 




360 



rERaPSCTIVE. 



Thu3, let PQ be the picture, BH the plane to be put in perspective 
(supposed to be infinitely extended on the side of PQ opposite to the 
eye E) and AB its trace on the picture plane. Then if a plane CL 
be drawn through E parallel to HB, the trace of which on the picture 
is CD ; the band of the picture plane, infinitely produced both ways, is 
the perspective of the infinitely extended plane of which HABG is a 
part. 

For, as before, the perspective of every point in HABG is situated 
somewhere in that band ; and there is no point in that bond which is 
not the perspective of some point in HABG. 

The line CD is called the vanishing Une of the plane HABG, from 
the perspective of the plane terminating or vanishing in that line. 

It follows y that <dl parallel planes have the same vanishing line. 

Moreover J all lines situated in the same pUme^ as MN, ete^ will 
have their vanishing paifUSj as V, ete,j in the vanishing line of that 
plane, s 

For HB, CL being parallel planes, and EY, MN parallel lines, one 
of which MN is {Jffgpoih.) in one of the planes HB, the other must be 
in the other (P&. i. 4V Whence since EV is in the plane CL, its 
trace Y must be in the trace CD of the plane CL. That is, the 
vanishing point of MN in the plane HB is situated in the vanishing 
line CD of the plane HB. 

And againy all lines anyhow situated in any number of parallel 
planeSj have their vanishing points in the common vanishing line of 
those planes. 

These simple theorems will find important applications presently. 

6. It only remains, in this part of the subject, to justify the remarks 
made at the opening of the section, by showing : — 

(1.) The inierseetion (f the perspectives of two lines is the perspec' 
tive of the inierseetion of the two Unes themidves. 




Let AC, BC be two lines which intersect in C, and have A, B for 
their traces on the picture plane ; and let Y, W be their vanishing 
points respectively. Then AY, BW will be their indefinite perspec- 
tives, intersecting in c; and it is alleged that e is the perspective 
of C, or, in geometrical langui4^, that C, c, E are in one straight 
line. 

This lias been already proved at p. 157. 

(2.) The intersection if the perspectives of two planes is the per^ 
spective of the line in which those planes intersect. 
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IM MA, NA be two planes which intersectin CA, and their tniees 
on the picture-plane be GH, SX ; and let YS, YR be planes through 
the eye E parallel to them, having EY ibr their intersection, and BC, 
DF for their traces on the picture-plane. Then the bands BCHG, 
DFLK are the perspectives of those planes, having the line AY for 
their intersection. 

Now, since the planes MA, AN which intersect in AC are re- 
spectively parallel to the planes SY, YR which intersect in EY, the 
line EY is parallel to AG {Ph. i. 16). Whence Y is the vanishuig 
point of AC, and AY is the perspective of the line AC. Wherefore, 
the intersection of the perspectives of the two planes MA, AN is the 
perspective of their intersection AC, as stated in the enunciation. 

We have next to show the method of defining the data of a perspec- 
tive problem, considering all the lines employed to be traced upon the 
picture-plane of the paper. We cannot, indeed, exhibit the immedicUe 
data in the direct manner that we are able to do in the commencement 
of a problem in the Descriptive Geometry ; but with very little subsi- 
diary construction we are able to render the exhibition of a perspective 
problem in a light quite as simple and intelligible.* 

7. In all direct problems in perspective, the position of the eye with 
respect to the picture forms part of the data. A perpendicular from the 
eye to the picture meets it in a specific point, callei the centre ofihepic' 
ture ; and a line through it parallel to the horizon (or the top and bottom 
of the picture itself) is called the horizontal line. When this point is not 
taken at, or very near to, the middle of the horizontal line, the etfect of 
the picture is that of a painful distortion on account of the eye being 



* In fact, all things considered, the Descriptiye Geometry itself involves sub- 
sidiary considerations and constmctions not less operose tlian those required by 
Perspective. Indeed, Descriptiye Geometry is mainly conversant with inverse 
operatioDS : operations npon the projections of the direct figures, so as to get the 
projections of the quiesita of the problem, and thence the queuta themselves. 
English writers have coufined themselves almost entirely to the projections of the 
figures which constitute the data of a problem : the French to tiie processes which 
are requisite for the determination of the qusesita. The French begin where the 
English writers leave off; the one is the complement of the other: neither is perfect 
and complete in itself; toother they form a complete and perfect system. What 
the English " Orthographic Projection" is to the Descriptive Geometry, this deter- 
mination of the working data from the absolute conditions of the problem is to the 
practical operations of perspective solution. 
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compelled to take in a wider range of scene on one side than the other. 
It is otherwise with respect to the height, inasmuch as we habitually 
refer all altitudes and depressions to our own horizon ; and a scene 
which supposes the eye to be at the middle of the vertical height of the 
picture would be less satisfactoiv to the observer than one where it 
was &r out of the middle of the horizontal breadth. 

8. By the distance of the picture is meant the distance of the eye 
from it, or the length of the perpendicular drawn to it from the eye. 
This is sometimes marked on the horizontal line through the centre, 
each way from that centre ; sometimes a circle with this distance as a 
radius is described on the picture-plane about that centre, and sometimes 
it is merely reserved without any separate exhibition. 

Some degree of confusion is created by most writers neglecting to 
explain what is really meant by ^' the distance of the picture." It is 
not that 18 or 20 inches at which we hold the paper from the eye when 
making a sketch, or the distance at which we stand from the picture 
when viewing it from a proper position. 

Let tUnid represent the^am^ of the picture interiorly (<Nr the visible 
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boundary) ; E the eye ; PQ the plane of the scene (ordinarily horizon- 
tal) ; £H the height of the eye above it ; 'Eabcd the pyramid of rays 
having the eye for vertex and the frame for base ; CD the line in 
which c£d cuts the plane PQ ; and ABCD the section of this pyramid 
by a plane through CD parallel to abed. This plane ABCD is that upon 
which the perspective drawing is supposed to be made ; whilst the pic- 
ture (the actual paper or canvas) which is presented to our view is the 
'' reduced picture," or picture of the real perspective, abed. 

Draw EG perpendicular to ABCD cutting abed in g. Then ^E is 
the distance at which we stand to view the actual picture ; whilst EG- 
is the real distance of the picture upon which the perspective is drawn. 
These may be called the inspecting and constructive distances re- 
spectively. 

The pictures on ABCD and abed are, however, similar, and all the 
parts of the one proportional to the corresponding parts of the other ; as 
are, likewise, all lines connected perspectively with them. Draw the 
plane GEH cutting ABCD in 6K, abed in gh, and PQ in EH. 
Also draw kh parallel to KH. Then it follows from the similar 
figures, that if idl the parts of the scene were diminished in the ratio of 
GE : ^E, we might actually construct on the inspection plane abcd^ 
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In direct perspective, however, this is never done ; but the drawing 
on a reduced scale is made upon abed from that actually constructed 
on ABCD. 

9. Perspective drawings are rarely made to any special scale (as an 
inch to a yard or to a furlong), and g^eneral landscape drawings never. 
The practical difficulty is not in these cases felt so strongly — often not 
felt at all. But the confusion of mind about the relation between 
ABCD and abed is strongly felt by the reflecting student. Cases, how- 
ever, do occur where it creates practical difficulty as well as theoretical. 

In the inverse perspective it is found in a more troublesome form 
than in the direct ; but of this hereafter, 

10. A plane to be put in perspective is g^ven by means of its trace 
on the picture-plane actually exhibited, and its incHnaticxi to that piano 
not exhibited but reserved. We are required, then, to connect the data 
with its perspective, thus giving rise to the following problem : — 

Given the trace and inclination of a plane in respect to the picture^ 
plane,, together with the place of the eyei to find the vanishing line of 
that pUme. 

Let FQ be the picture ; O its 
centre; HL the horizontal line 
(where LQ denotes the height of the 
eye above the horizontal plane in or- aL 
dinary. drawings) ; EM the distance ^^ 
of the picture ; M£N the comple- 
ment of the inclination of the g^ven 
plane to the picture ; and AB its 
trace upon the picture. 

Draw MN perpendicular to MK ; 
with centre O and radius MN de- 
scribe a circle on the picture-plane ; 
draw tangents to it, viz., CGD and 
C'G'D', parallel to AB. 

These are the vanishing lines of the plane according as tlie given 
inclination is towards O or the contrary, as is too obvious to need a 
formal statement of the proof here. 

Cor. 1. If either of the tangents CD, CD' should coincide with 
AB, it indicates that the plane in question passes through the eye. 

Cor. 2. When the plane to be put in perspective is parallel to the 
picture-plane, this mode of complete representation is inapplicable, 
inasmuch as such plane can have no trace (and consequently no vanish- 
ing line) situated on the picture. We can hence only exhibit the per- 
spective of a limited portion of the plane ; and this itself will require a 
modified process, which will be duly expfaiined further on. 

11. A line is most simply g^ven for the purposes of perspective, 
whai it is taken as the intersection of two given planes. Its entire per- 
spective is then the intersection of the perspectives of the two planes : 
that is, its trace is the intersection of the traces of the planes, and its 
vanishing point the intersection of the vanishing lines of the planes, 
as has been shown. 

12. A second manner in which a line is often given is, as having a 
given position in a given plane. 

With a view to the analysis of the geometry of the problem, it will 
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be advisable to view the planes in a general manner, apart from the 
perspective operations. 

Let FQ be the given plane and RS the picture- plane ; AB the 
given line in the plane PQ, and RQ the 
given trace of the plane, and B that of 
the line. 

Take any point A in AB ; draw AC 
perpendiculeur to the plane RS, and AR 
in the plane PQ perpendicular to RQ ; 
and join RC, BC. 

Now the plane ARC passing through 
the perpendicular AC is perpendicular 
to the plane RS ; and hence ACR and 
ACB are right angles. Also, since AC is perpendicular to the plane 
RS, and AR perpendicular to a line RQ in it, the line CR is also per- 
pendicular to RQ {Pis. II. 13). Wherefore ARC is the profile of the 
given dihedral angle of the object-plane and picture-plane, and is hence 
given. 

Again, the point A in the given line being g^ven (or assumed as 
given), together with the angle ARC, and ACR being a right angle, 
tlie lines AC, CR are g^ven. The line AB being also g^ven as well 
as AC, and the angle ACB being a right angle ; the line BC and the 
angle ABC are also given. That is, the angle made by the given line 
with its projection, together with the projection itself, on the picture- 
plane are given. 

This reduces the problem to another form which will be presently 
investigated ; and hence we shall here only give the construction up to 
the stage already analysed. It is more conveniently performed as bye- 
work apart from the drawing. 

In reference to the preceding figure, the small letters here will repre- 
sent the capitals in the analysis. 




Take €tb equal to any segment of the given line, estimated from its 
trace 6, as a working datum. Draw the perpendicular from a to tlie 
trace of the plane, and place ar equal to it in the semicircle on ab. 
Make the angle arc equal to the given profile angle of the plane and pic- 
ture ; draw ac perpendicular to rcy and set ofi' in tlie semicircle ad equal 
to ac. Then abd is the inclination of the given line to its projection. 

This construction is, obviously, only a performance upon one plane 
of operations indicated by the analysis as belonging to several ; which 
process, where magnitudes only and not positions are concerned, is 
always to be adopted in practioe. 
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13. A third method of defining a line for perBpective purposes is : — 

Given itspiane^ and its projection on the pieture^planey to find its per* 
spective, 

[Sometimes the angle which the line makes with its projection is sub- 
stituted for the last datum.] 

In this case we have virtually a second plane through the line given, 
as well as that which contains the line. Thb plane, moreover, being 
perpendicular to the picture-plane, its vanishing line passes through the 
centre of the picture, and is parallel to the trace, that is, to the given 
projection. It is therefore given in position. Whence the following 
construction : — 

Let PQ be the picture-plane, AB the trace, and CD the vanishing 
line of the plane which contains 
the given line ; let GF be the 
projection of the line on the plane 
of the picture intersecting AB in 
K ; and let be the centre of the 
picture. 

Draw OV parallel to FG meet- 
ing CD in y : then Y is the vanish- 
ing point, and KV the perspec- 
tive of the line. 

14. Finally, a line is given by its 
containing plane, its trace, Mid its inclination to the picture-plane. 

A line drawn through the eye parallel to the given line will make 
an angle with the picture-plane equal to the given one ; which angle 
will therefore be g^ven. But the whole of the lines through the 
eye which do this, make equal angles with the perpendicular from the 
eye to the picture-plane ; and hence they are situated on a right cone 
which has that perpendicular for its axis, and a circle on the picture- 
plane for its base. The centre of this circle is the centre of the 
picture ; and the axis of the cone being given in magnitude, the radius 
of the circle is given in magnitude ; and the circle itself is g^ven in 
magnitude and position. 

Whence the following construction * — 






Let AB be the given trace of the containing plane ; K the trace of 
the line ; CD the vanishing line of the contiuning plane ; and O the 
centre of the picture. Make hm the distance of the eye from the pic- 
ture ; mhn the complement of the given inclination of the line to the 
picture ; and hmn a right angle. With centre O and radius OG equal 
to mn describe a circle cutting CD in GG'. 

Then KG or KG' will be the perspective of the entire line, accord- 
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ing as the given inclination ifl towards the centre of the picture or 
in the contrary direction. 

The unfinished part of the construction of the second case of the 
data is identical vith this : for the inclination of a line to a plane is 
the same thing as Its inclination to its own projection on that plane. 

The perspective of a point is always viewed practically (that is, the 
operations for finding it always imply its being so) as the intersection 
of the entire perspectives of two lines which pass through it. This of 
course renders further remark unnecessary, as it leads simply to direct 
constmctions of those two perspectives* 



SECTION n. 

PBAOTXOAL PEBSFEOTIYZU 

In general the application of perspective is to objects having certain 
features of regulari^ and symmetry which enable us greatly to abridge 
the actual work that would be required to put each angular point (as 
an isolated point) in perspective. ' For instance, nearly all the planes 
in which lines or points are actually given are either parallel or per- 
pendicular to the horizon ; or their relations to such planes are easily 
determined both in fact and in perspective. Again, most of the plane 
figures to be put in perspective are rectangles, or have easily assignable 
relations to rectangles or to parallelograms; and most of the solid 
angles that occur are trihedral right angles, having one of the fiuses 
horizontal. Even where these conditions are not fulfilled, the data can 
almost invariably be connected by subsidiary processes with data that 
do fulfil them ; and in any particular case where even this may iail, the 
general methods already g^ven will be adequate to a fiill and perfect 
construction of the perspective. 

In the case of curves, as it is rarely that any one but the circle occurs 
in the practice of the draij^htsman or engineer, it may be sufiicient to 
state that it is deemed in practice sufiicient to find the perspectives of 
eight points equidistant from each other (the angular points of an in- 
scribed r^ular octagon), and then carefuUy tracing by hand an ellipse 
through them. 

A few incidental notes, which though not geometrical perhaps as to 
strict form, are yet founded on geometrical and physical principles, 
may be given in initio. For the sake of reference, they are designated 
as Propositions. 

PROPOSITION I. 

To prepare the drawing and its scales, 

(a.) To eyes of ordinary conformation, horizontal vision is painful 
and indistinct when the bounding line of light makes an angle of more 
than 30^ with the optic axis. When, tlierefore, the breadth of the 
picture is fixed upon, the distance of the eye from it, to form an agree- 
able perspective, becomes also determined — at least within very narrow 
limits of variation ; and when the distance of the eye is first fixed upon, 
the breadth of the picture becomes, conversely, dependent. If this rule 
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be rigidly adherol to^ the lebukn will be exhibited bj the following 
coiutructioa ; ftnd ir varied, the effMd of the iwiilliiii can be nedily 
traced. 

If the distance OE be given, and HL 
be a horizontal line through the centre of ^ 
the picture ; take any equ^ distances OA, 
01, on each side of O, and deecribe the 
equilateral triangle ehl; draw Oe, and 
make 0£ in it equal to the given distance 
of the picture ; and draw EH, EL parallel 
to eh, el. Then H, L are the lateral boun- 
daries of the picture.* 

(A.) The height of (A« ey% above the horizon la usually between 
five and Bix feet, and when the supposed observer stands on the same 
horizontal plane with the building to be put in perspective, this height 
becomes a fixed standard for fbrming all the scales of the picture. This 
in fiict it b which forms the fundamental scale ; the distance of the eye, 
and Gottseqnentlv the breadth of the picture, being regulated by it. 

The height of the lop of the picture above the horizontal line is a 
question leas easy of decision. Of course it may Include an angle of 
30' on the ground of our distinct vision being limited by a right cone 
of rays, the axis of which cone is the perpendicular from the eye to the 
picture. But in &ct, from our being so habituated to elevate the optic 
axis itself that we do it unconsciously to some extent, we can take in 
without pain a more extended space vertically than laterally. 

(c.) Having fixed upon the boundaries and marked the centre of the 
picture, draw a line through tliat centre horizontally. This is called 
the hi/nsontal Uae. 

(d.) To form a scale of height*. 

Let HR be taken of the b^ht of the ^e, and divide the entire line 



PR in Gonfonnlly with it ; draw lines to any point G in HQL : then the 
lines ab, ed, ef, etc., are the penpeclive heights of the line PR wtien 
removed backwards from the picture, so that the perspective of R shall 
be distant from the picture so &r as to be represented on the horizontal 
Hoes bb', cc', dd', etc. 

* If the horizoDtal breadlk be tsken much mors than this, it cannot be leen in 
all its parts vithoat moving the axis of tie eye to u to s«e one part sepantelj 
from anotlwr (whioli wonld be tantMBOnnt to loohing at the ptnpectiTe of a 
penpectiTe), or else dittranins the Kje to attempt to take it all in at one view. It, 
on toe oontrarj, it b« moch lew, Ibe picture biu preciieij the same effect aa an 
agreeable picture wonhl be made to have ty cattiog off a porti<Hi at each end — a 
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(«.) To form a scale of distances. 

Let the figure be supposed to be a section of the entire system by a 




"-J^ 



plane perpendicular to the ground plane, passing through the eye. It 
may be considered, then, as a subsidiary ^figure in a plane at right 
angles to the picture and to the horizon. 

Set off upon the line BQ in which this plane intersects the horizontal 
plane the several distances Qi, Q2, Q3, etc. Make QO (from the 
same scale) equal to the height of the eye ; and 0£ parallel to QB 
equal to the distance of the picture. Then El, £2, E3, etc., will cut 
from QO segments Ql, Q2, Q3, etc., which represent on the picture 
the corresponding distances on the horizontal plane. 

The proof is obvious. 

(/I) To form a scale of breadths. 

Divide the ground line BQ per scale ; draw lines BO, aO, &0, cO| 




etc., to the centre O (or any point in HL) : then if 1, 2, 3, etc., be the 
divisions for distances, and parallels be drawn to BQ, as in the figure, 
01 5|, or bi c„ etc., will be the perspective breadth at the distance 1 . 
Similarly a, b„ or b^ e„ etc., will be that at the distance 2 ; and so on* 

These scales, though often used by practical draughtsmen, are not 
essential. Though given here in accordance with such frequent usage, 
they are not recommended to the draughtsman, who is also a geometer. 
When used, it is better to keep them as subsidiary figures than to 
encumber the actual drawing with them. 



PBOPOSITION n. 

To put a plane figure in perspective. 

As a general statement of the rule, it may be directed to put each 
entire component line of a rectilnear {igure in perspective. These 
perspectives, by their mutual intersections, give the perspective required. 

In the case of curvesi set a series of points suficiently near for the 
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purpose, and having put these in perspective, trace a curve through 
them by hand or by instruments, as the case may admit. 
\ In practical perspective, however, we have seldom to operate upon 
ngures'which do not possess some kind of symmetry, which greatly sim- 
plifies the entire vrotk by diminishing the number of independent steps. 
Thus the ground-plan of a building is mostlycomposed of rectangles, or of 
figures somehow related to rectangles ; the wsdls are invariably rect- 
angular, and the tops and bottoms of a range of windows are each in 
line ; the roo& are rectangles, or occasionally isosceles triangles ; and 
so on. It is the same in machinery, in a great degree, for even wheels 
do not often occur except in horizontal or vertical positions. On this 
account directions somewhat more special may be given for operating, 
(a.) Lei the plane of the figure he parallel to the picture. 
This, on the general principles of perspective, is an isolated or excep- 
tive case ; since the vanishing line of the plane itself being infinitely 
distant, cannot be brought into use. It is usually waved in practice 
by making it dependent on the construction of another case ; viz., by 
finding the perspectives of some of the points by feigning them to be 
the intersections of the trace of the plane on the ground-line and some 
other lines. The following construction is more simple in principle as 
well as in practice. 




Analtsis. — Let PQ be the picture-plane, RS a plane parallel to it, 
containing the figure ABC to be put in perspective : draw lines, AE, 
BE, C£ to the eye E, meeting the picture in ahc. Then the figure ahc 
will be the perspective of ABC, by the definition. 

Draw perpendiculars AA', BB', CC to the picture, and likewise the 
perpendicular EON to the picture, meeting the picture at O, and the 
parallel plane at N. Draw also the planes ANE, BNE, CNE, cut- 
ting PQ in A'O, B'O, CU 

Then the lines AN, A'O, AA', NOE, AaE are in one plane ; and 
hence since this plane cuts the parallel planes, each line in one is equal 
and parallel to the corresponding line in the other, namely, A'B' to 
AB, A'O to AN, etc. Also since AE, A'O are in one plane, the 
point a, which is the perspective of A, is in the line A'O ; and similarly 
i, €?, etc, are in B'O, CO, etc. 

Again, since aO is parallel to AN, the triangles EOa, ENA are 
similar, and hence 

AN : aO : : EN : EO, a given ratio. 

Now O is the projection of the eye upon the picture and A'B'C is 
voLir. 2 B 
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the piojeetion on the picture of the figufe to be put in perspective. 
Wherefore, if we take O the coitre of the picture, and deecribe the 
g^ven figfure on the picture-plane in its ^)propriate position, we shall 
get the following construction : — 




liet ABCDEF be any figure, regular or irregular, to be put in 
perspective, and O the centre <^ the picture, FQ. Draw AO, BO, • . 
FO ; make OG (in any direction, but generally in the horizontal line 
as most convenient) equal to the distance of the picture, and OK that 
of the plane of the given figure from the eye. Draw KA, and Ga 
parallel to it meeting AO in a : then a is the perspective of A. 

The concluding part may either be effected similarly (as is done in 
the figure for b) : or still more simply by drawing ab paxallel to AB, 
be to BC, etc 

For the figures ABCDEF and abcdefsire evidently similar, and have 
their homologous sides parallel. Also their sides are to one another 
as OG to OE, that is, as EO to ON of the former figure. Wherefore 
all the conditions of the entire figure, being the perspective of the 
former, are fulfilled. 

When the given figure is in any respect regular, the process is or- 
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Let ABCD be, for instance^ a paiallelogram ; PQ the pieture-plane, 
and the other parts as before. Draw EY parallel to BG or AD, and 
SW to AB or DC. Then, completing the figure, abed is the per- 
qwcave of ABCD. 




Let, now, the planes HT, RQ simultaneously revolve about HL, 
KQ, respectively, so as always to be parallel to one another. If the 
direction of their revolution be such as to bring them finally into the 
extension of FQ, the parts bearing the several letters quoted in these 
figures will take the positions in Fig. 1. If, on the contrary, they 
revolve in the opposite directions, they will ultimately coincide with 
the picture plane as in Fig. 2. 

Now the line F6 or trace of the ground-plane, the horizontal line 
HL and centre O of the picture, and the distance EO of the eye from 
the picture are all given. The figure ABCD is also given, and hence 
the traces F, M, K, G, of its sides are also given. But EY is drawn 
through a given point E parallel to a given line AD or BC, and meets 
the given line HL in Y. Whence Y is a given point. Similarlv W 
is a given point. Whence the entire perspectives of the sides of the 
figure ABCD are given ; viz , KY, MY, those of BC, AD, and FW, 
G W those of AB, CD. Wherefore, tiieir intersection gives the per- 
spective sought. Whence, the rule. 

Place the eiven figure in its appropriate position on the ground- 
plane ; from O the centre of the picture draw OE at right angles to 
the horizontal line and equal to the given distance of the picture. 
Produce the sides of the figure to meet the trace of the ground-line, 
and parallel to them draw lines to meet the horizontal line. They will 
intersect it in ^e vanishing points of those lines. Having now the 
traces and vanishing points of the lines, draw their entire perspectives ; 
and these, by their intersections, give the perspective sought. 

The two figures above give the same result. The first interferes less 
with the part on which the drawing is to be made, as well as affords 
more distinct work : but it on the other hand requires more space 
above and below the picture for tracing the component parts. When 
possible to be used, it is always the preferable. 

The process is the same too for any horizontal plane. The only 

2b2 
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difference in any respect is, that the trace of the plane itself will be 
parallel to the ground-line instead of coincident with ]t« 

Scholium. Moreover, there is nothing in the reasoning upon which 
this process b founded to confine the plane which contains the figure 
to be a horizontal one, or the picture to be perpendicular to the horizon. 
It is hence universally applicable, whatever be the inclination of the 
object-plane to the picture-plane. 

(e) Let the plane of the figure be verticaly but not parallel to tlie 
picture. 




Let the ground-plane, etc., be as before, as far as the parts are 
common ; and let the traces of the vertical plane TU upon the gpround 
and picture-planes be YU and UZ. Draw £Y parallel to UY ; and 
then y W parallel to UZ. This will be the vanishing line of the plane 
TU. 

Let ABCD be any figtire (a parallelogram is taken for example) in 
the plane TU. Find its perspective precisely as in the last case ; for 
which purpose the lines concerned are g^ven, the student to fill up the 
description. 

The part in the actual construction in the drawing, too, is so com- 
pletely a repetition of the last case, that it is left for the student to 
execute in detail, 

{d) For sloping planes, such as roofs, etc., the process is exactly the 
same. 

ScHouuM. It has been no part of the plan of this section to furnish 
examples ; or even to intimate what simplifications can be made under 
any special circumstances of a piece of architecture or of a system of 
machinery. These are often numerous and beautiful ; but they will be 
furnished by the drawing-master, whilst our business is confined to the 
subject simply as one of pure geometry. 
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PROPOSITION I. 

Assuming thctt the centre of the picture is in the middle of the hori- 
zontal line, to find the distance of the eye, there being some one 
regular building r^esented in the drawing. 

Let abed be the base, and a'b'c'd' any horizontal course of the build- 




ing (as the eaves, the tops of windows, etc.) ; produce ad, ab and 
a'd', a*b' to meet in Y and W. Then these are the vanishing points 
situated in the horizontal line. The horizontal line hence becomes 
known, and consequently its middle point O. 

On VW describe a semicircle, and draw OE perpendicular to VW 
meeting it in E. Then EO is the distance of the eye for which the 
perspective was formed. 

This will be seen at once, if we suppose the semicircle and its lines 
to be revolved into a position at right angles to (he picture. 

Scholium. If there be two independent buildings in the picture, it 
may be tested whether the centre be taken truly in the middle of HL. 

For we have only to perform a similar operation upon the second 
figure : and the intersection of the semicircles will give E, and hence 
also O. 

It will be a good exercise for the student to determine the eff^eeis of 
taking a wrong point from which to view the picture. For instance : — 

(1.) If the eye be taken so as still to retain the same things, except 
the point O, then the figures (Jbcd, a'b'c'd\ etc., will still be the correct 
representations of parallelograms in the same planes ; but they cease to 
be rectangular ones, and no two positions of the eye would cause them 
to represent the same parallelog^m. 

(2.) The same indeed is generally true of positions of the eye any- 
where in the plane through £ and HL : the exception being a certain 
circle in that plane, which it is left for the student to find ; and even 
this is an exception which can be hardly considered absolute. 

(3.) If the eye be taken without the plane of E and HL, the per- 
spective can in no case suggest abed to be a parallelogram. 
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PROPOSITION II. 

To restore the original Jigure in its proper position. 

Produce the sides of abed to meet the bottom of the picture, viz^ 
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as in the figure in X, T, Z, XT. Through X, Y draw lines parallel to 
EW ; and through Z, U lines parallel to EV. These by their inter- 
section give the figure ABCD, which is the orig^al of abed. 

[This, it is obvious, is but a reversal of the process of finding the 
perspective cibcd of the orig^inal ground plane ABCD.] 

Again, if a'h*e*d* be £e upper su^bce of the fMism on ABCD 
(original), produce W^' to meet a perpendicular at X in R. Then XR 
is the height of the original prism, to the same scale as before. 

Also, the height upon XR, which is represented by any part dg of 
the perspective (2cf , will be denoted on the same scale by XO. And 
similarly with respect to lines lying in any other direction as well as 
the vertical. 

PROPOSITION in. 

Two lines are given in perspective^ to find whether they are in oms 
plane. 

Join their traces, and likewise their vanishing points. If the two 
lines so drawn be paraUel, the original lines are in one plane : but if not, 
they are not. 

PROPOSITION IV. 

Given the perspective of a plane and likewise thai of a linCy to find 
that of the point in which theg iniereect. 

Let ABYW be the perspective of the plane, and CZ of the line. 
Now every pkne drawn through CZ to meet ABYW will pass through 
the point of intersection. Let then CDZE and CMZN be ang two 
such planes put in penpeetive i then the point sought la in the inter-! 
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section DE and MN of these planes with ABV W ; and lience at P 
their intersection. 





PROPOSITION V. 

To oisiffn the reUuiom thai must subsist between the perspectives of a 
line andpkmBj that the originals may be perpendicmar to each other. 

All lines perpendicular to a plane are parallel to one another, and 
hetice have the same vanishing point ; that is, the vanishing point of 
any one of them is the vanishing point of all. In the same manner the 
vanishing line of any one of a set of parallel planes is the vanishing 
line of all. It is hence immaterial which of the lines and which of the 
planes, having each its own proper direction, we take for the determi- 
nation of the vanishing point and line ; and hence we are at liberty to 
take those which offer the greatest fecilities for construction. These 
will readily appear to be the line and plane which, when produced, 
pass through the eye itself: the trace of each then coinciding with the 
vanishing point and vanishing line respectively. The relation between 
these (the vanishing point and vanishing line) will hence be that which 
expreflses the condition sought. 





In the left-hand figure suppose PR the vanishing line of the plan^ 
£ the eye, and 0£ the perpendicular from £ to the plane. Draw 
O A perpendicular to PR ; join EA 5 produce AO ; and in the plane 
£0A draw £B perpendicular to EA, meeting OA in B. 

Then, since EO is perpendicular to PQ, and OA perpendicnlar to a 
hne PR in it, the line A£ is perpendicular to PR ; and hence, the 
pUine AOE is perpendicular to PR ; and hence, again, to every plane 
passing through PR {Pis. \u Id, 16), as to £PR. The line £B 
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in the plane AOE perpendicular to A£ in the plane PER ib tbat 
which fi^ves the vanishing point of the lines perpendicular to PER. 
Wherefore we have the ffluowin^ construction : — 

In the right-hand figure, let PR be the vanishing line of the plane, 
O the centre of the picture, and B the vanishing point of the line per- 
pendicular to the plane. Join BO and produce it to meet PR in A ; 
draw OE perpendicular to B A, and make it equal to the distance of the 
picture ; and join AE, BE. 

Now if BA be perpendicular to PR and at the same time BE to 
AK, the g^ven line and plane are at right angles : if not, not. 

If B A be perpendicular to PR, but BE A not a right angle, still 
a position (the centre of the picture remaining the same) can be found 
for the eye, which will render PR and B the vanishing line and point 
of a plane and line perpendicular to each other. 

But if BA be not perpendicular to PR, then the condition cannot be 
fulfilled without changing both the centre of the picture and place of 
the eye. 

Scholium 1. It is unnecessary to give the details of the solution of 
the problem: — Given the ej/e, and eit/ier the vanishing paint or 
vanishing line to find the otlier. 

Scholium 2. It is obvious that the traces are the only things left arbi- 
trary with respect to the line or to the plane concerned ; and that these, 
when once fixed upon, identify the particular line and plane under 
specific consideration. The trace of the line may be anywhere in the 
picture ; and likewise that of the plane, subjected only to the condition 
of being parallel to the given vanishing line. 

PROPOSITION VL 

Through a given point {in a given line) to draw a parallel to another 
given line.* 

Let A be the trace, and B the vanishing point of the given line in 
which the given point whose perspective 
is G is situated ; it is required to draw a 
line through G parallel to the given line 
whose trace and vanishing point are C and 
D respectively. 

Join DG, DB, and through C draw CF 
parallel to DB to meet DG in F. Then 
F is the trace, and D the vanishing point 
of the line sought. 

For, since the lines CD and GD have 
the same vanishing point D, they therefore represent parallel lines. 

* The reader 18 requested to give attention to the condition indnded in the 
parenthesis. A ^int is not given by its perspective on the picture-plane alone : 
for that perspective may represent any point whatever in the line which passes 
through that point and the eye. Another condition is therefore necessary for 
fixing the point as to actual position ; and the most usual, as well as the most 
convenient one is, that it shall be situated in a given line ; tbat is, in a line whose 
trace and vanishing point are either given or can be found from the data. 

The same holds good with respect to any segment of the perspective of a line. 
That perspective may represent innumerable different lines ; and it becomes in tbe 
same manner necessary tbat it shall be given in a given plane ; Uiat is, in one 
whose trace and vanishing line are either given or can be found. 
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Again, since AB, GD represent intersecting lines, the originals are 
in one plane ; and the line DB through their vanishing points is the 
vanishing line of that plane. 

The point C being in the trace of that plane, and CF drawn parallel 
to the vanishing line, it is the trace of the plane itself. 

Wherefore F is the trace of the line GD in that plane. 

PROPOSITION VII. 

Through a given point to draw a line perpendicular to a given plane, 
and to find the point of intersection. 

(1.) Find the vanishing point of the perpendiculars {Prop. v.). 

(2.) Find the trace of the perpendicular through the given point 
{Prop. VI.). 

(3.) Find the intersection of the perpendicular and plane ( Prop. iv.). 

The construction is then complete, and composed of steps which have 
been already demonstrated. 

PROPOSITION VIII. 

To find the shadow of a given line on a given plane, the light ema^ 
noting from a given point. 

liet P be the luminous pointy and AB the given line. Draw perpen- 




diculars P/?, Aa, B^ to the gfiven plane {Prop. vii.). Draw PB, pb to 
meet in B', which will be the shadow of B ; and PA, pa to meet in 
A', which will be the shadow of A. Join A'B', which will be the 
shadow required. 

This construction is adapted to all cases ; but it becomes something 
less complex as to operation when the intersection of the given line 
with the given plane is also given. For then B and B' coalesce, as in 
the right-hand figure. 

In this way the shadows of the angular points of any polygon or poly- 
hedron may be found. When the line or surface is curved, recourse is 
generally had to finding the shadows of prominent points of the i^gure, 
and tracing a curve through them by hand. 

PROPOSITION IX. 

To find tfie shadow cast hy a given line on a given plane, the rays 
{like sun'light) being taken as parallel. 

This problem differs but little from the preceding in its g^eneral prtn- 
ciple of construction, though in some respects the operations are rather 
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more complicated^ whilst in others they are somewhat simpler. The 
former construction was decribed in detail ; but it will be easj for the 
student now to follow out the details from a general description of the 
operations to be performed. At the same time it will be desinible to 
notice particularly one or two special cases. 

The problem divested of techuicalities becomes the successive i^li- 
cations to different points of the figure of the following operation : — 

Given a point, to find the intersection with a given plane of a line 
drawn through that pointy parallel to a given line. 

This problem requires the vanishing point of the pattern-ray to be 
substituted for that of the perpendiculars in Prop. ▼. It then becomes 
precisely identical lyith Prop, ti., as &r as determining the trace of 
the line so drawn is concerned. Having, then, this line, its intersection 
with the given plane b found as in Prep. iv. The point thus found is 
the shadow sought. 

The question as to whether the light comes in a direction on the same 
or a different side of the picture-plane only varies the question so £ur 
as the perspective of the pattern-line is concerned : though writers often 
make two separate cases of it, which is perfectly unnecessary. There 
is, however, one case, namely, that when the pattern-ray is paraUel to 
the picture-plane, that requires a separate consideration ; as the trace 
and vanishing points have here no existence at a finite (and therefore 
available) distance. With that case we shall close the subject. 

Now all lines (as these rays) parallel to the picture and to one an* 
other are represented on the picture by parallel lines. The point 
through which any one of these passes being therefore g^ven, the direc- 
tion of its representation on the picture is also given. The process, 
therefore, differs from the general case already described in this par- 
ticular only : that the rays, instead of emanating on the picture fit>m 
the vanishing point, are aJl drawn parallel to one another. 

Scholium. The inverse class of perspective problems has attracted 
little attention from writers on perspective in this country. Still when 
even practically viewed, this is quite as important as the direct one. 
The two classes stand in a relation to each other analogous to that of 
the direct orthographic projection, and the operations known as Descrip- 
tive Geometry ; and for completeness of system both classes of the pro- 
blems are as indispensable as in the orthographic. The student who 
wishes to pursue the subject further, is referred to Cousinery, GSometrie 
Perspective, 1828 ; and to a work under the same title by Dufour^ of 
Geneva, 1827. 

Conclusion. 

It is not irrelevant to caution the student against indulging in a 
course of speculative discussions that seldom fail to be brought before 
his attention, respecting the ^' fallacies" or '< illusions'' of perspeciive. 
These are, one and all, only so many mental delusions, arising out of a 
confused or erroneous view of the character of perspective, and the 
geometrical properties involved in the formation of a picture. Most 
booics contain some or other of these ; often, too, in a very plausible 
form : and they are in each age revived as so many new discoverieS| to 
be again refuted as they had been twenty times before. 
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These chiefly turn upon the following mistakes : — 

(1.) Confounding the picture on the retina with that on the canvas. 
This gives rise to the sophisms respecting straight lines being repre- 
sented on the picture by curves, and many others. 

(2.) The supposition that we have the power in the same picture to 
move the axis of the eye to the right or left. This is a fertile source of 
fiillacy, and contrary to the fundamental principle of perspective, that a 
picture is <mly composed of such scenery as can be taken in with the eye 
in one fixed position. This supposition is the foundation of the panorama j 
but not consistent with the idea of a picture, 

(3.) Speculations respecting the diminuti<m of the optic angle often 
lead to very absurd fallacies, especially where the plane of the objects 
is paraUel to the picture-plane. If the student should encounter the 
oft-quoted example of a row of equal columns parallel to the picture, 
or two flag-staves stuck upright in the ground : then let him remem« 
ber that the optic angle is diminished in the picture and in the objects 
precisely alike ; and that in order to this being the case, the most 
distant pillar must have the same linear diameter on the picture that the 
nearest has, and that the flag-staves must be equidistant at top and 
bottom on the picture as well as in the actual position which they occupy* 
The whole confusion arises from an imperfect conception of the problem, 
and of the distinction always to be made between linear and angular 
magnitude, as things per se different from each other. 

(4.) Much confusion has arisen, too, from overlooking the fact that 
whether it be a scene or the picture of that scene that is before us, we 
actually see with the same instrument, the eye, in both cases. If we 
then suppose, or even admit, that the eye does in any specific way 
modify the sensible form of the scene, it must also modify the picture 
(or perspective) in precisely the same manner. 

Other sources of fallacy also present themselves occasionally ; but 
the cautions above given will be sufficient for most cases, and moderate 
care will suffice for all others. 



ISOMETRIC PROJECTION. 

<^ A bird's-eye view of a scene" is a common and well understood 
expression for a view obtained from a point considerably elevated above 
the plane of the scene itself, so as to include also the interior (as well as 
the exterior) of the works which were concealed from the eye at a less 
elevation. Such a view, however, if represented on a plane, would be a 
perspective view ; and though it would give a good general notion of 
the interior structure, would be too much distorted to be of use in refer- 
ence to construction, where any close d^ree of accuracy was required. 
Like perspective under ordinary circumstances, it has suggested the 
employment of orthographic projection as a substitute ; for the isome- 
tric projection is, in reality, only a special case of the orthographic, the 
plane of projection itself being restricted to one single position. 

If the dihedral angles of a given trihedral right angle be bisected, 
the bisecting planes will pass throc^h the same line. A plane per- 
pendicular to this line is taken as the plane of projection, the projectors 
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being parallel to the line itself. If the three faces of the trihedral 
angle be the ground and the two walls which form the angle of the 
building, the line in question will rise obliquely above the ground ; and 
an eye placed anywhere in it to view tiie interior of Uie walls and 
ground may be said to have a birdWye view of the structure. Any 
point in either of the planes projected on the forenamed plane by lines 
parallel to the line instead of by lines radiating from the eye, will 
change the perspective into an isometric projection of the point. 

The cans of projection is the line in which the three bisecting planes 
intersect ; and it is easy to prove that it is equally inclined to each of 
the edges of the trihedral angle ; and likewise equally inclined to each 
of the faces. We have now to ascertain what each of these inclina- 
tions is. 

Let the right angles ASB, BSC, 
CSA of the trihedral angle be de» 
noted as in the figure (they are seen 
obliquely, as they could not be other- 
wise exhibited without a mddel) ; 
make AS, BS, CS all equal, ami 
denote their common length by a\ 
draw the plane ABC, and the per- 
pendicular AD to it from S; and 
draw the plane ASD, cutting ABO 
in AE, and BSC in S£. 

Then ABC is evidently an equilateral triangle, whose centre is D, 
and whose side BC is bisected in E. Moreover the plane ABC is 
parallel to the plane of projection, and SD is the axis of projection. 

Then, AB = BC = CA = a>/2; 

BC a , 

DE = 4 AD =^V6; 




DS = VSA«-AD* = ^3; 



ES = VSD« + DE* = iaV2. 

These elements serve for the determination of everything relating to 
the subject. Thus, for instance, we have 

a 



sin SED = o^ 



SD V3 



fcin SAD = 



a 
a 



= 4 V 6 = -8164966 = sin 54° 44'. 



sp 

SA " V3 



= « V 3 = -5773503 = sin 35^ 16'. 



a 



TVhich are the inclinations of an edge and a face respectively to the 
plane of projection ; and agreeing with the fact that the triangle 
ASK is right angled at S, so as to lender it necessary only to calculate 
one of these inclinations from a formula. 

To construct the isometric angle is, hoMever, more compatible with 
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the geometrical character of the operations than to compute it ; the 
more especially as we at the same time obtain the lengths of all the 
lines concerned in reference to any assumed magnitude of the edge 
SA (or SB, or SC). This is effected very simply in the following 
manner. 

In as, sh taken at right angles, make as, sh equal to AS, SB of the 
former figure; join ab, and describe the 
equilateral triangle abc upon \U This is 
equal to the triangle ABC. 

Find the centre d of the triauQ^le abc, and 
join ad, bd, cd. Then these are equal to 
AD, BD, CD. 

On cu describe a semicircle, and in it set «< 
off ad' equal to €td, and join sd\ Then, sad' 
is equal to SAD, asd' to SED, and sd' to 
SD. 

For, since sd'a is in a semicircle, it is a 
right angle ; and we have sa = SA« and 
ad' = ad = AD : wherefore the two right- 
angled triangles SAD, sad' have two sides 
of the one equal to two sides of the other, 
and hence the third sides SD, sd' are also equal, and the angles opposite 
to these equal, viz., sad' to SAD. 

Also S£D being the complement of SAD, and asd' of sad'y these 
are also equal. 

We are now able to construct the isometric scale. 

Make the angle Slaa^ equal to the 
isometric angle by the preceding ; on 
Sia set off the units of the natural scale 
(suppose inches) ; and draw s^a^, s^a„ 
etc., perpendicular to aai. When aa^ 
afy^ etc. will be isometric inches :— > 
that is, on an isometric drawing those 
lines will represent real inches in the 
model or other machinery delineated. 
They will also represent such parts of 
a building or range of works as ' are 
delineated to the scale of one inch. 

If there be frequent repetitions of 
this class of operations, thb scale should be carefully made of wood or 
brass, with a sliding bar perpendicular to aai, perhaps in the manner 
of the T-square. This being so moved as to pass over any division on 
otf|, as«a it would mark the distance aa^ to be taken as its correspondent 
isometric distance. 

For subdivisions, as eighths or tenths, a smaller bar, limited to pass 
over only as far as aSi might be also used* Both bars may be fixed so 
as to move in gloves on the triang^ular plate which forms the scale. 

The properties of this projection which (as far as is yet known) can 
be brought into practical use are few and simple ; and it would be out 
of place here to give those which are merely curious. To obtain those 
few let us recur to the first figure, page 380. 

1. The three equal edges SA, SB, SC, being equally inclined to 
the plane of projection, are projected into equal lines AD, BD, CD ', 




882 ISOMETRIC 

or they are iiometric. On this aeoount the three lines AD, Bi^ CD 
have been called is&meirie axes. 

2. The three right angles ASB, BSC, CSA are projected into three 
equal angles ADB, BDC, CDA. Each of them (as they tog^her 
form the ang^ular space round the point D) is one-third of four right 
angles. 

3. If any parallelog^ram be formed, two of whose sides shall be co- 
incident with two of these lines AD, BD, CD, the other pair of oppo- 
site angles will each be one-third of two right angles. 

4. The projection of any line parallel to any one of the rectangular 
axes SA, SB, SC, will be isometric with the axes of the projection ; 
and no line which is not parallel to one of these can be isometric with 
them. (These several lines bdng supposed situated on the one or other 
of the faces pf the trihedral angle). 

For parallel lines projected on the same plane are proportional to 
their projections. 

And as lines not parallel to these are not inclined to the plane of 
projection in the same angles, their projections are not proportional. 

5. If a circle on one of the trihedral faces be projected, its projection 
is an ellipse. Its major axis is equal to the diameter of the circle, 
and parallel to the trace of that face on the plane of projection: 
that is, in this case, perpendicular to the projection of the third edge 
of the trihedral angle. For instance, if the circle be on the plane 
ASB, the major axis of the ellipse will be perpendicular to CD ; and 
the minor axis parallel to CD. 

To find the length of the minor axis, let us recur to the first figure. 
The diameter of the circle which is projected into the minor axis is 
parallel to S£ ; and hence its projection is proportional to that of S£, 
by the first principles of projection. That is, diameter : its projection : : 
S£ : £D : : SA : SD : : Sa : Sd\ the last ratio being taken in the second 
figure. The two diameters of the ellipse are therefore given in mag- 
nitude and position ; and hence the ellipse itself can be drawn. 

6. All circles on these planes will be projected into simiiar elliptes. 
A simple instrument adapted to the construction of this particular 
ellipse, varying only in magnitude, would be a desirable addendum to 
the draughtsman's apparatus. None such has, however, been proposed ; 
although more than one might be suggested, were this the place to do 
so. The difficulty has been (somewhat clumsily, and very unscientifi- 
cally) met, by forming a series of elliptic discs to represent the projec- 
tions of circles of dimrent magnitudes, which are hud upon the paper 
and traced round with a pencil.* Independently of its so rarely 
happening that the disc shall be formed to the exact dimensions wanted, 
there Is great difficulty (indeed it is almost impossible) in placing the 
disc in its strictly correct position. 

We come, lastly, to the practice rf isamelrie prcjedion, 
1. The position of the point to be projected must be given by refer* 
ence to the three faces of the trihedral angle or coordinate planes ; that 
is, its distances from them respectively. This, of course, is only to be 
actually obtained by measurement or by constructions or calculations 
founded on measurements. If, however, the representation be one of a 

* A series of scales have been published by Mr. Sopwitb» of Newcastle, which 
are adapted to the operations of isometric protJeetioD, as it is oommonly practised. 
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design^ these measurements are hypothetical, and included in the design. 
Still in all cases these are data essential to the problem, let its origin 
and object be what they may. 




2. Conceive the figure to represent the point p in its actual 
position as respects the coordinate planes; that is, to the trihedral 
angle at S. Make Sa equal to one of the coordinates of p, and draw 
ac, ah parallel to SO, SB equal to the other two respectively, and join 
phype. Then abpc is a rectangle, having its sides parallel to a face of 
the trihedral angle. It will therefore be projected into an isometric 
parallelogram. 

Next, in a second figure (prepared by drawing the three lines SA, 
SB, SO as thus described), take Sa equid to the isometric magnitude 
of Sa in this ; draw ab^ ac parallel to SB, SO ; make ah, ac the 
isometric magnitudes of the former ones; and complete the paral- 
lelogram abpc. Then p is the projection required. 

Proceeding thus with point alter point, till all essential ones are 
.inserted in the drawing, and these being joined by lines or curves (as 
the case may require), tiie operation will be completed. Thus the pro- 
jection of a line is found from those of its two extremities, of a triangle 
from those of its three angular points, and so on. 

ScHOLnnf . There are very few circumstanceB in this projection that 
contribute to facility of operation. We have no scale, for instance, by 
which to measure the projection of any line, except it be parallel to the 
isometric axis ; nor, indeed, can we assign the real length of any of the 
lines in the projection (the one case excepted) without a long and com- 
plicated construction or calculation adapted specifically to each in- 
dividual case. The real magnitude of an angle on the projection requires 
a process still more complex. These facts deteriorate much from the 
value of the method. 

On the other hand, when there are several objects to be represented, 
which are all equal and parallel (as rafters, etc.), the determination of 
one upon the drawing renders that of the others very easy and simple. 
In short, the method is adapted to repretentaiion only ; and for this 
purpose should it alone be used— -not for aiding in any ulterior investiga- 
tions. In the case of machinery, too, as the wheels are mostly parallel 
to one or other of the three trihedral planes, the method would be very 
appropriate, had we any good instrument for tracing the ellipses, and 
likewise of dividing them to correspond with equal divisions of the 
original circles. 
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PROJECTIONS OF THE SPHERE. 

Before astronomers had arrived at a tolerably full development of 
the theories of plane and spherical trigonometry, they had recourse to 
instrumental solutions of the various problems, by means of the pro- 
jections of the circles of the sphere on a plane surface. Such processe:^, 
however, could at best afford but very rude approximations to the true 
solution, and they are totally unfitted to the modern wants of the 
science. Even where a rough approximation, as an initial step towards 
a more accurate solution, or as a ^neral check upon numerical 
accuracy ab initioy is found to be desirable, it is more readily and with 
less trouble obtained by means of an " artificial globe." For all such 
purposes, therefore, solutions by projection become useless. 

Maps, however, which are representations in plans of points on a 
spherical sur&ce are still objects of convenience and even of necessity, 
both as regards the earth and the stars. This renders it necessary to 
understand the general principles of these projections ; but it would be 
foreign to the purpose of thb part of the work to enter into any 
applications of them ; the construction of maps is, moreover, described 
in the third volume under the head of '* Geodesy." 

For the definitions, general reference may be made to the spherical 
geometry. 



L OBTHOaBAPHIO PBOJBOTIONfl OF THB 8FHSBE. 

In this case the projection is made on the plane of one of the great 
circles of the sphere ; usually the equator or one of the meridians. 
Whatever be the plane chosen, the projections all ag^ree in this ; that 
the projection of a circle is an ellipse, a circle and a diameter being 
extreme cases of the elliptic projections. 

1. The projections of all circles, the planes of which are parallel 
to the plane of projection are circles, and concentric with that upon 
the plane of which the projection is made. 

2. The projections of all circles, the planes of which are perpen- 
dicular to the plane of projection are straight lines, equal respectively 
to the diameters of those circles. If they be great circles, these lines 
will be the diameters of the circle upon whose plane the cindes are 
projected ; but if less circles, they will be chords of that. 

These are too obvious to create difficulty or require further expla- 
nation. 

3. The projections of circles on planes oblique to the plane of pro* 
jection are ellipses {Prop, iv., p. 252); and the projections on all 
parallel sections (and of sections equally inclined to the plane of pro* 
jection) are similar ellipses, having their centres in one straight line, 
their major axes perpendicular to that line, and equal to the diameter of 
the projected circle. 

Moreover, the major axis is parallel to the line in which the figure- 
plane intersects the plane of projection ; that it is equal to the diameter 
of the projected circle ; and that all circles in the skme plane are pro- 
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jected into similar ellipses, having their major axes parallel to the said 
line of intersection. 
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Let the annexed figure represent the section of the sphere in the 
circle ANBS (the section being made by a plane perpendicular to the 
intersection of the projected circle and plane of projection) ; DE and 
GH two parallel sections ; PO the radius of the sphere perpendicular 
to the plane of these circles, and the other lines parallel and perpen- 
dicular to AB as indicated in the figure. 

Then DE and GH are the diameters of the parallel circles which 
are projected into the minor axes of the ellipses. The two triangles 
DLEy GMH which have their corresponding sides parallel are hence 
similajr ; and we have 

DE:DL::HG:GM. 

But DE and HG are equal to the major axes of the ellipses, and DL and 
GM to the minor, viz., to de and gh. Whence the ellipses are similar. 

All the centres of the parallel circles are in OP, and hence their 
projections in that of OP : that is, in the diameter AB. 

4. As a trigonometrical expression, if denote the arc intercepted 
between the pole of the plane of projection and that of the circle to 
be projected, we have 

major axis : minor axis : : 1 : cos ; 

(for is also the inclination of the two planes), or if a be the major 
axis, then the minor is 6 = a cos 0. 

Scholium. For a small distance round the pole of the plane of 
projection, the distortion of the spherical figure is not considerable ; 
but beyond a distance of 80^ it becomes large ; and ultimately the 
whole becomes too much crowded for dbtinct delineation. 



n. STIOtEOOBAPHZO PBOJ£OTXON OF THE SPHEBE. 

In this the projecting point is at one extremity of the diameter of 
the sphere, and the plane of projection is the tangent plane at the other 
extremity. Some authors project on the diametral plane of the sphere, 
which is parallel to that tangent plane. The only difference is that 
the tangent plane is somewhat more convenient, and the figures double 
the magnitude of those used in the other mode. 

( I .) All circles parallel to the plane of projection are projected into 
concentric circles^ having the point of contact of the plane and sphere 
for^ their common' centre. 
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(2.) All cirdet, great or small^ which pass through the prof ecHng 
point are projected into infinite straight lines; viz,^ into the inter ^ 
sections of the planes of the circles with the plane of projection, 

(3.) All circles whatever which are not included in the preceding 
are projected into circles. 

The demoDstratioD of the properties (1) and (2) may be left as an 
exercise for the student ; (3) is proved in the following manner : — 

Let a plane be drawn through the centre P of the circle to be pro- 
jected and the diameter AB ; let it cut the plane of projection in BN, 




the edges of the projecting cone in AK and AH, and the plane of the 
g^ven cirole in HK : draw FY through the center P perpendicular to 
AB. 

Theii, since AKB and FTA are right angles and the angle BAK 
common to the two triangles, we have the angles AFY, KB A also equal. 
But EBA = KHA {Euc. lu. 20), and hence AHK is equal to AFY, 
or ANM. Wherefore since the section HK is a circle, and the angle 
AHK equal ANM, the section MN is also a circle {Pis. Chap. vii. 5). 
(4.) Lhe tangent of an arc and its projection are equal. 
Draw the tangent-planes at A, B, P ; and let OQ, TN be the inter- 




sections of the plane at P with the parallel planes which touch the 
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sphere at A and B. Draw APR, and let PQ be the tangent of the 
given arc. Draw QPT, meeting TN in T. Then TA, TP are 
tangents to the sphere at P, drawn irom T, they are, therefore, equal ; 
and consequently by the similar triangles APT, RPQ, we have KQ = 
QP. Which is the enunciated property. 

(5.) The projection of the angle formed by the tangents of two 
circles at their point of intersection is equal to the angle made by the 
tangents themselves, 

(Same figure.) Let NPO be the tangent to the second arc, pro- 
duced as before to meet the plane of projection in O ; and join OR, 
OQ, NA, NT. 

Then, as in the preceding theorem, OR = OP. Whence the two 
triangles ORQ, OPQ have the sides OR, RQ equal to OP, PQ and 
the base OQ common ; and therefore the angle ORQ is equal to OPQ, 
as was enunciated. 

Scholium. A few other properties of this projection possess some 
elegance, but they are not easy to enunciate in a brief form. Those 
in (3, 4, 5) are, however, the basis of the system, and the others easily 
flow from them. At the same time, the expressions of those properties 
take a much neater form in a symbolical system of investigation ; and 
they are thus given by the best writers — Puissant (in his Geodesic), for 
instance. 

m. THE GNOMONIO PBOJEOTION OF THE 8PHEUE. 

In this the projecting point is the centre of the sphere and the plane 
of projection a tangent plane. The projecting cones of all less circles 
are all right cones ; and the projections themselves are any of the conic 
sections indiscriminately ; whikt all great circles are projected into 
straight lines, viz., those in which the planes of the circles cut the 
tangent-plane. 

The properties of this projection are in no respect remarkable ; and 
it is rarely used in the construction of any maps, whether of the earth 
or the stars. Its only real use is in the construction of dials, which 
being now a matter of mere curiosity, it would be superfluous to give 
a further description of the method here. 

The application of it in the case of great circles, or of these combined 
with one less circle, is, however, often used with much advantage in 
deducing spherical theorems from previously demonstrated plane ones. 
For this purpose it has been a good deal used by English geometers. 

There are several modes of making maps upon the compensation 
principle, which are adverted to in the article on Geodesy in the third 
volume. 
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